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PREFACE TO THE FIRST EDITION 


T^R BESANT’S Treatise on Hydromechanics was first piib- 
-L^lished in one volume in 1859. When a fourth edition was 
called for in 1882 the subject matter had grown sufficiently to 
warrant the sub-division of the book into two volumes. Part I 
on Hydrostatics appeared alone in 1888 and in the prehice a hope 
was expressed that Part II on Hydrodynamics would follow 
shortly. Several chapters were written and materials for other 
chapters were collected but laid aside owing to pressuie of other 
work In 1904 Dr Besant kindly invited me to cooperate with 
him in bringing out a new edition — the sixth — of the Hydro- 
statics, and suggested that I should undertake to complete the 
Hydrodynamics. This latter task I was unable to perform until 
the present year Dr Besant kindly placed all his materials at 
my disposal, but as modes of expression and analysis have altered 
somewhat m the last thirty year'" seemed desirable to write 
a new book ah imho 

This book does not profess to be an exhaustive treatise on 
Hydrodynamics, and does not aim at taking the reader to the 
limits of knowledge in the subject It is written in the first 
place for beginners, and while it inti educes the student to some 
of the more advanced parts of Hydrodynamics, the fullest ex- 
planations are given to the moie elementary ideas in the hope 
of lendeimg the subject more easily intelligible to a class of 
students who find it difficult in the initial stages The range 
covered is that ordinarily included in text-books on the subject, 
extending to vortices and wave motion, but omitting viscosity 
as being rather beyond the purpose of the book. For didactic 
purposes it has been thought desirable to include chapters on 
vibrating strings and sound waves, as in the early editions. The 
book contains nearly 400 examples mainly taken from the 
examination papers of the University and Colleges and the 
solutions of a number of them are given in the text. 

In the matter of the sign of the velocity potential I have 
followed the precedent of Professor Lamb and Si"? George Green- 
hill. It does not seem a matter of intrinsic importance which 



VI 


PREFACE TO THE FIRST EDITION 


Sign IS used, but unifoimity is desirable and as all serious students 
of the subject will ultimately read it in the classi’. work of 
Professor Lamb, there is good reason why his precedent should 
be followed 


In the preparation ot this book I have made considerable use 
of original memoirs on the subject, especially the writings of Sir 
Q G Stokes, Lord Kelvin, Lord Rayleigh, Kirchhoff, von Helm- 
holtz, Sir George Greenhill and Professor Lamb. In addition 
to the subject matter in the Hydrodynamics of the latter, I have 
found the full bibliography contained in the footnotes invaluable. 
I have also made use of the bibliographies contained in Winkel- 
mann’s Handbuch dev Physiky Bd. i , and in Professor Love's 
articles in Encyclopedic des Sciences MathematiqueSy t. iv, and 
I have endeavoured to ascribe results to their authors so far as 
possible. 

I am indebted to Mr W. Welsh for advice and assistance, 
and most of all my thanks are due to Mr J G. Leathern foi 
reading the whole book in proof and making many valuable 
criticisms and suggestions. 

A. S R. 


Magdalene Colli ge, 
Cambridge. 

Dpceiiihei 1912 . 


PREFACE TO THE SECOND EDITION 

T his edition will be found not to differ much from the first. 

I am indebted to several friends who have kindly sent me 
notification of mistakes and misprints. 


March 1920 . 


A S. R. 
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HYDRODYNAMICS 


CHAPTER 1 

KINEMATICS 

1 In the introduction to Part I of this work it was explained 
that all propositions in Hydrostatics are true for all fluids whatever 
their degree of viscosity. A very little consideration will suffice 
to shew that the motion of fluids cannot be independent of such 
properties as viscosity, and the results obtained from a discussion 
of the motion of fluids which ignores their internal friction can only 
be regarded as an approximation to what actually takes place in 
nature. In an elementary treatment of the subject of Hydro- 
dynamics however it is necessary, in order to avoid complication, 
to regard the fluid medium as a ‘peifect fluid,’ incapable of exerting 
shearing stress, and, whether at ie‘^^ in motion, such that the 
pressure it exerts on any surface in contact with it is always normal 
to the surface and consequently, as was shewn in Hydrostatics , 
Art. 6, the prcssuie at any point in such a fluid is the same in 
every direction. 

In the present chapter we shall limit ourselves to the con- 
sideiation of some propeities of the motion of fluids which are 
independent of causation, that is with the phoronomy or kinematics 
of fluids, leaving the equations of motion, or equations connecting 
the acting forces with the motions arising therefrom, for a 
subsequent chapter. 

2, There are two methods of treating the general problem of 
Hydrodynamics or motion of a continuous medium , in the one, 
any particle of the fluid is selected and observation is made of its 
particular motion — it is pursued throughout its course, in the 
other, any point in the space occupied by the fluid is selected and 
observation is made of whatever changes of velocity, density and 
pressure take place at that point. The two methods are commonly 
called the Lagrangian and the Euleriari methods respectively, 
though both were used by Euler, but the former was used by 
Lagrange in the Mecamque Amilytique. The latter is sometimes 
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also called the flux method. Clerk Maxwell suggested the words 
Historical and Statistical as descriptive of the two methods. We 
shall obtain the equations requisite for the determination of fluid 
motions from both these points of view. 

3. In the liagrangian Method if x, y, z denote the coordi- 
nates of a particle at time t, then the components of its velocity 
are x, y, z and the components of its acceleration are x, t/, Also 
X, y, z and the velocities and accelerations are functions of t and of 
three independent parameters a, h, c which define the position of 
the chosen particle at a particular instant, thus a, b, c may be the 
coordinates of the chosen particle at the instant of time from 
which t is measured. In using this method it is well to remember 
that it lescmbles that of Dynamics of a Particle only in so far as 
the coordinates x, y, z of the chosen particle are dependent on the 
time but m the case of fluid motion t is not the only independent 
variable, for the particle is any particle m the fluid, and three 
other variables a, 6, c are needed to specify which particle has 
been chosen, so that there are altogether four independent variables 
a, 6, c, t 

4. In the Bulerian Method velocity at a point is measured 
thus, if a small plane surface be placed at the point at right angles 
to the direction of flow, the velocity at the point is measured, when 
uniform, by the volume of fluid per unit area that flows across the 
surface in unit time , and when variable by the time-rate of flow 
of volume of fluid per unit area across the surface. 

Thus if q be the velocity and p the density of the fluid at any 
point, the mass that in time ht flows across a small area A, the 
normal to which makes an angle 0 with the velocity, is pqA cos 6 St, 
and the rate at which mass crosses the surface is pqA cos 0, 

As stated in Art. 2, in the Eulerian Method a particular point 
in the space occupied by the fluid is selected , we shall denote this 
point by (x, y, z) so that in this case x, y, z and t are independent 
variables. And it is important to remember that in the use of this 
method, unless some further meanings are assigned to the symbols, 
such expressions as dxjdt, d^xjdt^ do not occur, for the simple 
reason that x and t are independent. 

We shall ase u, v, w to denote the components of the velocity 
q at the point {x, y, z). In general u, v, w are functions of the four, 



2-51 


ACCELERATION 


3 


independent variables x, t/, z and t. If we regard (x, z) as a 
fixed point, then the values of u, v, w will tell us what happens at 
that point as t changes ; and if we regard t as fixed, then since 
{x, y, z) may be any point of the fluid, u, v, w will tell us what is 
happening at every point of the fluid at the particular instant 
under consideration. 

If we wish to connect the Eulerian and Lagrangian methods 
or combine both notations in any particular problem, we regard 
u, V, w as the components of velocity of the element of fluid at 
{Xy y, z) and the relation between the two sets of symbols is then 
u, Vy w = Xy y, z. 

6. Acceleration. In considering the meaning of acceleration 
and how to obtain its value by the flux method, we have to take 
two facts into account. Firstly, if P denote the point (Xy yy z)y 
then inasmuch as u, w are functions of ^ a change of velocity ol 
tJie fluid can take place at the fixed point P as time progresses 
without any variations in Xy yy z Secondly, in order to estimate 
correctly the acceleration of an elementary portion of the fluid it 
IS not sufficient merely to note what change of velocity is taking 
place at the point P, but we must also pursue the element for a 
short space after it passes P, in order to observe whether as it 
moves onwards it docs so with the velocity it had on leaving P or 
acquires any additjonal velocity. 

Let u—f{Xy yy Zy t). 

The particle which is at (a?, y, z) at time t will after a short 
interval 8^ have moved to (x-^tihty y + v8^, z-k-wht) so that its 
velocity will become 

u Bu = f {x ’k- uhty y'\-vBty z + wBty t-hhi) 

=/(^, y, z, 0 + + + 1) 

+ terms containing higher powers of ^t. 

Hence the x component of acceleration, being Lt 8tt/S^, is 


equal to 



^-+W^+t)^ + W3- 

dt dx dy dz 

(1). 


du du du du 

(2), 

or 
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and in this expression the first term is the rate at which the velocity 
increases at the point {x, y, z) regarded as a fixed point in space, 
and the otljer terms arise from the changing velocity of the element 
of fluid in its onward course. 

We shall denote the operator. 

d ^ d ^ d 
dt dx ^ dy "bz 

by the symbol ^ , and speak of it as ‘ differentiation following the 
motion of the fluid.’ 

With this notation the components of acceleration are DujDt, 
DvjDt, DwjDt , and if f{x, y, z, t) be any function of the position 
of a particle of the fluid and the time, the rate of change of this 
fiinction following the motion of the fluid is DfjDt. 


As an illustration let us consider the flow of water through a pipe, which 
IS filled by the water P'lrstly, let the pipe be of uniform section, then the 
velocity u is tlie same at every point, but inasmuch as the water may be 
forced through the pipe at varying speeds there may be an acceleration dujct^ 
which, in this case, will at any instant have the same value at all points in 
the pipe Secondly, let the motion be steady^ i e the velocity at any particular 
point of the pipe keeps the same value u for all time , also let the pipe be of 
variable section, then the velocity vanes from one point to another inasmuch 
as the section is variable, for the total flow across each section must be the 
same Hence if s denote distance measured along the pipe to the point where 
the velocity is w, the element of fluid which occupies this position at time t 
will at time t+8t have moved to the point indicated by s-{-n8t, and if u^f{s)y 
its velocity in the second position is 


Thcrefoie 





and the element of fluid has therefore an acceleration 

= Lt bujbt =tuulcs 

Thus we see that even in steady motion there may be acceleration ; and in 
the general motion of water through a pipe of variable section the acceleration 
IS given by 

du . du 
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5 , 6 ] 


The Equation of Continuity. 


6 . The motions that we shall have to consider will be, in 
general, conuinuous motions; that is, we shall assume that u, v, w 
are finite and continuous functions and that their space derivatives 
dujdx, dujdy, dufdz etc. are also finite 

In continuous motion, if we consider any closed surface drawn 
in the fluid, it is clear that the increase in the mass of fluid within 
the surface in any time ht must be equal to the excess of the mass 
that flows in over the mass that flows out. 

Let p denote the density of the fluid at {x, y, z), and with this 
point as centre construct a small parallelepiped dxdydz. The mass 
of fluid that flows in across the face dydz nearest the origin in 
time & IS* 

* pa — ^^^ds^dydzht, 

and the mess that flows out across the opposite face is 



Therefore the gain in mass due to this pair of faces is 

— ^^dxdydzht. 


with similar expressions for the other pairs of faces. Whence the 
total gain in mass in time ht 

But the original mass within the parallelepiped is pdxdydz, and 
the gain in time St is — dxdydz St , hence we have the equation 


dp dpu dpv dpw 
di dx dy dz 


:0 


This equation is clearly equivalent to 
fdu dv dw\ 

+ + 

and either of these may be called the equation of continuity. 


( 1 ). 

( 2 ). 


* The argument involves the assumption that the mean value of a certain 
function over the area dy dz differs from the value of the funo^on at the centroid 
of the area by a small quantity of higher order than dy or dz — a theorem which is 
capable of simple proof 
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If the fluid IS homogeneous and incompressible, p is constant 
and the equation reduces to 


•(B). 


doc dy dz 

If the fluid IS heterogeneous and incompressible, p is a function 

of (ir, 2/, z, t) such that ^ = 0, i.e. the density of an element does 

not alter as that element moves about; hence in this case also (3) 
follows from (2) 


7. We can also obtain the equation of continuity by following 
the motion of a small element pdxdydz of fluid, and expressing 
the fact that its mass remains unchanged during the short 
interval dt 


If Xy y, z are the coordinates of a particle at time t, its co- 
ordinates at time t + dt are a)'\-udty y-\-vdt, z-^'wdt. Similarly 
the particle whose coordinate*' are x -f dx, y, Zy will move in time 

dt to X udt dx dxdty y + vdt -{‘^^dxdty z + wdt + dxdty 

so that dx IS changed to dsiy whose projections on the axes are 

( 1 4- V dx^ dty dx dt, 

\ ax J dx dx 


with similar expressions for dy and dz. Therefore the new volume 
of the parallelepiped is 


dxdydz 


pit. 

dy 

fu, 

dz 


dv 

dx 

dv 


dty 


dy 


dv 

dz 


ht. 


dx 


dw 

dw 


dt 


1+^^dt 

dz 


Dp, 


and the density p is changed Equating the product 

of these to the original mass pdxdydz, we get 

' , (du dv 
■^P\dx' 


Dt 


■^dy^d. 


^) = 0 


as before. 
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8 . We may also obtain the equation of continuity by making 
use of Greei/s Theorem — 

fl(l/+ mff + nk) dS=fll(^ + 1 + 1) da^d^d., 

where /, h are functions of x, y, js:, which with their first deri- 
vatives are finite and continuous throughout a region bounded by 
a closed surface S, and I, m, n are direction cosines of the outward- 
drawn normal at a point on the surface, the ff being taken over the 
surface and the fff throughout the space enclosed*. 

For considering any region in the fluid bounded by a closed 
surface S we have 

increase in mass inside the surface in time St 

excess of flow in over flow out across the 
surface in time St 

— j l(lpu + m/r'i -h npw) (IS St 

-///&“ 

by Green’s Theorem. 

Therefore jj/|| V = 0 

for all ranges of integration within the fluid. 

Therefore | 0 

ot ox oy oz 

at every point of the fluid. 

9. The Equation of Continuity in tho Lagrangian 
Method. Let a, 6, c be the coordinates of a particle P at a given 
epoch, and Xy y, z the coordinates of the same particle after the 
lapse of time t. Take a small tetrahedron PABC in the fluid 
w’th its edges PAy PP, PC parallel to the coordinate axes of 
lengths Sa, S6, Sc. 


I 

dt 


j'j p dx dy dA St = 


This theorem can be proved by simple integration as in Hydrostattcsy Art. 23. 
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After time t, the element of fluid that occupied the space 
PABG at the given epoch will form a differently situated tetra- 
hedron F'A'B'C'y and o), y, z being the coordinates of P', the 
coordinates of A' relative to P' will be 



dx f 


dz . 
0a 

otB' 

dx 5, 
86 “' 

1 ®' 

dz 

06 

and of C 

dx J 

03 

2 ® 

dz . 

OC 

dc 


Hence the volume of the tetiahedron P'A*B'G* 

= 4 1 


dx 



da’ 

da ’ 

da 

dx 

dy 

dz 

06’ 

db’ 

db 1 

dx 


dz 

dc’ 

dc’ 

dc 

dix,y,z) 
0 (a, 6, c) 

SaSbBc. 


and its mass 

But if po be the initial density the mass is Ip^hahlhc, and 
therefore 

a {x, y, z) 


^ d (a, 6, c) 
which IS the equation of continuity. 


= po, 


10 AVe can prove, by a direct transformation, the equivalence of the 
two forms of the equation of continuity. Beginning with the Lagrangian 
form, let 

d («, h, c) ’ 

then pJ IS constant, and d {pJ)ldt — 0, 


or 


jdp dJ 


dt 


But these time-rates are variations due to the motion of a particle, or the 
variability of a’, y, s, and we can change now from the Lagrangian to the 
Eulerian system of variables by either writing DjlJt instead of djdt or hy 
writing M, w for y, z And on this hypothesis we shall write 


du 

oa 


j. d cx . 
for — , etc. 
dtoa 
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^ ^ 4. ^ ?i3(» ‘®) 

dt da 0 (6, c)^ cb 0 (c, a) &c 0 (a, h) 

j^ovd (Zf a;) ^dv d (z, a;) ^cv d (j, a;) 

ca d {by c) db d (c, a) oc d (a, b) 

dwd{Vyy) dw d (a*, if) dw c (.r, 

0cf 0 (6, c)^ ob 0 (c, a) 0c 0 (<^, 6) 

^ 0 (m, y, «) ^ _j_ y, tv) 

0 (a, 6, c) 0 (a, 6, c) 0 (a, 6, c) 

0w __ du dx du dy du dz 

da dx da vy da dzda^ 

du _ du dx du dy du dz 

db txdb^ dydb^ dz db^ 

du __ du dx du dy du dz 

dc dx dc ^ dy (jC^ dz cc ’ 


and by eliminating — , 


we get 


dm 0 {Xy yy z) ^ H^y^ z) 
cx 0 (a, by c) 0 (a, 6, c) ’ 

or 0 (?^, y, z) du ^ 

0 (a, by c) dx * 

and from this and similar expressions we get 

dJ rfdu . dv . lw\ 


\vx 0y 1 


and therefore 


( du 0 #’ du\ ^ 
— + - +- =0 
iy (zj 


11. Particular cases of the ESquation of Continuity. 

The equation of continuity may be transformed to cylindrical 


and to polar coordinates by the 
the independent variable, but it 
in each case from the principle 
that the increase in the mass 
contained in an element of 
volume in any short time ht is 
equal to the excess of the mass 
that flows m over the mass that 
flows out. 

Thus in polar coordinates 

if Uy Vy w denote the components 
of velocity in the directions of 
the elements dr, rdO, r sin 6d<o, 


ordinary processes of change of 
is simpler to obtain it directly 



Fig 1. 
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the excess of flow in over the flow out arising from the face 
r^sin 6ddd(o and the opposite face is 
0 

— (/oMr® sin ddOdw) drht, 

from the face r sm ddrodr and the opposite face 

0 

— (pvr sin Odo) dr) rdO St, 

and from the face rdOdr and the opposite face 

0 

— (pwr dO dr) r sin 6 day St, 

rsmddo) ^ 

and the increase m mass is 


(pr^ sin 6 dr d6 day) St 


Therefore 


+ 11 . 

dt r^ dr 


(pur^) + 


1 a 

r sin Odd 


(pv sin 0) + 


^ ...( 1 ). 

rsin^ day ^ 


Similarly if in cylindrical coordinates u, v, w denote the 
components of velocity in the directions of the elements dr, rdO, 
dz, we can show that 


+li 

dt r dr 


10 d 

^ ^ (pw) = 0 


dz' 


( 2 ). 


12. Still simpler considerations will enable us to write down 
an equation of continuity in certain cases. For example, if liquid 
be moving in such a manner that the motion is symmetrical about 
a given point 0, the velocity at every point being directed towards 
(or from) the point 0 , if w be the velocity at distance r from 0, 
since the quantity of liquid that crosses every sphere whose centre 
IS 0 must be the same, we have 4»7rr^ii =, constant, 

or |;(r“«) = 0, 

agreeing with, equation (i) of the last article. 

If we consider the same case with the motion confined to two 
dimensions, the quantity of liquid that crosses every circle whose 
centre is 0 must be the same, so that ^irra = constant, 

or ^(ru)=0, 

agreeing with equation (2) of the last article. 
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13. Another foi*m of the equation of continuity may also be given. 

Let FQ — ds be an arc of the line of motion passing through a point Q; 
and let A be a small area normal to the arc, 
such that all the particles of fluid crossing it 
may be considered as moving perpendicular 
to it. 

Let A A', BB\ etc. be small arcs of the lines 
of motion through the bounding points of AB^ 
and A'Bf the normal section through Q of the 
surface formed by these lines of motion. 

Take p as the density of the fluid in PQ at the time k the area of AB^ 
and V the velocity at P, then the quantity of fluid which enters eX A B 
during the time 

= Kpvdt, 

and that which flows out at A'B' 

= Kpvdt-{-^(Kpv8t) 8s 

The excess of the former over the latter of these two expressions is the 
whole increase of the fluid in PQ during the time 8t, and is 

- ^ 

but the mass of fluid at the time t being Kpds^ the increase in the time 8t is 
also expressed by 

(Kp8s) 8tj or ^ (Kp) 8s8ty 

0 0 

and therefore 

From the way in which this equation has been obtained, it will be seen 
that allowance is made for the expansion of the element which may in certain 
cases take place, and it is only in this way that k can be an explicit function 
of the time The small section AB may bo taken arbitraril}", but the section 
A'B' will depend, not only on the arc PQ, but also on the directions of the 
lines of motion passing through the bounding curve of AB , the variation of 
K may therefore depend on the time explicitly, since these lines of motion 
may vary with the time 

14. The Boundary Surfhce. 

At any fixed boundary the velocity of the fluid normal to the 
surface must vanish, that is 

lu + mv + nw = 0 

at every point of the boundary; I, m, n denoting the direction 
cosines of the normal. 

At the surface of a solid moving in the fluid the normal 
velocity of the fluid must be equal to that of the solid. Also for 


A' 
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any suriace m the fluid composed of a given sheet of particles or, 
what is the same thing, for any surface which always contains the 
same fluid matter within it, we must have the normal velocity of 
the surface equal to the velocity in the same direction of a neigh- 
bouring particle of fluid. Thus if Bp is an element PP' of a normal 
to the surface 

F{x,y,z,t)^0 ( 1 ), 

and a?, y, z are the coordinates of P, those of P' are a? + ^ 8i/, y -^mSp, 
z + nSvj where I, m, n are direction cosines of PP' and therefore 
proportional to dFjdx, dFjdy, dFjdz, But P' lies on the surface at 
time t + Sty therefore 

Fix-^-lSp, y + mSpy z + nSp, t + St) = 0 (2), 

and from (1) and (2) we get 


( jdF dF dF\ ^ A 

Again, 

lu 4- mv + mu — normal velocity of particle of fluid 
= normrl velocity of surface 


dF 

dt I 


jdF^ dF ^ 

6a- 4-m^ - -f?i 
ox dy 


dF\ 

dz)' 


But 


therefore 



( 3 ), 


and this is the differential equation of the boundary surface. 


16. If we assume that a boundary surface always consists 
of the same particles of fluid, we may conclude at once that if 
F (Xy y, Zyt) = 0 be such a surface, then following the motion of 
the fluid 


DF ^ dF dF dF dF ^ 

Dt dt dx dy dz 


Though this hypothesis is generally true for continuous motion 
it may cease to hold in some cases of discontinuous or turbulent 
motion. Sonxj examples have been given by Lord Kelvin*. 


Carnb, and Dub Math, Journal, iii. p. 89, or Math, and Phys, Papers, i p. 83. 
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16. Stream Unes. A stream line or line of flow isiSi curve 
such that at any instant of time the tangent at any point of it 
IS the direction of motion of the fluid at that point. A tubular 
space in the fluid bounded by lines of flow is called a tube of flow. 

The direction of motion of the fluid particle at the point 
(.x‘, y, jz) IS defined by the quantities Uy v, w and therefore the 
differential equations of the stream lines are 

dx ^dy __ dz 

u V w V ' 

Except in the case of steady motion, w, v, w aie always functions 
of the time and therefore the stream lines are continually changing 
with the time, and the actual path of any particle of the fluid will 
not in general coincide with a stream line For if P, Q, R are 
consecutive points on a stream line at time t, a particle moving 
through P at this instant will move along PQ but when it arrives 
at Q at time t + 8^, QR is no longer the direction of the velocity at 
Q and the particle will therefore cease to move along QR and 
move instead in the direction of the new velocity at Q But if 
the motion be steady the stream lines remain unchanged as time 
progresses and they arc also the paths ot the particles of fluid. 

The differential equations lor the paths ol the particles are 

y = V, z^w (2), 

for when Uy w are known functions of x, y, Zy t these equations 
will determine Xy y, z in terms of t and three arbitrary constants 
which might be taken to be a, 6, c the initial values of the co- 
ordinates of a particle, and hence the paths of the particles would 
be obtained. 

17. The stream lines dxju^dyjv^ dzfw are cut at right 
angles by the surfaces given by the differential equation 

udx + vdy + wdz — 0 (1), 

and the condition for the existence of such orthogonal surfaces is 
the condition that the last equation may admit of a solution of the 
foim 

t/, z)=C ( 2 ), 

the analytical condition being 
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18. Velocity Potential. When the expression 
udx + vdy 4 * wdz 

IS an exact differential — d<f>, so that 

dd> dff> dd> 



then is called the velocity potential or velocity function. 

It is clear that in this case 
dw _^dv 

dy dz^ dz dx' dx dy 

so that condition (3) of the last article is satisfied and surfaces 
exist which cut the stream lines orthogonally. 


■( 1 ). 


.( 2 ), 


19. As an example consider the case m which 

u = V = c-x/r'^y w = 0 , 

where r denotes distance from the i:-axis, so that the velocity is 
wholly transversal and everywhere equal to c^jr These values 
satisfy the equation of continuity and therefore represent a 
possible motion 

The lines of flow are given by 

dx _ dy _ dz 
-y~ X ~ 0 

or const , z = const. 

In this case 

dv __ (f — 
dx r* dy ' 

so that conditions (2) of the last article are satisfied. 

In fact udx + vdy+ wdz = c^d ^tan~^ ^ , 
so that there is a velocity potential 

<b=s — c^ tan"“^ - , 

and the planes y — KX cut the stream lines orthogonally. 

20. It IS possible however for the orthogonal surfaces to exist 
without a velocity potential. Take for instance the case 

w = — (oy, V = (oXy w = 0, 

where again the velocity is transversal and varies as the distance 
from the . 2 ^-axis, so that the whole mass rotates as if solid. 

In this case we have the same lines of flow as in the last 
article, but udx + vdy + wdz is not an exact differential, so there 
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is no velocity potential though condition (3) of Art. 17 is satisfied 
and 

udx-\- vdy + wdz = 0 

leads to the family of planes y = KX, which cut the stream lines 
orthogonally. 

21. Irrotational and Rotational Motion. 

When the expressions 

dw dv dll dw dtf du 

dy dz ’ dz dx* dx dy 

all vanish, the motion is said to be irrotational. When they do 
not all vanish the motion is said to be rotational. 

The reason for this nomenclature will be given hereafter. 

It will be noticed that, when a velocity potential exists, the 
motion is irrotational Thus the motion of Art 19 is irrotational, 
and that of Art. 20 is rotational. 


EXAMPLES 


1 A uiatss of fluid moves in such a way that each particle describes a 
circle 111 one plane about a fixed axis, shew that the equation of continuity is 

vt dO “ ’ 


wheie <o is the angular velocity of a particle whose azimuthal angle is 6 at 
time t 


2 A mass of fluid is in motion so that the lines of motion he on the 
surface of coaxial cylinders , shew that the equation of continuity is 

dl^r~dd dz ' 

where v, w are the velocities perpendicular and parallel to c. 

3 The particles of a fluid move symmetrically in space with regard to 
a fixed centre ; prove that the equation of continuity is 

where u is the velocity at distance r 


4. Each particle of a mass of liquid moves in a plane through the axis 
of z , find the equation of continuity. 

5 If the lines of motion are curves on the surfaces of cones having their 
vertices at the origin and the axis of z for common axis, prove* that the 
equation of continuity is* 

dp d (pu) 2pu cosec $ 0 (pv) ^ 
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6. If the lines of motion are curves on the surfaces of spheres all touching 
the plane of xy at the origin O, the equation of continuity is 


r sin ^ ^ ^ + sin B + p w (1 + 2 cos B) =• 0, 


dt 


where r is the radius CP of one of the spheres, B the angle PCO^ u the velocity 
in the plane PCO^ v the perpendicular velocity, and </> the inclination of the 
plane PCO to a fixed plane through the axis of z. 

7. If every particle moves on the surface of a siihere, prove that the 

equation of continuity is 

? 0 0 

~ cos ^ + 0^ (pft> cos ^ (ptw' cos B) == 0, 

p being the density, B, </> the latitude and longitude of any element, and 
0) and o)' the angular velocities of the element in latitude and longitude 
respectively (M T 1877 ) 

8 Shew that, if ij, ( be orthogonal coordinates and if U, V, W be the 
corresponding component velocities, the equation of continuity is 

0 

' c'7 ' ' 


0^ + P ( 0^ (p + // > (p 1 0 + ^ (p = 0, 


where 




and ^1, ^2, are respectively the sums of the principal curvatures of the 
three orthogonal sui faces (Coll Exam. 1896.) 


9. Shew that 


tan*-^ 1 4* f , cot^ ^ = 1 


IS a possible foim for the bounding surface of a liquid, and find an expression 
for the normal velocity. (Coll. Exam 1899 ) 

10 In the steady motion of homogeneous liquid if the surfaces /i==(/], 
f^=a 2 define the stream lines, prove that the most general values of the 
velocity components u, v, w are 




c{fuA) 




where i^is any arbitrary function 


F(f 

ifuf-i) > 


(Coll. Exam. 1892 ) 


11, Shew that all necessary conditions can be satisfied by a velocity 
jiotential of the form 

(f) = 0^2 ^ 

and a bounding surface of the form 

-^-c^ — X (0 = 0 , 

where x (0 ^ given function of the time, and a, /3, y, 6, c suitable functions 

of the time (Trinity Coll. 1895 ) 
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22 . Let u, v, w be the components of velocity, p the density 
and p the pressure at the point {x, y, z) in a mass of fluid, and let 
Xj Y, Z be the components of external force per unit mass at the 
same point. 

Considering a small rectangular parallelepiped dxdydz with 
its centre at {x, y, z), and resolving parallel to the a?-axis, we have 


pdxdydz'^ — pXdxdydz— ^ dxdydz, 


dx 


the last term representing the difference of the pressures on the 
two ends of area dydz, 

Du ^ \dp 
Hence = A — — , 

Dt p ox 


or 

du du du du ^ Idp 

(1). 

Similarly 

dv dv dv dv 1 dp 

dt dx cy oz p dy 

(2), 


dw dw dw dw « 1 9» 



(3). 


These are Euler^s Dynamical Equations. 


23 . If the fluid be elastic we have to make use f the physical 
laws connecting pressure and density. Thus, if the temperature 
be constant, we have 

where /c is a constant. And if the changes that take place occur 
with such rapidity that there is not time for heat to enter or leave 
the fluid element, as is the case in the expansions and contractions 

2 


R. H. 
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of air ^hat result in the propagation of sound waves, then the 
relation is the ‘ adiabatic ’ one, 

p = tcpy, 

where 7 is a definite constant*. 


24 In the case of a liquid, if 11 be the external pressure upon 
its surface and p the pressure of the liquid at the surface, we shall 
have (neglecting surface tension) 

p = n, 

and therefore at all points of the free surface 

Dp DU 
Dt ■“ Dt ’ 


or if we suppose that IT depends only on the time 


dt ox oy 


dp __ 
dz dt 


25 Integration of the equations of motion. When a 
velocity potential exists and the external forces are dernable 
from a potential functicjn, the e(|uations of motion can always be* 
integrated 

In this case u, y, = — dcfyjdxy — d(f)ldy, — d(l>/dz , 
and Z, y, ^ - a V/dx, - d Vjdy, - d Vjdz , 

theiefore ^ 

Dt dxdt dx dx^ dy dxdy dz dxdz * 

Dv __ d^<f) d<f> d^efy d(l> d'^<i> d<j> d^<f> 

Dt dydt ^ dx dxdy dy dy^ dz dydz ’ 

Dw _ 0 “<^ d<f) d^<l> d<f> d'^<f> d(f> d^(f> 

Dt dz dt dx dx dz dy dy dz dz dz“ * 

And fiom the equations of motion 

(r - + (S 

Therefore 



+ dV+^dp = 0, 

P 


or, if q denote the velocity, 

-d^ + irf3» + dF + ^dp = 0 (1). 


* Hydrostatics, Art, 119. 
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Whence, assuming the existence of a functional rolation 
betJ\veen the pressure and the density, we get by integration 

< 2 ). 

where C is in general an arbitrary function of the time. It is 
possible, however, to regard this function of the time as contained 
in the term d<f>ldt. 

If the fluid be homogeneous and inelastic, the equation (2) 
becomes 

< 3 ). 

If the motion be steady = 0, and therefore 

P + l(f-^V=G (4), 

where C is an absolute constant. 


26 Bernoulli's Theorem. Case of no Velocity Poten- 
tial. We may obtain a similar equation when a velocity potential 
does not exist Thus by considering the motion of a small cylinder 
of section k with its axis of length Bs along a stream line, if q be 
the velocity and S the component of external force per unit mass 
in direction of the stream line. 


pxBs = pkSsS 


and in this case 




i + = 

If the motion be steady dqjdt^O, and if the external forces 
have a potential function such that S = - 0F/06*, then by integrat- 
ing along a stream line, 

+ ( 2 ), 

J p 

where O is a constant, whose value depends on the particular 
stream line chosen. This is Bernoulli's Theorem, 


27. In general, when no velocity potential exists, we make use 
of equations (1), (2), (3) of Art. 22 in order to find the pressure at 
any point. 


2—2 
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Foi instance, if a mass of liquid revolve uniformly without 
change of form or relative displacement, about a fixed axis, there 
IS no velocity potential, but taking the fixed axis as axis of 

= — (oy, V = w=^0 , 


hence from equations (1), (2), (3), Art 22, 


r=.X- 


1 ^ 
p dsc * 


-ay‘y=Y- 


1 dp 
P 




and therefore 


-dp = Xda)-h Ydy -f Zdz + ft)® {xdx + ydy), 

P 

as in Hydrostatics, Art 32 

For homogeneous liquid and conservative forces this becomes 

- — ^ o)® (j?® +• y®) 4* F = constant. 

P 

At first sight this equation may appear to contradict (2) of 
Art. 26, but this is not so, for in that equation th^ constant C 
depends on the particular stream line , and in this particular case 
the velocity q is constant along a stream line, so that all the 
information we get from (2) of Art. 26 is that in this case 

j P" IS constant along a stream line. 


28. When a velocity potential exists and the forces arc conser- 
vative, the pressure is given by equation (2) or (3) of Art 25. 

Take, for instance, the case given in Art. 19 in which there is 
a velocity potential — while the velocity at distance r from 
the axis of z is c®/r. Let z be measured vertically upwards and 
gravity be the only external force, then equation (3) of Art. 25 
becomes 


1 + 2 ^+^^ = ^' 


If we taki the pressure at the surface to be constant and 
assume that a is the value of z when r is infinite, we have for the 
equation of the surface 

2g(a)^ + y^) = 


29. Equations of motion by the Flux Method. 

The equauions of Art. 22 can also be obtained by considering 
the changes of momentum that take place within a definite region 



27-29] 


EQUATIONS OF MOTION 


21 


of space due to the external forces acting throughout this region 
and to the fl lid pressures on the boundary. 

Thus if I, m, n are direction cosines of the outward-drawn 
normal to the element dS of any closed surface S drawn in the 
fluid and fixed in space, with the same notation the time-rate of 
increase of momentum parallel to the A;-axis of the fluid inside S 
d 


IS 


dt 


Ilf composed of three parts 


(1) the rate of increase of a7-momentum inside S due to the 
flow of momentum across the boundary, viz. 

— jj P^^ 5 

(2) the rate of increase of aj-momentum due to the pressures 
on the boundary, viz. — jj IpdS , 

(3) the rate of increase of ^-momentum due to the external 
forces acting throughout the region S, viz. jjj pXdxdydz. 

Hence 

If I dxdy dz = -‘ JJ pu (III + mv-h nw) dS--JJ IpdS 

-f JJJ pXdxdydz , 

and by transforming the surface integrals into volume integrals by 
Green’s Theorem, we get 

/ 1 lift + fz 

and since this must hold for all ranges of integration within the 
fluid, we must have at every point 

I (pu) + 4 (p“’) + 4 + 4 £ • 


dt 


dy 


But 


dp d(pu) d(pv) 9 (^) ^ ^ 
dx dy^'^ dz 


and if we multiply this by u and subtract, we obtain 
du du , du du V 1 dp 


as before. 
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30. Iiagrange^s Equations. 


Let a, 6, c be the initial coordinates of a particle and x, y, z 
the coordinates of the same particle at time ty then «, 6, c, t are 
the independent variables and our object is to determine x, y, z in 
terms of a, 6, c, t and so investigate completely the motion. At 
time t the component accelerations of the fluid element Bxhyhz 
are d^xjdt^ d^yjdt-y d^zjdt^y and if we assume the existence of a 
potential V for the external forces, we get as in Art. 22 
d-x dV 1 dp 

dx p dx ’ 
d^y _ dV Idp 

dt“ dy • p Sy * 

dt' dz p dz* 


To deduce ecjuations containing only differentiations with regard 
to the independent variables a, by c, ty we multiply these by dxlda, 
dyjday dzjda and add, 

d^x dx d^y dy d^zdz ^ dV __ Idp 

di^ da ^ dt^ da ^ dt^ da da pda ' ' 

d^x dx . d^y dy _^d^z dz __ dV Idp 

db pdb ' 
d^zdz dV 1 dp 


therefore 


Similarly 


and 


dt^ db ^ dt^ db dt^ db 
d^xdx d^ydy __ 

dt- dc dt^ dc ^ dt^ dc dc p dc 


( 1 ). 

.( 2 ), 


.(3). 


These equations, together with the equation of continuity 
a (xy ijy z) _ 


a (a, b, c) 


■ p0> 


constitute Lagrange s Hydrodynamical Equations, 


31. Cauchy^s Integrals. 

Assuming that p is a function of py differentiate equations (2) 
and (3) of the last article with regard to c and b respectively and 
subtract, and we obtain after writing Uy Vy w for dxjdty dyjdty dzjdty 
d^ii dx dHi dx d^v dy ^ a®y dy d'^w dz d’^w 

dtdbdc dtdcdb ^ dtdbdc dtdcdb dtdbdc dtdcdb 


Integrate this equation with regard to ty and take v^y Wq as 
initial values , then 

a^a^? da dx ^2/ __ 9^ ^ ^ ^ _ dvo 

db dc dc db ^ db dc dc db db dc dc db db dc ’ 

for initially dxjda == 1, dxjdb = dxfdc = 0, etc., etc. 
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Now 


da 

da 


dudj^' diedi/ dudz 

+ + etc.. 


dxda dyda dzda* 
and making these substitutions, the equation becomes 


dw 


dz) d (6, c) \dz dx)d {b, c) w.'t* dy) 


du\ d {x^y) 
d (6, c) 


dWo 

'' dh ■ 


dc 


Writing 

— — ofc 
^ dz'~^ 

we obtain the equations 


du, 

dz 


dw ^ 


dy'^ 


a( 2 /,^) d(z,x) ^ d(x,y) 

^ d {h, c) ^ d (by c) ^ a (by c) 
fc 9 pA-g) , ^9(^,;r) ^ a (^, ?/) _ 

^ a (c, a) ^ a (c, a) ^ a (c, a) 

t ^ P/’l) 4. ^ >_ 

^ a (u, 6) ^ a (o , 6) ^ a “(a, 6p * 

Multiply these c(iiiations by dx/da, dxjdb, dxjdo respectively and 
add and take account of the ecpiation of continuity 

pd (Xy XJy Z)id (ay by C) = ^0 , 

and we gee 

I = + Vodx_^^dx 

p po da po db pQ dc ' 


Similarly 


and 


p Pq da Po db Po dc ' 

^ ^ ^ q_ ^ j_ 

p po da Po db po dc ' 


We notice that when a velocity potential exists f = ^ == f == 0, 
and from the foregoing equations it is evident that these quantities 
are always zero if their initial values are zero 

As we have already stated, when a velocity potential exists 
the motion is said to be irrotational and we therefore have the 
theorem that the motion of a flnid under conaervative forceSy if 
once ir rotation aly is always irrotational. This consuitutes Cauchy’s 
proof of this important theorem firet enunciated by Lagrange. 

When a velocity potential does not exist, the motion is called 
rotational. The reason for the phraseology employed to distinguish 
the two kinds of motion is given in the following article taken 
from a paper by Stokes*. 

* Trans, Camb* Phtl, Soc viii. p. 287, or Mailt, and Phys PapetSy i. p 112. 
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32. Physical Interpretation. 

Conceive an indefinitely small element of a fin’d in motion 
to become solidified suddenly, and the fluid about it to be destroyed 
suddenly; let the form of the element be so taken that the 
resulting solid shall be that which is the simplest with respect 
to rotatory motion, namely, that which has its three principal 
moments about axes passing through the centre of gravity equal 
to each other, and therefore every axis passing through that point 
a principal axis, and consider the linear and angular motions of 
the element immediately after solidification. 

By the instantaneous solidification velocities will be suddenly 
generated or destroyed in the different portions of the element, 
and a set of impulsive forces will be called into action. Let x, y, z 
be the coordinates of the centre of gravity G of the element at 
the instant of solidification, x^- x\y ■\-y\ ^ + z' those of any other 
point in it. 

Let w, V, w be the velocities of G along the three axes just 
before solidification, xd, v\ w' the relative velocities of the point 
whose relative coordinates are x\ y\ z 

Let u, r, w be the velocities of G , , Wi the relative velocities 
of the point {x\ y\ z\ and 77, ^ the angular velocities just after 
solidification 


Since all the impulsive forces are internal, 
u — u, v — v, w — w. 


Also, by the conservation of angular momentum, 
Sm [y {wi — -w/) — / {Vi — v')} = 0, etc , 
m denoting an element of the mass considered 
But Ui = 7 JZ - fy'. 


, dll . du , du , , . ^ , 

and similar expressions hold good for the other quantities. 

Substituting in the above equations, and observing that 

2 {myz) = 0, 2 {inz'x') = 0, 2 {mx^y') = 0, 

and ^mx^ = '%my‘^ = '^mz'^^ 

, dw dv ^ du dw dv du 

wehave 2^=9^-^. = 

We see then that an indefinitely small element of the fluid of 
which the three principal moments about the centre of gravity 
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are equal, if suddenly solidified and detached from the rest of the 
fluid, will begin to move with a motion of translation only if 
udoc vdy -Vwdz is an exact diflerential, but if this expression 
is not an exact differential the motion of the element will be 
rotational as well as translational , and this constitutes the reason 
for the nomenclature of Art. 21. 

The quantities f are called the components of s'pin. The 
term molecular rotation has been used in this sense, but there is 
no connection between the rotations and the molecules 


33. Assuming that the forces are conservative and p a function 


SO that 
therefore 


Du 


_dV 

1 dp 

__dQ 

Di 


dx 

p dx 

dx ’ 

Dv 


d_v 

_ldp 

dQ ' 

Di 


■ dy 

pdy 


Dw 


dV 

_\dp 

dQ 

W 


dz 

p dz 

dz’ 


Dv 


M = 

d Dw 

de 

Di 


dzdy 

Fy~Di' 

dw 

dv\ 

dudw ‘i 

"bv dw ( 

h ~ 

dz) 

dy dx ( 



say, 


du dv 
dz dx 


dv dv dw dv 
dz dy dz dz 


- 0 , 


or 


or 


- - 1/ 

by adding and subtracting ^ , this equation may be written 

du dv ^dw dv 

Dt ^ dx ^ dx ^ dx ^\dx^dy^dz) 

^da dv ydw 

, but by the equation of continuity 


, . du dv dw 

where ^ b + 
dx dy 


dz 


- ^ 4* ^ = 0. Hence we get 
p l)t 




V dv 

^dw 

Dt \p 

/ pdx 


p dx * 

Dt \pt 

\ 1^ 

1 p dy 

+ -P- + 

pdy 

^dw 
p dy ’ 

D /?' 

k f du 

ndv 

^dw 

Dt\pj 

' pdz 

pdz^ 

p dz ’ 
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Also observing that 

dv Jbw du\ y/du „ \ ^ 


du 


the equations take the form 




da 

ndu 


Dt Vp. 

' P 

dx 

P% 

p dz 

D (r)' 
j^\p. 

) = ^ 
! P 

dv 

dx 

ndv 

P^y 

4. f 

p dz 

D 


dw 

v dw 

Kdw 

Dt V/ 3 > 

' P 

dx 

^ph 

H — ^ 
p dz 


.(1). 


These equations for the case of p constant were given by 
Stokes* and Helmholtzf and were extended to the form given 
above by NansonJ. 

From these equations Helmholtz concludes that if in a fluid 
element rj, ^ are simultaneously zero, we also have 

D^/Dt = Drf/Dt = D^IDt = 0 

Hence those elements of fluid which at any instant have no rotation 
remain during the whole motion without rotation. The justification 
for this conclusion is found in Stokes's paper already cited§. Thus 
in equations (1) we may assume that dujdx, cvIdJOy etc., are finite, 
and let L denote their superior limit, then f/p, 77/p, 5 /p cannot 
increase faster than if they satisfied the equations 

If 

Dt \p/ ut \pj Jut \pj 
and if we put pO == f + 77 -f f, we have 

]miDt==sm, 

so that if n be not zero, by dividing by fl and integrating we get 

n = Ce^^\ 




and no value of G other than zero will allow H to vanish when 
^ = 0 , but by hypothesis 77, f, and therefore fl also, are zero 
when ^ = 0, therefore H is always zero. But fl is the sum of three 
quantities which evidently cannot be negative, therefore each of 


* Loc. cit p. 23 

f CtelU's Journal^ 1858 ; Vhil. Mag. xxxiii. Fourth Series, 1867, p 485. 

X Messenger i / Math 1873, in p 120. 

§ Also m Math, and Phys. Papers, ii p 36, or Gamb. and Dub Math. Journal, 
III. p. 215. 
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them must be zero. And as f remain zero when they satisfy 
(2), still more will they do so when they satisfy (1). 


34. Impulsive Action. 

If impulsive forces be made to act on a fluid, or if impulsive 
pressures be excited by a sudden change of motion of one of the 
boundaries^ it can be shewn as in Hydrostatics ^ Arts. 6 and 8, 
that the impulsive pressure at any point is the same in every 
direction and in the case of a liquid that the impulsive pressure is 
transmitted equally throughout the liquid. The incompressibility 
of the liquid imjilies infinitely lapid propagation of pressural 
effect, so that an impulsive pressure can be produced instan- 
taneously throughout the lupiid. 

To find the relation between impulsive pressure and change of 
velocity. 

Let 'HT denote the impulsive pressure and A', Y\ Z' the 
extraneous impulses per unit mass of fluid at the point (x, y, z). 
Let «, r, lu and u', v , w' denote the velocity components at this 
point just before and just after the impulsive action. Since 
impulses are measured by the change of momentum they produce, 
by considering a small parallelepiped 8xSy8z with centre at 
(x, y, z), wc got 

p (u — u) BxBi/Sz = pX' BxBi/Bs — BxByBz, 


the last term representing the difference between the impulsive 
pressures on the two ends of area hyhz. 

Therefore p (u — u) = pX' — 


p(w' -w)=^pZ' 


( 1 ). 


If there are no extraneous impulses the equations are 
equivalent to 


d'cr = p{u -- u)dx — p (v' — v) dy — p {w — lu) dz, 

or if (f), denote the velocity potential just before^ and just after 
the impulsive action. 


d'OT == p {d<f> — d<^) , 
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hence, by integration, when p is constant 

tsr = p(}>^ — p(l> + G, 

The constant C may be omitted, as an extra pressure, constant 
throughout the fluid, would not affect the motion, 

35. Physical meaning of velocity potential. 

From the last article we see that any actual motion of a liquid, 
for which a single-valued velocity potential exists, could be pro- 
duced instantaneously from rest by a set of impulses properly 
applied, and if the liquid be regarded as of unit density the 
velocity potential is the impulsive pressure at any point. 

We also conclude that when a state of rotational motion exists 
in a liquid, the motion could neither be created nor destroyed by 
impulsive pressures. 


36. When there are no extraneous impulses and p is constant, 
by differentiating equations (1) of Art. 34-, and making use of the 
equation of continuity, we obtain 


0^CT 

dx^ dy^ 


dz^ 


= 0 


( 1 ), 


and the general problem of impulsive motion consists in ob- 
taining a solution of this equation to satisfy the given boundary 
conditions. 


37 It was pointed out by Stokes* that in selecting a solution to satisfy 
the given boundaiy conditions it is necessary also to note that the value of 
the fluid pressure, whether finite or impulsive pressure, cannot change 
abruptly from point to iioint in the fluid. He considers the following 
example . — Suppose a mass of fluid to be at rest in a finite cylinder, whose 
axis coincides with the axis of 2 , the cylinder being entirely filled and closed 
at both ends Suppose the cylinder to be moved by impact with initial 
velocity C in the direction of Xy then the velocities are given by 

U=Cy V = 0y 

For these make udx + vdy -^wdz an exact differential where 

satisfies (1) of Art. 36 ; they also make the normal velocity equal to that 
of the cylinder over the boundary, and give a value for the impulsive 
pressure, namely C' - Cpx, which does not alter abruptly. But if we had 
supposed that 0 was equal to — CV- C' tan~^y/^ all the conditions would 
still have been satisfied, except that we should have obtained for the im- 
pulsive pressure a value {Cx+C' tan”iy/^), in which the last term 

* Trans. Camb. Phtl. Soc. viii. p. 105, or Math, and Phys, Papers y i. p. 23. 
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alters abruptly as tan~^y/^ passes through the value 27r. Hence tile former 
was the correct solution of the problem. 

This IS also an illustration of a theorem we shall have to discuss later> 
namely that cyclic irrotational motion cannot exist in simply connected 
space. 


38. The following examples will serve to illustrate the application to 
particular cases of the principles of hydrodynamics 

(1) A quantity of liquid occupies a length 2^ of a straight tube of uniform 
small bore, under the action of a force to a point in the tube varying as the 
distance from that point It is required to determine the motion and the 
pressure. 

Let p be the pressure and u the velocity at a distance x from the fixed 
point 0 , and let z be the distance of the nearer free surface from 0 

The equation of continuity is 

dujdx^O 

The equation of motion is therefore 

du 1 

tt p 

Integrate this equation with regard to x, 
therefore x^=C— — p/p, 


dp 

dv 


and p=0 when x=z and when x—z+2l, 

dll 

therefore + 0 

But clearly u=z, 

therefore z + p,(z-hl) = 0, 

hence z -h I = A cos (\^pt -h a), the constants being determined by the initial 
position and velocity. 

Also 

= -Ifi (z + l), 
and thus the pressure at any point is determined. 

(2) A vertical tube AB of small section has two apertures close to its 
base B in which horizontal tubes are fitted, and the apertures are closed by 
valves; a given height a of the tube AB is filled with water and the valves are 
then opened The areal section of each horizontal tube being half that of the 
vertical tube, and the length of each greater than AB, it is required to determine 
the motion 

Let z be the height above B of the free surface in AB the time t, and 
z' the distance from B of the free surface m each horizontal tube. 

Then the volume of liquid being constant 

z-^sf^a. 
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If 'p be the pressure and u the velocity measured upwards at a height x in 
AB^ the equation of continuity is du/dx^O, and the equation of motion is 
thei’efore 

du 1 dp 

dt~ ^ p ’ 

and by integrating with regard to r, 

^^=fW-9^'-plp 

But p—0 when r = c, 

therefore pip = (g + dit/ct) (z - x\ 

and if p' IS the pressure at B, 

Similarly if n' be the ^oloclty in either lowei tube p'/p — z'du'ldt, 
therefore z' dv'ldt—(g-\-d ifj? t) z 

But u — z and u' = 2 ' = - 2 , 
therefore az-k^gz—O^ 

and z^A cos {t sj gfa -\-a)^a cos t •sjgl<t-, by taking the initial values of : and 2 

The motion is theieforc of simple harmonic type until the vortical tube is 
emptied, which will take place after time tr/i s/gja 


(3) A masis of liquid suitoimd^ a solid sphote of ladius a and its onto 
suiface^ which is a concentric sphere of radius b, is subject to a given constant 
pressuie n, no other forces being in aition on the liquid The solid spheie 

suddenly shrinks into a concentric spheie, it is required to determine the subse- 

quent motioiij and the impulsive action on the sphere 

At tune t, let p be the pressure and v' the velocity at distance r' from the 
centre , then the equation of motion is 

li' , vv' 1 Cp 

+v' f-, ; 

vt VI p Vi 

and the equation of continuity is 


therefore 


^10 . op 

r'^ dr' p dr’ 


(1) 


Let By r be the radii of the external and internal boundaries at time t, and 
r, V their velocities ; these quantities are functions of t only, and 

V—/ty v — r. 

Integrating equation (1) with regard to r' from r'=r to r' = B, we get 
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F' (t) — %rvr r 


But F{t)^rh^^mV, 

therefore 

= 2ry2 4- r^vdvjdr. 

Hence _ (^1 _ 

Putting = 0 , and multiplying by 2^2, and observing that -a^ — c^, 

this becomes 

2nr2/p = - f - — - ^ {z,'*) + zr* U, - — | 

V 0^4- c^)V V" (,.3 4_ c^y) 


Integrating we obtain 


/!__ IN 

3 p \r R) * 


Take r for the radius of the solid sphere, and let w denote the impulsive 

pressure at distance ? ' , then 

j / j / r^vdr' 

d-UJ^-pvdt , 

therefore, since Gr = 0 when )'=R, 

gives the impulsive pressure wljen 7*' = ? 

The whole inniulso on the sphere 

=• 4 7r7 2 tzr = 47rp7 ~ r)//?, 

and the Avhole momentum destroy ed 
fit 

= I Anr'^pi'dr' — Anpr’^v {R — }) 

The \elocity may aKo be obtained at once by helj) of the principle of 
energy 

For, the kinetic energy 

= -X (f ~ i) ’ 

and the work done by the outer i^rossure 

j\nR‘n{-dR) 

= •^B-n (*3 - iP) = vn ‘ - r^). 

Hence the equation of energy gives us at once the expicssiuu lux me 
velocity. 
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EXAMPLES. 


1. If a lx)mbshell explode at a great depth beneath the sui*face of the 
sea, prove that the impulsive pressure at any point varies inversely as the 
distance from the centre of the shell. 


2. A straight tube of small bore, ABC^ is bent so as to make the angle 
ABC 2 . right angle, and AB equal to BC The end C is closed, and the tube 
IS placed with the end upwards and AB vertical, and is filled with liquid. 
If the end C be opened, prove that the pressure at any point of the vertical 
tube IS instantaneously diminished one-half, and find the instantaneous 
change of pressure at any point of the horizontal tube, the pressure of the 
atmosphere being neglected 


3 Steam is rushing from a boiler through a conical pipe, the diameters 
of the ends of which are D and o? , if F and o bo the corresponding velocities 
of the steam, and if the motion be supiiosed to be that of divergence from the 
vertex of the cone, prove that 


F" (P 


e 2 ^ , 


where k is the pressure divided by the density, and supposed constant 


4, An elastic fluid, the weight of which is neglected, obeying Boyle’s law, 
is m motion in a uniform straight tube, shew that on the hypothesis of 
parallel sections the velocity at any time ^ at a distance r from a fixed point 
in the tube is defined by the equation 


dr 





5. Air, obeying Boyle’s law, is in motion m a uniform tube of small 
section ; prove that if p be the density and v the velocity at a distance x from 
a fixed point at the time t, 




{{v^ + k)p} 


6. Two equal closed cylinders, of height c, with their bases in the same 
horizontal plane, are filled, one with water, and the other with air of such a 
density as to support a column h of water, h being less than c. If a com- 
munication be '^iiened between them at their bases, the height x, to which 
the water rises, is given by the equation 

cx - x^+ch log = 0 

7. ' Water flows steadily along a pqie of variable cross section. If the 
pressure be 700 millimetres of mercury at a place where the velocity is 
160 cms. i)er second, find the pressure at a place where the cross section of 
the pipe IS twice as large [Take the specific gravity, of mercury 13 6 ] 

(Univ. of London, 1907.) 
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8. In the case of a steady motion of an elastic fluid under no forces the 
velocities parallel to the axes at the point (.t?, y, z) are proportional to y+ 2 !, 

x->ry i prov^e that the surfaces of equal pressure are oblate spheroids, 
the eccentricity of the generating ellipse being ^3/2 (M T. 1879 ) 

9. A spherical shell of homogeneous gravitating liquid, having no initial 
motion, is left to itself ; find the pressure at any point during the collapse 

10 A mass of homogeneous liquid is moving so that the velocity at any 
point IS projioi tional to the time, and that the xiressure is given by 

^ — yixyz— \ > 

prove that this motion may have been generated from lest by finite natural 
forces independent of the time ; and shew that, if the direction of motmn at 
every point coincide with the direction of the acting force, each particle of the 
liquid describes a curve which is the intersection of two hyperbolic cylinders 

(M.T 1877) 

11 A given quantity of liquid moves, under no forces, in a smooth conical 
tube having a small vertical angle, and the distances of its nearer and fai ther 
extremities from the vertex «it the time t are r and r' , shew that 



the pressures at the two surfaces being equal 

Shew also that the preceding equation results from supposing the vis viva 
of the mass of liquid to be constant ; and that the velocity of the inner surface 
IS given by the equations 

(^ *" ^ )) — W = c'S 

C and c being constants 

12 A portion of homogeneous fluid is confined between two concentric 
spheres radii A and c/, and is attracted towards their centre by a force v.irying 
inversely as the square of the distance, the inner siiherical surface is suddenly 
annihilated, and when the radii of the inner and outer surfaces of tlie fluid 
are r and the fluid impinges on a solid ball concentric with their surfaces, 
prove that the imiiulsive pressure at any point of the ball for different values 
of R and r varies as 

13. A fine tube whose section ^ is a function of its lengtl^ in the form 
of a closed plane xiurve of area A, filled with ice, is moved m any 'manner. 
When the component angular velocity of the tube about a normal to its pl.ine 
IS O the ice melts without change of volume. Prove that the velocity of the 
fluid relatively to the tube at a point where the section is K at any subsequent 
time when a> is the angular velocity is 

the integral being taken once round the tube. 


R. H. 


(MT 1873.) 
3 
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14. A centre of force attracting inversely as the square of the distance 
IS at the centre of a spherical cavity within an infinite mass of incompressible 
fluid, the pressure on which at an infinite distance is ■zzr, and u such that the 
work done by this pressure on a unit of area through a unit of length is one- 
half the work done by the attractive force on a unit of volume of the fluid 
from infinity to the initital boundary of the cavity , pro\ e that the time of 
filling up the cavity will be 

\/ 

a being the initial radius of the cavity, and p the density of the fluid. 

(M T 1874 ) 

15 A homogeneous liquid is contained between two concentric spherical 
surfaces, the radius of the inner being a and that of the outer indefinitely 
great. The fluid is attracted to the centre of these surfaces by a force ^ (r), 
and a constant pressure IT is exerted at the outer surface. 

Suppose /<^ (r)c?r=i^ (r), and that ^(r) vanishes when r is infinite. Shew 
that if the inner surface is suddenly removed, the pressure at the distance r 
IS suddenly diminished by 

Find 0(/’) so that the pressure immediately after the inner surface is 
removed may be the same as it would be if no attractive force existed. Also 
with this value of 0 (r), find the velocity of the inner boundary of the fluid at 
any iieriod of the motion 


16 A stream in a horizontal pipe, after passing a contraction in the pijie 
at which its sectional aie^i is is delivered at atmospheric pressure at a place 
wheie the sectional area is B, Shew that if a side tube is connected with the 
pipe at the formei place, water ^Mll be sucked up through it into the pipe 

from a leserioir at a depth ~ ^ below the jiipe , s being the delivery 

per second. ' ' (St John’s Coll 1896.) 

17 A homogeneous incompressible fluid, enclosed in a boundary which can 
change both in shape and area, but not in volume enclosed, is acted on by a 
force whose components are 

^+^+^4+1’ *'+^+i4+-’ 

respectively , when the tune ^ = 0, the fluid is at rest, and the pressure 
—Kplog - — ; afterwards the jircssiire at the boundary is always 

kp log ^ (^2 _ pF if) 

prove that the c :)mponents of the velocity will always be 
^(y+2), t{z-\-3c\ t{x-\ry\ 



EXAMPLES 


35 


and that the curve described by the particle, whose coordinates, when ^=0, 
were (.^o, yo» ^o)> equations 

K^o-^oJ '^+2/+^ 

(MT 1865) 

18 An infinite mass of liquid acted upon by no forces is at rest, and a 
spherical portion of radius c is suddenly annihilated, the pressure or at an 
infinite distance being supposed to remain constant, prove that the pressure 
at the distance r from the centre of the sphere is instantaneously diminished 
in the ratio r — c r, and that the cavity will be filled up in the time 

V 6ar *r(^) 

19. Shew that the rate per unit of time at which work is done by the 
internal piessures between the parts of a compressible fluid is 

where jo is the pressure, and (u, i, zo) the velocity at any point, and the inte- 
gration extends through the volume of the fluid (St John’s Coll 1898 ) 

20 A sphere is at rest in an infinite mass of homogeneous liquid of 
density p, the pressure at infinity being w Shew that, if the radius H of the 
sphere vanes in any manner, the [iressure at the surface of the sphere at any 
time is 

^ + (Coll Exam 1900) 


21. An infinite mass of homogeneous incompressible fluid is at rest subject 
to a uniform pressure n, and contains a spherical cavity of radius a, filled with 
gas at a pressure mil ; prove that, if the inertia of the gas be neglected, and 
Boyle’s law be supposed to hold throughout the ensuing motion, the radius of 
the sphere will oscillate between the values a and where n is determined 
by the equation 

1 -t- log 71 — 71^ = 0 


If zn be nearly equal to 1, the time of an oscillation will be 2»r , 

p being the density of the fluid (M.T. 1869.) 


22 A mass of liquid, of density p and volume ^ ttcP, is in the form of a 
spherical shell ; a constant pressure n is exerted on the external surface of 
the shell, there is no pressurb on the internal surface, and no other forces act 
on the liquid ; initially the liquid is at rest and the internal radius of the shell 
is 2c, prove that the velocity of the internal surface, when its radius is c, is 




2^ 


3p 


(Corf Exam. 1904.) 


3—2 
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23. Investigate an expression for the change in an indefinitely short time 
m the mass of fluid contained within a spherical surface of small radius 

Prove that the momentum of the mass in the direction o i the axis of a is 
greater than it would be if the whole were moving with the velocity at the 
centre by 

5 p [ba: 9a* ^ cy cy dz dz"^ 2^ d?/'^ dz^J } ’ 

(M.T. 1876 ) 

24. An infinite fluid in which is a spherical hollow of radius a is initially 
at rest under the action of no forces If a constant pressure n is applied at 
infinity, shew that the time of falling up the cavity is 

>r2rt(p/n)i2»{r(V/}-*. (Trinity Coll 1900) 

25 A solid sphere of radius a is surrounded by a mass of liquid whoso 
volume is 47r<^IS, and its centre is a centre of attracting force varying directly 
as the square of the distance If the solid sphere be suddenly annihilated, 
shew that the velocity of the inner surface, when its radius is a, is given by 

^ - a} = (2n/3p -fa 2fwr^/9) (a"* — a^) (c^ -f 

where p is the density, n the external pressure and p the absolute force. 

(M.T 1881.) 

26. A mass of gravitating fluid is at rest under its own attraction only ; 
the free surface being a sphere of radius b and the inner surface a rigid con- 
centric shell of radius a. Shew that if this shell suddenly disappear, the 
initial pressure at any point of the fluid at distance r from the centre is 

^ 7 rp 2 {h ^r){r- a) + 1^ (Trinity Coll. 1902.) 

27. A spherical hollow of radius a initially exists in an infinite fluid, subject 
to constant piessure at infinity. Shew that the ijressure at distance r from the 
centre when the radius of the cavity is x is to the pressure at infinity as 

4- (a^ — r^ — {a^ — a*® • 

(Trinity Coll. 1903.) 

28. A sphe^ ical mass of liquid of radius h has a concentric spherical cavity 
of radius «, which contains gas at pressure p whose mass may be neglected ; 
at every point of the external boundary of the lic^uid an impulsive pressure w 
per unit area is applied. Assuming that the gas obeys Boyle’s law, shew that 
when the liquid first comes to rest, the radius of the internal spherical surface 
will be 

a exp { - bl2,ppa^ (6 - a)}, 
where p is the density of the liquid. 


(M.T. 1900.) 
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29. A mass of homogeneous liquid, whose bounding surfaces are concentric 

spheres, is at rest under the action of no forces in a gas of uniform pressure 
If the pressure t f the external gas be suddenly increased, determine the in- 
stantaneous pressure in the liquid, and investigate the differential equation 
for the subsequent motion of the liquid and the pressure inside the shell at 
any time (Coll. Exam. 1895.) 

30. A volume of gravitating liquid, of density p, is initially in the 
form of a spherical shell of infinitely great radius If the liquid shell contract 
under the influence of its own attraction, there being no external or internal 
pressure, shew that when the i*adius of the inner spherical surface is .r, its 
velocity will be given by 

where y is the constant of gravitation, and + (M.T 1899.) 

31 A mass of uniform liquid is m the form of a thick spherical shell 
bounded by concentric spheres of radii a and b{a< h) The cavity is filled 
with gas the pressure of which varies according to Boyle’s law, and is initially 
equal to the atmospheric pressure n, and the mass of which may be neglected 
The outer surface of the shell is exposed to atmospheric piessure Prove that 
if the system is symmetrically disturbed, so that each i^article moves along 
the line joining it to the centre the time of a small oscillation is 

^na {p {h - a)IZUb}^y 

where p is the density of the liquid. (Coll. Exam. 1896.) 


32. A mass of perfect incompressible fluid, of density p, is bounded by 
concontiic spherical surfaces The outer surface is contained by a flexible 
envelope which exerts continuously a uniform pressure n and contracts from 
radius Hi to radius Ii 2 . The hollow is filled with a gas obeying Boyle’s law, 
its radius contracts from Ci to C 2 , and the pressure of the gas is initially pi 
Initially the whole mass is at rest. Prove that, neglecting the mass of tlio 
gas, the velocity (o) of the inner surface when the configuration (/?.>, c^) is 
reached is given by 




(Tin^ity Coll. 1908.) 


_ 8 

33. An infinite mass of fluid is acted on by a force pr per unit mass 
directed to the origin If initially the fluid is at rest and there is a cavity in 
the form of the sphere r=c? in it, shew that the cavity wull be filled up after 


an interval of time 



(Trinity Coll. 1906 ) 


34. Explain on general grounds why two pulsating spheres in a liquid 
attract each other, if they are always in the same phase. (Coll. Exam. 1905.) 
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35. A spherical hollow of radius a exists in an infinite mass of fluid, which 
IS at rest, the pressure at infinity being zero , and a force per unit mass to the 
centre equal to at distance r, where w>l, begins to ac«. Shew that the 
time of filling up the cavity is 


a * 

5 

ti+l 








V ■ ^ V8-‘W/ Vs^/’ 


as n> <4 


(Trinity Coll. 1897.) 


36 A mass of liquid of density p whose external surface is a long circular 
cylinder of radius a, which is subject to a constant pressure n, surrounds a 
coaxial long circular cylinder of radius h The internal cylinder is suddenly 
destroyed, shew that if v is the velocity at the internal surface when the radius 
IS /*, then 


2n 

pr^ log (r^+a^ — 1^)1 * 


(Coll Exam 1894) 


37. Liquid is contained between two jiarallel planes , the free surface is 
a circular cylinder of radius a whose axis is perpendicular to the planes All 
the liquid within a concentric circular cylinder of radius h is suddenly 
annihilated ; prove that if -bj bo the piessure at the outer surface, the initial 
pressure at any point of the liquid distant r from the centre is 


log r — log b 
^ log a — log h * 


(Coll Exam 1896) 


38. If the motion be in two dimensions and be referred to polar coordinates 
r and 6, shew that the equations of motion are 


and 


du . dll . cu 
ct dr rod 

, dv 



dp 

* 

dp 


where u and v are the component velocities along and perpendicular to the 
radius vector, and 0 are the components per unit mass of the external 
forces in these directions (Coll Exam 1901 ) 


39. Prove that the differential equations of motion for a frictionless fluid 
are 

10 ;? v . . du , du , du 

- ^ ~ A -f -- + 22 ^?a ).2 + w ^ +v — \-w^ 

p cx ot ‘ dx oy dz 

- (002^ + <»3^) ^ - 0)1 «2^ y + 0)3 0)1 ^ = 0, 

and two simila equations ; u, v,w being the components of the velocity at the 
time t at the point x, jy, z relative to moving axes having component angular 
velocities «i, 0 ) 3 , 0 ) 3 . (M.T. 1881.) 
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40. The motion of an incompressible fluid is referred to rectangular axes 
which are rotatmg with constant angular velocities di, ^ 2 , ^ 3 . prove that the 
0 0 0 

equation of continuity is + 0 ^ + equations of motion 


^-2ri+2ir,— 

and two similar equations, where U, F, W are the velocities relative to the 
axes, and 


F^-f 

(Trinity Coll. 1898.) 


41 If the motion is irrotational and the axes to which the motion is referred 
rotate with angular velocities ^ 1 , ^ 2 , 6i, shew that 

~ + F + i ^ di {zv -yw) + 62 { vw - zu) +S^{yu~xv)- 0^ 

IS a function of the time (M T. 1898.) 
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PARTICULAR METHODS AND APPLICATIONS 

39 Motion in Two Dimensions. The Current Function. 

When the motion is the same in all planes parallel to that of 
(mj, and there is no velocity parallel to the -s^-axis, i.e. when u, v are 
functions of x, y only^ and = 0, we may regard the motion as two- 
dimensional and consider only the circumstances in the plane xy , 
and when we speak of the flow across a curve in this plane we shall 

mean the flow across unit length of a cylinder whose trace on the 

plane xy is the curve in question, the generators of the cylinder 
being parallel to the ^-axis. 

The differential equation of the lines of flow in this case is 

vdx — wdy = 0 (1), 

and the equation of continuity is 

da dv ^ da d(—v) 

cx dy ox oy 

which shews that the left-hand member of (1) is an exact differ- 
ential. 

Let \jr = G he the integral, that is, let 

dyJr , dyJr 
u = ^ and V = 

dy dx 

This function is called the stream flinction or the current 
flinction, and it is clear that the lines of flow are given by the 
equation 

t = C'. 

where C is an arbitrary constant. 

A property of the current function is that the difference of its 
values at two points represents the flow across any line joining the 
points. 
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For if ds be an element of a curve and 0 the inclinatioii of the 
tangent to the ir-axis, the flow across the curve from right to left 

= J(v cos 0 — u sin 0)ds=^ j‘ da^ + ^ dt/) 

= [d^lr = ; 

where by ‘ from right to left ’ we mean in relation to an observer 
placed on the curve and looking in the direction in which s in- 
creases, the axes being so placed that rotation from towards y is 
counterclockwise. 

We might also define the value of the current function at 
any point P as the amount of flow across a curve AP where A is 
some fixed point in the plane, for this makes 

rP 


'v/r = f (v cos 0 -- u sin 0) ds 

J A 
rP 

= (vdx^ dy). 

' A 


And by varying the position of P, we get 

V = dyfrldx and = — d^jdy, 

m agreement with our former definition. Also it is easily seen that 
the velocity from right to left across any arc ds is dy^jds, 

40. It IS to be observed that the existence of the current 
function does not depend on whether the motion is irrotational or 
rotational. For the components of spin as defined in Art. 32 we 
have 

^ 1 (div dv\ .. 1 fdu dw\ ^ 


t 1 / 

fdw 

0y\ 

= 0. 

1 /du 

^=2' 

<dy 


JS' 

li 


fdv 

du\ 

1 

/d^yfr 

\dx' 


”2 

to 


Hence in irrotational motion the current function Ifas to satisfy 

dx^ ^ 

41. Irrotational motion in two dimensions. 

When there is a velocity potential we have 


d<^ dyfr j 

X — — ^ and 

ox dy 


dy dx 
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The equation of continuity is 

^ __ 

0^ 

and as we saw in the last article, yjr must satisfy the same 
equation. 


The equations (1) shew that 

d<f> dyjr dyjr ^ ^ 
d(V dx ^ dy dy 
so that the families of curves 

<l> — const , -i/r = const. 

cut orthogonally at all their points of intersection. 

These conditions are satisfied by taking (fy + iyjr to be a function 
of the complex variable x + ly 


Thus if we write <l> 4- iyjr = f(x 4- ^y), we have 
d<i> . dyfr . . . 


and 
so that 


dy 9y 


= \f’ ( a!+ ^y) -i - 




dx 


dy^ 

dx^ 


dx dy* dy dx’ 


Such functions are called conjugate functions , and we see that 
if yjr are two conjugate functions, a possible form of irrotational 
motion is obtained by taking the curves 0 = const, to be curves of 
equi- velocity potential, and the curves yj/ = const, to be stream lines. 


42. In the theory of functions of a complex variable, if ^ 
denote the complex variable x 4 - ly, and w the function (f) 4 - i\lr, 
the relation '»(; = f(^) implies that w has a definite differential 

f(^'\ 

coefficient with respect to z or that the limit of , — - - ■ 


as 


z' tends to z is independent of the path by which the point z* 
approaches z. 


Sw _ 8 (<^ + i«fr) _ 
" 8z ~ S(ai + ty)~ 


+ i 


df 

dx 




So; + 
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and if this is to approach a definite limit as Bx and By tend* to zero, 
independently of the ratio Bx: By, we must have 


Hence, as before, 

d^_dyjr , 

~da; dy dy dx’ 

and we have for the value of the differential coefficient 

dw _ d<f> dyfr __ d(f> . d<f> 
dz dx ^ dx dx * dy * 

It follows that any relation of the form w =f (z), or 
(f) + iyfr — y -h 2y), represents a two-dirnensional irrotational 
motion, in which the magnitude of the velocity at any point is 
, dto 1 

given by ^ | . For 

= velocity. 

Also, if the curves (p = const., yjr = const aie drawn, and 
Bsi denotes the arc of the / 

curve 's/r intercepted between 
<p and <f) + 30, the velocity at 
P where <f> and yJr intersect 
being normal to the curve 0 
dfh 

is — — . Similarly if Bs 2 be / /o «2 

the arc of the curve 0 inter- / 

cepted between -0 and 0 + 30, / / 0+50 

the velocity at P as measured 0+d0 / ^ 

by the rate of flow across Bs^ is 0 • 

^ Fig. 3. 

9^2 * 

43 . Since the conditions ^ ^ are also satisfied 
• ^ ox oy vy ox 

by the relation 

- 0 + 10 =/(^ + iy \ 

it follows that from any given two-dimensional form of irrotational 


are also satisfied 
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motion another may be deduced by interchanging the lines of 
equi-velocity potential and the stream lines. 


If the motion be referred to polar coordinates, we have 

^y' 

_ 1 ^cyfr dy ^ dyjr __ dyfr 


0 = cos 6 — sin 0 

ox 


rdO 


dx 


r \dy d0 ^ dx d0j rd0 ^ 
'dy — - dy 


and + 


cos^ = — . 

dx dr 


44. As an example of the foregoing theory we might take 

w= A2% 

or 0 + = A (j? -f lyf , 

giving 0 = A — y^) — const , 

and yjr = 2Axy = const , 

for the lines of equi-velocity potential and the stream lines. These 
are two families of rectangular hyperbolas. Inasmuch as the axes 
x = 0, y = 0 are parts of the 
same stream line '0 = 0, we 
may take the positive parts of 
the axes to be rigid boundaries 
and thus obtain a full repre- 
sentation of the steady motion 
of liquid m the angle made by 
two perpendicular walls. 

The velocity at any point 
= I dwjdz I = 1 2Az I = 2Ar, 

and varies directly as the 
distance from the intersection 
of the walls. 

It 

Before considering further examples we shall discuss sotne 
cases of liquid motion arising from what are known as ' sources * 
and ‘sinks,’ taking first the general case of motion in three 
dimensions. 
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45. Sources and Sinks. 


If the motion of a liquid consists of symmetrical radial flow in 
all directions\proceeding from a point, the point is called a simple 
source. If the total flow across a small surface surrounding the 
point is 47rm, m is called the strength of the source 

If <f) be the velocity potential due to a simple source of strength 
m in liquid at rest at infinity, the velocity at distance r is — d<f>ldr, 
and the flow across a sphere of radius r is — ^irr^d^ldr, 


therefore 


■ = 47n>i, 

or 


leading on integration to = mfr. 


A source of negative strength, or inward radial flow, is called 
a sink. 


A source or sink implies the creation or annihilation of fluid 
at a point. Both are points at which the velocity potential and 
stream function become infinite, and they are to be regarded as 
due to the exigencies of analysis rather than as physical realities. 


46. Doublets. A combination of a source of strength m and 
a sink of strength — m at a small distance hs apart, where in the 
limit m is taken infinitely great 
and Ss infinitely small but so that 
the product rn Ss remains finite and 
equal to /a, is called a doublet of 
strength fju, and the line Ss taken 
in the sense from — iw to -f-m is 
called the axis of the doublet. 

To find the velocity potential 
d'ne to a doublet. Fig. 5. 

Let A, B denote the positions of the source and sink and P be 
any point. Let BP = /*, AP = r + Sr, and suppose AP to make an 
angle 6 with the axis of the doublet. Then by superposition, which 
is justified by the linearity of all equations that have to be satisfied. 




m 

r + Sr 


mSr 


mSs cos d ucos^ d fl\ 

^5 ^ . or 


Some writers define the strength of the source to be the quantity of liquid 
produced in unit time, thus making the unit source 47r times as large as the one 
we have defined and introducing a symbol m/^ir instead of the m used in the text. 
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The components of velocity are 

— along the radius vector, 

dr 

and — perpendicular to the radius vector, in the 

rdO ?•* ^ 

sense of 6 increasing. 

47. Sources and Sinks in Two Dimensions. 

In two dimensions a source of strength m is such that the flow 
across any small curve surrounding it is 27r?n*. 

If be the velocity potential due to such a source the flow 
across a circle of radius ns - 27 rr 9 <^/ 0 r, so that 

— 27r?" ^ = 27r??i, 
dr 

therefore — log (1). 

The curves of equi-velocity potential obviously are concentric 
circles. We may obtain the stream function from the considera- 
tion that <f> -h 1“^ IS a function of oc + or of and since 

(j)=s -- m log r, we must have 

( 2 ), 

and the stream lines are (as is otherwise obvious) straight lines 
radiating from the origin. 

The relation between w and z for a single source is therefore 
w — — m log Zy 

and for sources of strengths wiy, ??2{, ... situated at the points 

^ = 05-1, Ctg, ttj, . . . 

— Wilog(^ — «i)- W2log(-2^ — a«>) — TlislogC^ — a*i) ... 
leading to — S m log r and i/r = — 2 m9y 

where r denotes the length of the radius vector drawn from the 
source of strength m, and 6 denotes the inclination of this radius 
vector to any fixed direction. 

48. To take a simple case, let there be a source of strength m 
at the point (a,0) and a sink of strength — m at the point (— a, 0). 

<^ = -mlog^,, 

(^ — , 

* See footnote on p. 45. 


Then 

and 
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SO that the stream lines are circles passing from source tt) sink, 
and the lines of equi-vclocity potential are the orthogonal family 
of ciicles. \y 


Since in this case 



49. Doublets in Two Dimensions. 

Referring to the figure of Art 46, and with the same notation, 
we have 

= m log r — m log (r + Sr) 

= — m log (1 + Sr/?") 

= — gr/r 

juL cos 0 

= 7)1 os cos 0 7' = — , 


where fju is the strength of the doublet 

The curves <f> = const, in this case are clearly circles touching 
the ^-axis at the origin 

We may obtain the stream function from the consideration 
that is a function of rc+tt/, or re’^, and the foiin of 

suggests that 

(j) + 7, \Jr = fi7'~'^e~^^ 

= ^?"“^(cos ^ ^ sin 0), 


so that 


= ~ 


II sin 0 
?• 


Hence the stream lines are circles touching the it-axis at the 
origin. 

The relation between iv and z for a single doublet of strength 
/X at the origin directed along the ar-axis is therefore 



and if the doublet makes an angle a with the ir-axis, we have 

4 - == 
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If the doublet be at the point the relation becomes 

w= , 

z — a 

and for any number of doublets of strengths ... situated 

at z = ai, Ua, Usi ••• and making angles ai, tty, a^, ... with the a;-axis 


= S 


fxe'^ 
z — a' 


60. Images. If in a liquid a surface S can be drawn across 
which there is no flow, then any systems of sources, sinks and 
doublets on opposite sides of this surface may be said to be 
images of one another with regard to the surface And if the 
surface S be regarded as a rigid boundary and the liquid removed 
from one side of it, the motion on the other side will remain 
unaltered 


51. To find the image of a simple source with regard to a 
plane. 

If there are two equal 
sources of strength m at A 
and B on opposite sides of and 
equidistant from the plane 
OP, the normal velocity at P 

= -^cosO^P 
AP^ 

H- cos OBP = 0 , Fig. 7. 

that IS, there is no flow across the plane Therefore the image of 
a simple source with regard to a plane is an equal source equi- 
distant from the plane. 

Cor. The image of a doublet with regard to a plane is an 
equal doublet symmetrically placed 

52 To find the image of a source with regard to a sphere. 

Let a be the radius of the sphere, f{> a) the distance of the 
source A from the centre 0, m the strength of the source and B 
the inverse point of A. We may regard the velocity potential as 
composed of two parts, viz. a part due to the source alone when 
the sphere is not present, and a part (f)^ due to the presence of 
the sphere ; this latter part will be the velocity potential of the 
required image system. 
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Taking O as origin and OA as axis, we have at any ’point 
P(.r,d) 

= = 2rfcoa 


where fi =* cos 0, and Pn is Legendre’s coefficient of order n. This 
expression holds for all values of 7* less than f. 

Since the motion is symmetrical about OA and the velocity 
potential has to satisfy Laplace’s equation we may assume for <^2 ^ 
series of the form 

00 

We then have the condition that the velocity normal to the 

0 

sphere is zero, 1 (</>i + ^ 2 ) = 0, when r — a. 

Therefore J 2 1\ - | („ + 1) P„ = 0, 

for all values of so that 

^0 = 0 and An = nnia^^^l{n + 1)/'^'^^ 

* n 

Therefoie = w, 2 P„ 

” a«*+» „ * a®*+’ P„ 

“ ^ ^n +1 yn+i ^ ^ yn+\ n + 1* 


or if 0i5 = c = o?lf, and we add and subtract a term, 

^ ma ^ p ma * P„ 

The first term = - ,, and IS therefore the 

f(f^ 4- c® — 2rc cos^)^ 

velocity potential due to a source of strength majf at B 

Now for a source of unit strength at any point on OB at 
distance \ from 0, we have a velocity potential 

1 oo -^n 

X = (r» + X»-2r\cos^)~5 =2^P„, 


r\ 00 \n+i p 

J 0 ^ 0 n-hl 


Therefore the second term in <f> 2 , viz. 


ma * c" Pn ma p 7ti P . 


R. H. 


4 
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and this is the velocity potential due to a continuous line distribution 
of sinks of strength — mja per unit length extending from O to B. 

Hence the required image consists of a source o. strength malf 
at the inverse point B, and a line sink of strength — mja per unit 
length extending from the centre to the inverse point*. 


63. To shea) that the image with regard to a sphere of a 
doublet whose axis passes through the centre is a doublet at the 
inverse point 



Regard the doublet as a source m at A and sink —m at A\ 
where 0A=f AA' = Sf and 
7nbf= p 

The image of in at A is 
ma/f at B and a line sink of 
strength — mja per unit length 
from 0 to B 

The image of -- m at A^ is 
— wa/(/-|- Zf) at B\ that is 
’-majf +mahflp at B' \ and a line source of strength mja per 
unit length from 0 to B. Compounding these we get a doublet 

of stiength ^~,BB\ a source ma^- and a sink —^BB, all 

ultimately at the inverse point. But OB — a^jf therefore 

BB = i so- that the source and sink cancel one another and 

there remains only the doublet of strength hf or at 

the inverse point in the opposite direction to the given doublet 

We might also obtain this result without assuming that of 
Art. 52, by supposing the image to be a doublet of strength m' at 
B and then determining the ratio of rn to m in order that the 
velocity normal to the sphere should be zero. 


54. Images in Two Dimensions. 

It is easy to see that the image of a simple source with regard 
to a line in the plane of motion is an equal source equidistant 
from the line, and that the image of a doublet is an equal doublet 
symmetrically placed with regard to the line. But we must 
* W. M. Hioks, Phil Tram. 1880. 
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remember that as our two-dimensional motion is the motion of a 
liquid occupying three dimensions, what we call a simple source is 
a line source perpendicular to the plane of motion, and by the 
image of the simple source with regard to a line we mean the 
image of the line source with regard to a plane parallel to itself, 
the image being an equal line 
source equidistant from and 
parallel to the same plane. 

With regard to a circle, if we 
have a simple source m at A and 
place an equal source m at the 
inverse point B the velocity at P 
normal to the circle 

= cos OP A -t- cos OPB. 

AP BP 



But cos OPB ~ cos OAP = (^ JP -i- OP cos PBA )/ OA 
BP BP 

Therefore 

normal velocity = cos OP A -h cos PBA = . 




Hence if we place a sink — m at O the normal velocity will be 
zero, so that the image system consists of an equal source at B 
and an equal sink at 0*. 

If we place sources of strength m at A and B and an equal 
sink at 0, the equations of the stream lines are 

md + mff — = constant, 

where 6\ 0" are vectorial angles at A, B, 0. 

For any point P on the circle we have 

(9 + (9' - r = X 4- PBA - POA 

= OP A 4- POA 4- PBA - POA 


= 7r, 

so that the circle is a stream line and this verifies that for this 
arrangement of sources and sink there will be no flow across the 
boundary. 

* Eirchhoff, Ann, Phys, Chem, 1845. 

4—2 
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Gor, In like manner the image of a two-dimensional doublet 
at A with regard to a circle is another doublet at the inverse 
pomt the axes of the doublets making supplementary angles 
with the radius OB A This is clear from the figure and it is also 
seen that the moments of the doublets at B and A are in the 



Fig 10 


ratio BB*\AA\ or if a is the radius of the circle and 

OA =/ 


55. Coi^jugate Functions. 


As a further example of the use of conjugate functions let us 
consider the relation 


— m log 


- ce 



This may also be written 
w^“-m log 


{z — a) (-2: 4- a) 
(z — %a) (z -h ^a) ’ 


so that 6 = — rw log , 

r^r4 

and m (01 + ^2 — ^8 — ^4)» 

where the symbols are used as in the figure and A, A\ B, B* are 

the points (a, 0), (— a, 0), (0, a), (0, — a). 
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The circle ABA' B' is the stream line yjr = — m 7 r/ 2 , as clan be 
seen by takiiig P on the circle, and the axes are the stream line 
= 0 . 


From Art. 47 we see that the motion could be produced by 
equal sources at A, A' and equal sinks at By B' all of strength m. 
And it IS clear that the axes or the circle or both might be taken 
as fixed boundaries, and we have thus solved the problem of the 
motion in the quadrant, inside or outside the circle, due to an 
equal source and sink at the ends of the radii. 


The velocity at any point may be found by compounding the 
components due to each source and sink, or more simply as the 
1 dw I 


value of 


dz 


Thus we have after a little reduction 


dw 

dz z* — 

^ma^r (cos ^ -h ^ sin 6) 

”” cos 46^ — -1- sin 4^ ^ 


so that the velocity = 


dw 

dz 


4ima^r 

(r^ 4- a® — 2r^a* cos 4^)^ 


We may also observe that 

dw 4i7nza^ 

dz {z — a) {z + a){z — la) (z + la) ' 


so that we also have the velocity 


dw _ 4}7na^OP 
dz '^'PArPA'.FB.PB' 


66. It IS sometimes convenient to use relations of the form 

z SB f(w). 

If (f} + lyfr IS a function of a? 4 it follows that x + iy is a 
function of 4 

Thus if 4 = f{z) = 4 ^y), then by differentiating with 

regard to and m turn we get 


and 
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Therefore 


Again if 


therefore 


onH _ a* ^ 
d<l> d\jr * dyjr d<f> 

w=f{z), then 

dz ^ ^ jdw 
dw / dz * 


But if q denote the velocity ^ 
\dw I 

^ = b7 > 


Also, from above, 


, so that - = 


Therefore 


dz ^ 1 X 


\ = (|)' + (1)' ’ = (li )' + {iff > 


__ 007 dy doc dy 

d<fi dyjr dyfr d<f> * 

_ djoc, y) 

We also notice that 


dw dw d<p dyjr 

dz dx dx 


w 4•^v 
’ + v^ ’ 


so that — ^ is a vector in the direction of the velocity whoso 
modulus is the reciprocal of the velocity* 

57. Now consider 

^ = c cosh Wy 

or x + iy cosh (<^ + 

so that x = c cosh </> cos y — c sinh 4> sin 

By eliminating y\r and in turn we get 

X^ _ 2 

cosh* (f> ^ sinh* ^ ' 


dijixu „ , . ly • 

cos* ylr sin* \[r 

equations which define (f> and respectively as functions of ft?* and 
y, and by gi^'ing different values to <f> and to in these equations 
we get the curves of equi-velocity potential and the stream lines. 

* Kirchhoff, Mechaniky p. 291. 
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These are confocal ellipses and hyperbolas. The foci (1 c, 0) 
correspond to the values = 0, = wtt, and the velocity q is given by 

\^\^w “ ^ 

and at the foci this is zero, so that the velocity in the correspond- 
ing motion would be infinite at the foci 

If we take the hyperbolas i/r = const, as the stream lines, the 
stream line — nir will be the part of the /r-axis outside the foci 
and this might be made a rigid boundary, so that we should then 
have the case of liquid streaming through a slit of breadth 2c in 
an infinite plane, but the results of the theory could not be realized 
in practice because the theory makes the velocity infinite at the 
edges of the slit. 

Steady motion — ISfflux of Liquid. 

68. We shall now consider some further application t)f the 
equations of motion, particularly cases of 
steady motion, that is motion in which the 
velocity components at any point are inde- 
pendent of the time. As we have seen in 
Art. 26, in this case, foi a liquid, we have 
the equation 

P 

where C may be an absolute constant, or 
a constant depending on a particular stream 
line. This equation shews that neglecting 
the external forces the smaller the pressure 
the greater the velocity and vice versa Thus 
in the case of water flowing through a pipe 
if the pipe is narrowed the velocity is 
increased and the pressure is consequently 
diminished. This is an impoitant pimciple. 

A practical application of it is seen in jet 
exhaust pumps, one of which is shewn m 
fig 12, the air being sucked in at the narrow 
portion of the jet 

69 . Consider the case of a vessel kept 
constantly full of water and having a 
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horizontal orifice m its base from which the water issues afc a 
uniform rate. Let a be the areas of the free surface and the 
orifice, Z7, u the velocities at the free surface and the orifice, and h 
the depth of the orifice below the free surface 

If z be measured downwards from the free surface — gZy so 
that 

f + i5=-5r^ = C'. 

r 

And if n denote the atmospheric pressure, at the free surface 

- + ^U-^==G, 

P 

and at the orifice ^ — gh == Cy 

so that -{- 2gh 

But the condition of continuity of the water requires that 

AU == aUy 

therefore = 2ghA “/(A‘^ — a^), 

and if the orifice be very small, the ratio a/ A may be neglected, 
and = 2gh approximately 

This IS Torricelli’s Theorem. 

If the vessel be not kept constantly full, the motion will not 
be steady, but when the orifice is very small compared to the area 
of the free surface of water the motion may be taken as being 
approximately steady, and the expression >^{2gh) may be employed 
as the velocity of the issuing liquid. 

60 The Clepsydra. 

On this hypothesis we can find the form of a vessel of revolution 
with a small aperture at its lowest point so that the surface of the 
water in it may descend uniformly. 

At time t let x be the height of the free surface above the 
orifice. Try® its area, and a the area of the orifice. Then, approxi- 
mately. 


velocity at the orifice = is/{2gx ) ; 
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but if U IS the uniform velocity at the free surface 

Try® U ^ a 2gx, 

therefore cc x or y^ — a^x 

gives the form of the vessel required. 

This IS the theory of the Clepsydra or ancient water clock 

61 The Contracted Vein. 

When liquid issues through a small orifice in the thin base of 
a vessel, it is observed that the issuing stream is not cylindrical, 
but, near the orifice, is contracted so that its sectional area is less 
than the area of the orifice, and afterwanls the stream expands. 
The ratio of the area of the section of the ' contracted vein ’ to the 
area of the orifice is called the coefficient of contraction and it can 
be shewn that this coefficient is greater than 5 and less than 
unity 

Neglecting external forces suppose liquid of density p to be 
escaping through an orifice of section cr in the bottom of a vessel 
in which the pressure is pi to a region in which the pressure is po* 
Theoretically the velocity acquired in passing from pressure pi to 
pressure p. is given by 

ipq‘=Pi -Jh ( 1 ) 

At the edge of the oiifice cr the pressure is p^, but in the 
inteiior of the area of the orifice the piessuie is somewhat higher. 
The actual velocity of the lupiid m the plane of the orifice is 
therefore q at the edge, but falls off somewhat towards the interior. 
It follows that the actual rate of discharge is less than aq and this 
for two reasons. First because the velocity at the edge is not 
perpendicular to the plane of the orifice, and it is the resolved 
velocity that determines the discharge, and secondly because the 
mean actual velocity itself falls short of q 

If cr' be the area of the section of the j(?t at a place where the 
velocity at every point of the section is parallel and uniform, and 
therefore by equation (1) equal to q, the discharge is arq, and 
since this is less than aq it follows that cr' is less than cr, or the 
coefficient of contraction is less than unity 

The quantity of momentum carried away by the jet in unit 
time IS per'^® and the force generating this momentubni is the force 
necessary to hold the vessel at rest. If the whole interior surface 
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of the v^essel were subject to the pressure pi — this force would 
have no existence 

But on account of the orifice the equilibrium of pressures is 
distmbed and a force {p^ —p^ cr is uncompensated But this 
assumes that the internal pressure would be uniform and equal to 
Pi over the whole of the bottom of the vessel, whereas at the edge 
of the orifice itself it is po and for a sensible distance will vary 
between po and pi, we may therefore call the force that produces 
momentum (pi — p^) (<r -f- dcr), where da is a small positive 
quantity. 

Hence = {Pi Po) + da), 

but ^P<f=Pi-Po, 

therefore a = l{a + da), 

or the coefficient of contraction is greater than 5 

This discussion is based on that given by Lord Rayleigh*. If 
the hole in the vessel be replaced by a thin tube pi ejecting into 
the interior of the vessel and the tube be long enough for the 
sides of the vessel to be sufficiently removed from the region 
of rapid flow to allow the pressure on them to be treated as 
constant, da is evanescent and a =^a. This form of opening is 
known as Borda's mouthpiece f. 

An exact method of treating the problem regarded as a problem 
in two dimensions was developed by KirchhoffJ and discussed in 
detail with numerical results by Lord Rayleigh § We shall have 
more to say on this subject in Chapter vi. 


62. Sfflux of Gases. 

For a gas the steady motion equation is 

Consider the efflux of gas from a vessel in which the pressure 
IS Pi and density to an atmosphere of density po at pressure po. 
In practice the adiabatic law will hold true approximately, so that 

* PhiL Maq, n. p. 441, 1876, or Scientific Papers, i. p. 297, and a letter to 
Engineering, Apl. 10, 1876. 

t M^motres d" VAcad des Sciences, 1766. 

X Mechamk, o. xxii. 

§ Loc cit. 
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p =r icpy. Neglecting external forces the velocity acquired is' given 



1 7pv ’‘dp 

j Pi P 

' Pi 


,.-i) 

II 

1 


7 - 1 \pi po/ 

3 

y-1 

7 - 1 Pi ( \1 



which IS the usual formula for the efflux of gases 

It follows that a diminution of pressure p^ accompanies an 
increase of velocity and vice versa, and this is the explanation of 
a common experiment which is performed as follows . One end of 
a tube is fitted into a hole in a disc of cardboard, the end of the 
tube being flush with the surface of the cardboard , if a piece of 
paper is placed over this end of the tube, blowing through the 
tube will cause the paper to remain in contact with the card but 
as soon as the current of air ceases the papci falls off. 


63 We shall conclude this chapter with an a])plication of the hypothesis 
of ‘parallel sections,’ which is that when liquid is flowing out from a hori- 
zontal aperture in the base of a vessel, the velocities of all particles in the 
same horizontal plane are the same We suppose that the vessel is being 
emptied by the flow and it is required to determine the motion 

At time t let x be the vertical spiice through which the surface of the 
liquid has descended from its original level AB, ^ ^ 

the area of the section at the surface, Z the i i 

area of the section at a ilepth z below A By a- that \ x / 

of the orifice A", U, w, v the velocities at the 
surface, the orifice and the level of z The 
equation of motion is 


dt'^'^dz ^ p dz' 

Also from considerations of continuity ^3 

(Tti = XU= Zv ; 

and AT is a function of Xy Z of Zy v ot z and ty x of t and u of ty and U — dx/dt ; 
therefore 

dv __ a- du 
dt~Z^^ 

<r 1 dp 

Z ^ dz~~ ^ p dz^ 


and 
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whence 


Zu f dz 




l A® p 

^2 p 

At time when z—x^ p=^n and Z— X ^ also, h being the depth of the 
orifice below AB^ when s=/i, and -^=<r, therefore 

0?« /■* fl?2 , 


ct 


Now 

therefore 


0-2 0M 

A ox 
an equation of the form 


0w f i 

Wt J z'^^' 

\ p=^n and 
= /i, p==n &r 

/"f 

0M _ 0?i 0.r_ ,,0w _ 0 ^/ 0W 
0^ ?A 0^ ~~ 00 ? A' dx * 




which determines i/ and therefore in terms of r, and, from the equation 
dxldt= U, we can obtain x in terms of t The quantity of fluid which has 

escaped in time t from the beginning of the motion is J ^ Zdz, or j ^ar^idt, so 

that / Zdz — tr udt, 

Jo Jo 

If o- is very small compared with the values of Z we may neglect 

(T^ n^dz 

.VI- and 

and as a rough approximation, we have 

u^—2,g (A — v). 


EXAMPLES 

1 Liquid is streaming steadily and irrotationally in two dimensions in 

the region bounded by one branch of a hyperbola and its minor axis determine 
the stream lines (St John’s Coll. 1901 ) 

2 Within a rigid circular boundary of radius a there is a source of 
strength m at a point P distant h from the centre ; at A, J', the extremities 
of the diameter through P, are equal sinks Find the > elocity potential and 
stream function of the (two-dimensional) fluid motion. 

(St John’s Coll 1900 ) 

3 In the case of two-dimensional fluid motion due to a simple source A 

outside a circular disc prove that the asymptotes of the stream lines all pass 
through the same iioint and are paiallel to the tangents to them at the 
point A. (Coll Exam 1905.) 

4. Find the Cartesian equation of the lines of plane flow, when fluid is 
streaming from three equal sources situated at the corners of an equilateral 
triangle , and make a rough sketch of their configuiation 

(St John’s Coll. 1896.) 
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5. Find the stream function of the two-dimensional motion duo to two 
equal sources and an equal sink midway between them , sketch the stream 
lines and find the velocity at any point. 

In a region bounded by a fixed quadrantal arc and its radii, deduce the 
motion due to a source and an equal sink situated at the ends of one of 
the bounding radii Shew that the stream line leaving either end at an 
angle a with the radius is 

H sm (a + (M T 191 1 ) 

6 Find the lines of flow in the two-tiimensional fluid motion given by 

Prove or verify that the paths of the particles of the fluid (in polar 
coordinates) may be obtained by eliminating t from the equations 

r cos {nt -\-B) - sin {nt + B) —y^ — nt (xq - yo) 

(Coll. Exam 1908 ) 

7 X denoting a variable parameter, and / a given function, find the 

condition that /(i?, y, X) = 0 should be a possible system of stiearn lines 
for steady irrotational motion in two dimensions (Coll. Exam 1893.) 

8. If a homogeneous liquid is acted on by a repulsive force fiom the 

origin, the magnitude of which at distance r from the origin is fxr per unit 
mass, shew that it is possible for the liquid to move steadily, without being 
constrained by any boundaries, in the space between one branch of the 
hyperbola and the asymptotes, and find the velocity potential. 

(Coll. Exam. 1902.) 

9. In the case of the two-dimensional fluid motion produced by a source 
of strength placed at a point S outside a rigid circular disc of radius a 
whose centre is O, shew that the velocity of slip of the fluid in contact with 
the disc IS greatest at the points where the lines joining S to the ends of the 
diameter at light angles to OS cut the circle, and prove that its magnitude 
at these points is 

2m OSliOS^-’a^). (Coll Exam 1908) 

10. A source of fluid situated in space of two dimensions, is of such 

strength that 27rp/x represents the quantity of fluid of density p emitted per 
unit of time Shew that the force necessary to hold a circular disc at rest in 
the plane of the source is ^npp^a^lr where a is the radius of the disc 

and r the distance of the source from its centre In what direction is the disc 
urged by the pressure? (M T. 1893 ) 

11. Between the fixed boundaries B=^ir and — Jtt there is a two- 

dimensional liquid motion due to a source of strength m at the point 
(rara, d=0), and an equal sink at the point ^=0). Shew that the 

stream function is 

-if b*) sin 4B 1 

- mtaii • 

(Coll. Exam 1901.) 
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12. A two-dimensional liquid motion is due to a source of strength m at 
the point whose polar coordinates are (a, 0) and a sink of eijual strength at 
the point (6, 0), between the fixed boundaries Jtt and - Jtt. Shew that 
the velocity at (r, 6) is 

47w {a* — }A) r® 

(r® ~ cos Ad + (?*® - cos 4^ -f-6®)^ 

(Trinity Coll 1905) 

13 Prove that for liquid circulating irrotationally in the part of the 
plane l)etween two non-intersecting circles the curves of constant velocity 
are Cassini’s ovals. (St John’s Coll. 1898 ) 

14. Between the fixed boundaries and ^ - Jtt there is a two- 

dimensional liquid motion due to a source at the point (r=c, 6 — a\ and a 
sink at the origin, absorbing water at the same rate as the source produces it 
Find the stream function, and shew that one of the stream lines is a part 
of the curve 

7^ sin 3a =c® sin 3^ (M.T. 1901.) 

15. What arrangement of sources and sinks will give rise to the function 
w;s=log {z^a^jz) ? 

Draw a rough sketch of the stream lines in this case, and prove that two 
of them subdivide into the circle r=a, and the axis of y 

(St John’s Coll. 1911.) 

16. An area .^4 is bounded by that part of the a-axis for which .r>a and 

by that branch of which is in the positive quadrant. Theie is 

a two-dimensional unit source at (a, 0) which sends out liquid uniformly 
in all directions. Shew by means of the transformation w = log ( 2 ^ — that 
in steady motion the stream lines of the liquid within the area A are 
portions of rectangular hyperbolas Draw the stream lines corresponding 
to yl/‘ = 0y ^TT and irr. If and are the distances of a point P within 
the fluid from the points (±a, 0), shew that the velocity of the fluid at 
P IS measured by ^OPjpip^j 0 being the origin (M.T 1904 ) 

17 Find the velocity potential when there is a source and an equal sink 

inside a circular cavity and shew that one of the stream lines is an arc of the 
circle w'hich passes through the source and sink and cuts orthogonally the 
boundary of the cavity. (Coll. Exam 1894 ) 

18 Prove that, in the two-dimensional liquid motion due to any number 
of sources at points on a circle, the circle is a stream line provided that 
there is no boundary and that the algebraic sum of the strengths of the 
sources is zero. 

Shew that the same is true if the region of flow is bounded by a circle 
which cuts orthogonally the circle in question (St John’s Coll. 1908.) 

19. In the part of an infinite plane bounded by a circular quadrant 
AB and the productions of the radii OA, OB, there is a two-dimensional 
motion due to the production of liquid at A, and its absorption at B, at 
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the uniform rate m. Find the velocity potential of the motion; d.^d shew 
that the fluid which issues from A m the direction making an angle ft with 
OA follows the path whose polar equation is 

r = a siii^ 2d [cot ft -f- V (cof M + cosec^ 2d)]^ , 
the positive sign being taken for all the square roots (M T. 1902 ) 


20 In the case of the motion of liquid m a part of a plane bounded by a 
straight line due to a source in the plane, prove that if mp is the mass of fluid 
(of density p) generated at the source per unit of time the pressure on the 
length 21 of the boundary immediately opposite to the source is less than that 
on an equal length at a great distance by 


1 m^p 

2 TT^ 


jluu-.'- ' I, 


where r is the distance of the source from the boundary 

(St John’s Coll. 1898.) 


21 Within a circular boundary of radius a theie is a two-dimensional 
liquid motion due to a source producing liquid at the rate at a distance / 
from the centre, and an equal sink at the centre. Find the velocity potential, 
and shew that the resultant of the pressure on the boundary is 

pm^pi{2a^n (a^-/^)), 

where p is the density 

Deduce, as a limit, the velocity potential due to a doublet at the centre 

(St John’s Coll 1905.) 


22 Use the method of images to iirovc that if there be a source m at the 
point (^o) 111 ^ fluid bounded by the lines and 0=^13^ the solution is 

+ log {(s'* - Sy"*) (s* ^ So'"*)}, 

where and Zq yo (Coll Exam. 1 906 ) 

23 A source S and a sink T of equal strengths m are situated within 
the space bounded by a circle whose centre is 0 If S and T are at equal 
distances from 0 on ofiposite sides of it and on the same diameter A OB^ shew 
that the velocity of the liquid at any point P is 

OS^^OA:^ PA^B 

OS PS PS' PT.PT'^ 

wheie S' and T' are the inverse points of S and T with respect to the circle 

(Coll Exam 1901.) 

24. Within a rigid boundary in the form of the circle 
(a; 4- a)2 -f ( 3 ^ — 4a)2 = Sa^ 

there is liquid motion due to a doublet of strength p at the point (0, 3a), with 
its axis along the axis of Shew that the velocity potential is 

r a; -3a y — 3a 

(^-3a)^+y2'^^^+ (y-Sa)*-*, 


(Coll. Exam. 1903») 
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25. The internal lioundary of a liquid is composed of the two orthogonal 

circles — 1 and — = A source producing liquid at the 

rate m is placed at one of the points of intersection ( 2 := 1 ), shew that the 

complex of the fluid motion is ^ log {z {z^’\‘\)l{z-~\y], and that the two circles 

are the only stream line possessing double points (Coll Exam 1910) 

26. In two-dimensional irrotational fluid motion shew that, if the stream 
lines are confocal ellipses 

^2/(^24.X)+y/(6^ + X)=l, 

^J/‘ = j4. log cir ^ + + 

and the velocity at any point is inversely proportional to the square root of 
the rectangle under the focal radii of the point (Coll Exam 1894 ) 

27. Liquid flows steadily and irrotationally m two dimensions m a space 
with fixed boundaries the cross section of which consists of the two lines 

± 1 * 5 ^ curve 7'®cos6d = ic^, prove that, if K is the velocity of the 

liquid in contact with one of the plane boundaries at unit distance from their 
intersection, the volume of liquid which passes per unit time through a circular 
ring m the plane ^ = 0 is Jtt Va^ + where a is the radius of the 

ring, and c the distance of its centre from the intersection of the plane 
boundaries (Coll Exam 1896.) 

28 Shew that any two-dimensional iriotational motion of a liquid may 
be transformed into any other by multiplying the velocity of each particle 
3f the fluid by e'* and turning its direction round through an angle where 
P, — $ are suitably chosen conjugate functions of x, y (Coll. Exam 1906 ) 

29 In a two-dimensional liquid motion </> and i/r are the velocity 
potential and current function , shew that a second fluid motion exists in 
kvhich yjr IS the velocity potential and —0 the current function, and prove 
that if the first motion be due to sources and sinks, the second motion 
3an be built uj) by replacing a source and an equal sink by a line of 
ioublets uniformly distributed along any curve joining them. 

(Coll Exam 1899 ) 

30 A line source is in the presence of an infinite plane on which is 
placed a semi-circular cylindrical boss , the direction of the source is parallel 
,o the axis of the boss, the source is at distance c from the plane and the axis 
)f the boss, whose radius is a. Shew that the radius to the point on the boss 
it which the velocity is a maximum makes an angle 6 with the radius to the 
jource, where 

^jf2 , 1— 

~ — (Coll. Exam 1907.) 

V2(a«-Pc4) 


31. A source and a sink, each of strength /*, exist in an infinite liquid on 
tpposite sides of, and at ennal /» from, the centre of a rigid sphere 
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of radius a Shew that the velocity potential V may be expressed^ in the 
form 


C n=0 l\c/ ^ 2n + 2 a 



(cos^), 


6 being the vectorial angle measured from the diameter of the sphere on 
which the source and sink he, and r<c, and find an expression for V when 

7 >c. (MT 1900) 


32 If a fluid be in motion with a velocity xiotential (l>=z log r, and if the 
density at a point fixed in space be independent of the time, shew that the 
surfaces of equal density are of the form (log r—^) - z^—f (6, p) , where p is 
the density and z, r, d the cylindrical coordinates (Coll Exam 1897 ) 


33 A single source is placed in an infinite perfectly elastic fluid, which 
IS also a perfect conductor of heat, shew that if the motion be steady, the 
velocity V at a distance r from the source satisfies the equation 



2k 

r 


and hence that 



(Coll Exam 1905 ) 


34 If fluid fill the legion of space on the positive side of the r-axis, which 
is a rigid boundary, and if there be a source m at the point (0, a) and an equal 
sink at (0, 6), and if the pressure on the negative side of the boundary be the 
same as the pressure of the fluid at infinity, shew that the resultant pressure 
on the boundary is npM^ {a — by/ab{a + b\ where p is the density of the fluid 

(Coll. Exam 1906) 


35 Prove that in the steady irrotational motion of a liquid ^ > wliere 

q IS the velocity at any point of a stream line, r is the radius of curvature of 
the stream line and d7i is an clement of the principal normal drawn towards 
the centre of curvature 

Hence shew that, when a river passes round a bend, the velocity is gieatest 
on the inner side of the bend and that the surface slopes up from the inner to 
the outer side (Coll Exam 1911) 


36 An infinite mass of liquid is moving iirotationally and steadily under 
the indiience of a source of sti’ength p and an equal sink at a distance 2a from 
it Prove that the kinetic energy of the liquid which passes in lyiit time across 
the plane which bisects at right angles the line joining the source and sink is 
S npp^la*, p being the density of the liquid ^(Coll. Exam. 1896 ) 


R. H. 


5 
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37. Draw the stream lines and some of the intermediate 

stream lines for the motion given by the equation 

(Trinity Coll. 1895 ) 

38. Trace the stream lines along which ^=0 and 0 diminishes from +» 
to — 00 in the two cases 

( 1 ) = 

( 2 ) + -h(4> + iyl/+i)K 

and indicate roughly the form of the stream lines for which yj/ has a positive 
value (Uiiiv. of London, 1909 ) 
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64 In this chapter we shall examine in general terms the 
nature of irrotational motion and the circumstances under which 
it is produced. In the first place let us analyse the most general 
type of displacement of an element of fluid. 

Let Uy Vy w be the components of velocity of the particle at the 
point P whose coordinates are Xy yy z. Then the relative velocities 
of the particle at P' whose coordinates are x + ’x.y y + y, z + % at 
the instant considered will be 


du du du 

dv dv dv 

dw . dw dtv 

W = -.^X + :^y+^Z 
ax ay oz 

neglecting squares and products of x, y, z. 


( 1 ). 


If we put 



the last equations may be written 


u = ax + Ay -£jr' 
v = Ax+ 6y +/z + 
w = yx H-/y + cz + fy - 1 ?*, 


■ ( 3 ). 


6—2 
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Thus the relative motion in the most general case consists of 
two parts: a motion in the direction of the normal to the surface 

ax- + 4- 2/yz -f 2^zx 4- 2^xy = const (4), 

and a rotation of which the component angular velocities are 
97, The former motion is called pure strain^, it is such that 
lines drawn parallel to any one of three mutually perpendicular 
directions (the axes of the quadric (4)) undergo elongation at a 
uniform rate Thus if the equation of the quadric referred to its 
principal axes be 

a x'^ 4- iV® 4- = const., 

the velocities due to the pure strain, parallel to the axes, are 
u' = a'x, v' = 6'y', w' = c'z', 

so that a y b\ c are the time-rates of elongation of lines parallel to 
the axes of os', y', z'. If there is no change of volume, as in the 
case of a liquid, it is clear that a, h', c cannot be independent, in 
fact we have 

a' 4 6' 4- c' = a 4- 6 4“ c 

_ ^ ^ 
dx^ dy^ dz~~ 

Hence the most general displacement of a fluid element 
consists of a pure strain compounded with a rotation; and this 
analysis of the motion is unique, for if we were to compound 
together a pure strain and a rotation both arbitrarily assumed and 
endeavour to adapt them so as to result in a given displacement 
of a fluid element, the equations to determine the axes of the 
strain-quadric and the components of spin would be exactly those 
we have used above. 


In accordance with Art. 32, 97, f are the components of spin, 

and if they are all zero the motion is irrotational, and in this case 
the relative displacement of a fluid element consists of a pure 
strain only. 

66. Plow and Circulation. If A, P be any two points in a 
fluid the value of the integral 

fP 

J (udx + vdy-i'wdz), 


or 



dx dy 

u -T- 

ds ds 


dz\ 

ds) 


ds, 


* For a fuller discussion of this subject see Kelvin and Tait, Natural Philosophy, 
Arts. 165 — 185, or Love, Mathematical Theory of Elasticity, Chap i. 
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taken along any path from A to P is called the flow alorfg that 
path from A to P. 

When a velocity potential exists, the flow from to P is 
equal to 



= <i>p- 


The flow round a closed curve is called the circulation round 
the curve. If a single-valued velocity potential exists the circula- 
tion round any closed curve is clearly zero, and we shall see 
presently that if the velocity potential is many-valued there are 
closed curves for which the circulation is zero, though it is not 
zero for all such paths. 

66 Stokeses Theorem. 

We shall now shew that the circulation round any closed curve 
drawn in a fluid is equal to twice the surface integral of the 
normal component of spin taken over any surface having the 
curve for boundary, provided the surface lies wholly in the fluid: 
i.e. we shall prove that 

^ udx -f- vdy -f wdz = 2 j ^(l^ -f mrj -f n^) dS, 

where I, m, n are direction coSines of the normal to the element d8 
of the surface and the other symbols 
have the usual meanings, and 
throughout this theorem sense of 
circulation on the surface is to be 
associated with the positive direction 
of the normal to the surface by 
the right-handed or the left-handed 
screw convention according as the 
axes of coordinates are right-handed 
or left-handed. 

In the first place we observe that any surface can be divided 
up into small areas by drawing a net-work of lines across it as 
in the figure; and if we take the sum of the circulations round 
each mesh of the surface, the flow along all lines common to two 
meshes will be taken twice in opposite directions, so that the 
result will be the circulation round the boundary. 
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Now with the notation of Art. 64 , let the point (a?, y, z) be 
a point P within a mesh and let (aj + x, y + ^ + 28 ) and 

+ dx, ) be points P', P" on its boundary. The circu- 

lation round the mesh is then 

f{(u + u)dx + (v -h v ) dy + (w-h w) da}, 
and substituting from ( 3 ), Art. 64 , this becomes 

f{(v ax-h hy + yz + 7fZ - dx ... + ...} 
or fd {t^x 4- t;y + «;* + i (a, 6, c, /, y, h) (x, y, a)*} 

4- /{f (yda - ady) 4 - 17 (adx — xda) + S' (xdy - y dx)}. 

The former of these integrals taken round the mesh is clearly 
zero, and in the latter 17, f are constants for the mesh, being 
values at a definite point P, and their coefficients are twice the 
projections on the coordinate planes of the area PP'P", hence if 
dS denotes the area of the mesh the circulation round it is 

2 4- nvq 4- wf) dS, 

By summation we get the circulation round any closed curve 
===‘2 jj (l^ + mr) 4 - nf) dS. 

Hence the theorem follows as stated. 

The proof that we have given above is stated in terms of 
hydrodynamical ideas, but the theorem is one of pure analysis 
and is true for any functions u, v, w which are continuous and 
differentiable throughout a region including the ranges of in- 
tegration*. 

In the language of vectors the theorem is expressed by saying 
that 2f, 2rjt 2f are components of a vector 2co which is the ‘ curl ’ 
of the vector q whose components are w, v, w. Thus 2ft) is the 
curl of q, when the surface integral of the normal component of 
2ft) over any surface is equal to the line integral of the component 
of q round the boundary. And the result may be written 

2 (?, Vf O * curl (u, V, w). 

* This theorem, generally known as Stokes’s Theorem, first appeared in pr^t as 
a question set by Stokes in the 'Smith’s Prize Examination m 1854, but it occurs 
in a letter from Kelvin to Stokes dated July 2, 1850. See Stokes, Math, and Phys, 
Papers^ v. p. 321 footnote. Stokes however appears to have priority in the use of 
the vector which is the subject of the surface integral. 
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67. The foregoing theorem will still be true for a rnrface 
which is bounded by more than 
one closed curve; as for example 
the shaded area in the accom- 
panying figure, provided the 
circulations round the boundary 
curves are taken with proper 
signs. We can see this by re- 
garding the boundary as a con- 
tinuous curve ABC A DEFDA 
and observing that the total 
flow along AD and DA is zero. 

68 Irrotatlonal Motion. 

If f all zero, that is, in the case of irrotational motion, 
the circulation round any closed curve is zero, provided that the 
closed curve can be regarded as the boundary of a surface every 
part of which lies within the fluid. When this is the case the 
curve or circuit is said to be reducible , that is, it can be contracted 
to a point without passing out of the fluid If the circuit be 
irreducible we cannot conclude that the circulation is zero. Thus 
if the last figure represents fluid filling the space between two 
infinite cylinders, the circuit ABC is irreducible, but it will still 
be true, as in the last article, that the circulations round ABC 
and DEF are together zero if the motion is irrotational, so that 
the circulations in the same sense round the circuits ABC and 
DFE are equal, whence it follows that the circulation in all 
circuits going once round the inner cylinder in the same sense is 
constant and the same for all. We shall have more to say on this 
point later under the heading of multiply-connected space. 

69. Constancy of Circulation. 

Let AB be any line of particles in the fluid and moving 
with it. 

Let P, Q be two consecutive points on the line; {xy y, z)y 
{x 4- Sir, y+Sy, their coordinates; Uy v, w the velocity 

components at P and + 8a, v Sv, w + bw those at Q, Then 
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Blit must be the ^-component of the relative velocity of 
the points P, Q; that is DBxfDt=^ Su, 

Hence ^ {u Bx) = Sx + uBu, 

and similar equations in w. 

If the external forces have a single-valued potential H we get 
by addition 

^{uBx -h vBy + wBz)==^ — BD. ~ ^ i 
where + w\ 

And by integration along the line from A to B 
^\^\udx + vdy + wd£^= 

This gives the rate of change of flow along any line moving 
with the fluid 

If there be any integrable functional relation between the 
piessure and density and we make the line a closed circuit the 
right-hand side of the last equation vanishes. Whence it follows 
that the circulation in any closed path moving with the fluid is 
constant for all time. This is true whether the motion be 
rotational or iriotational, the only assumptions being that the 
external forces are conservative and that there is a relation 
between the pressure and the density. 

The foregoing proof is due to Kelvin*. 

70. From the theorem of the last article it is easy to deduce 
the theorem of the Permanence of Irrotational Motion proved 
in Art 31. For at any instant at which the motion of a fluid is 
irrotational the circulation in all reducible circuits in the fluid 
vanishes, but the circulation in any such circuit is constant for all 
time and therefore remains zero. Hence, at any subsequent time, 
by Art. 66, 

//« -h mr) -f w £') dS = 0, 

* ‘On Vortex Motion,' Trans Boy, Soc. Edin, xxv. 1869; also Math, and Phys 
Papers, iv, p. 49 
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when the integration may be taken over any surface lying i^holly 
in the fluid, aiid this requires that 

at every point in the fluid, so that the motion is always irrotational. 


71 Classification of reg^ions of space. A region in which 
every closed curve can be contracted to a point without passing 
out of the region is called a simply ■‘Connected region. Otherwise 



Pig 18 Fig. 19, 


the space is multiply-connected. In any multiply-connected space 
it IS possible to draw at least one section of the region, or insert 
one barrier, having a closed curve for boundary, without breaking 
up the space into disconnected regions. A region of space for 
which one such barrier can be drawn is said to be doubly- 
connected. If a — 1 such barriers can be drawn, that ^s, if n such 
barriers must be drawn in order to break up the region into 
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disconnected parts, the region is w-ply connected or of con- 
nectivity n. • 

A region bounded by a single surface such as a sphere or 
ellipsoid or the space between two closed surfaces one within the 
other such as concentric spheres is singly-connected, for every 
closed curve within it is reducible and no barrier can be drawn 
across it without dividing it into two disconnected regions as is 
seen in fig. 16. But the space inside an anchor ring is doubly- 
connected, for one barrier can be drawn without dividing the space 
into disconnected regions (fig. 17). 

Fig. 18 represents an anchor ring and another tubular region 
communicating with it, forming a tnply-connected region ; and in 
like manner fig. 19 shews a quadruply-connected region. It will 
be seen that in each of figs. 17 — 19 the maximum number of 
barriers have been inserted without dividing the region into 
disconnected parts. 

In the same way the space outside the regions shewn in 
figs. 17, 18, 19 are respectively doubly-, triply- and quadruply- 
connected, thus for the space outside the anchor ring a barrier 
might be drawn filling the opening of the ring, for such a barrier 
would be bounded by a closed curve and would not divide the 
external space into disconnected portions; and similarly for the 
other figures. 

When in a multiply-connected region all barriers have been 
inserted that can be inserted without dividing the legion into 
disconnected parts, if these barriers are regarded as temporary 
boundaries the region will have been reduced to a simply-con- 
nected one. This will be obvious from a study of the figures. 


72. Circuits in a given region may be called reconcilable or 
irreconcilable y according as they can or cannot be deformed so as 
to coincide with one another without going out of the region. In 
simply-connected space all circuits are reconcilable and reducible. 

We can shew that in w-ply connected space w — 1 independent 
irreconcilable and irreducible circuits can be drawn. For in a 
doubly-connected space such as an anchor ring (fig. 17) oner such 
circuit can be drawn and it cuts the one barrier. And it is clear 
from figs. 18, 19 that for every region added to a multiply- 
connected space, which adds unity to the degi’ee of connectivity 
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and therefore increases the number of possible barriers by hnity, 
one new circuit can be drawn passing through the new barrier 
and not reconcilable with any existing circuit. Thus in fig. 18, 
which represents a triply-connected region, two such circuits can 
be drawn, and so on for any degree of connectivity. 

73. Cyclic Constants. The circulation in a circuit which 
crosses only one barrier in a multiply-connected region and crosses 
that barrier once only is constant. For in fig. 20, which represents 
part of a multiply-connected region, X Y being the barrier, the cir- 
cuit ABEGDFA is a reducible one 
and the circulation in it is there- 
fore zero, and as the flow along AB 
and that along CD are ultimately 
equal and opposite when A coin- 
cides with D and B with C, 
therefore the circulations in closed 
circuits BEG By DEAD are equal 
and opposite, or the circulations 
in any two such circuits taken in 
the same sense are equal to a 
constant /c, and if the circuit 
crosses the barrier p times in the 
same sense the circulation will be 
pK, K IS called the cyclic constant of the circuit. 

In the same way if k^, /cg, .../Cn-i be the cyclic constants of 
the r? — 1 irreducible circuits of an r^-ply connected space, the cir- 
culation in any compound circuit will be + . . . + 

where pr denotes the excess of the number of crossings of the rth 
barrier in the positive sense over the number of crossings in the 
negative sense. Motion in which the circulation in every circuit 
does not vanish is called cyclic motion. 

74. Nature of the Problems to be discussed. The types of 
irrotational fluid motion that we shall be concerned with chiefly, in 
what follows, may be classified thus : 

(i) A finite mass of liquid is enclosed within a given boundary 
and possibly limited internally by other boundaries. Liquid motion 
is set up by giving a definite motion to one or more of the 
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bounaaries, or by applying given impulses to one or more of the 
boundaries. • 

(li) An infinite mass of liquid is limited internally by the 
surfaces of one or more bodies, and either 

(a) the liquid is at rest at infinity and the bodies are in 
motion ; or 

(yS) the liquid has a uniform constant velocity at infinity, 
and the bodies are at rest or in motion. 


We propose to prove the determinateness of these problems , 
i e. that a definite liquid motion will result from definite motions 
of the boundaries, or from the application of definite impulses to 
the boundaries. 


As we have seen already, irrotational motion implies the exist- 
ence of a velocity potential ^ which satisfies Laplace s equation 


dx^ dz^ ^ 


or = 0 , 


and the solution of any problem in irrotational motion depends on 
finding a solution of the equation = 0 that will give the correct 
values to the normal velocity 3^/07?, or to which may be taken 
as a measure of the impulse, over the boundaries In this respect 
the problem is akin to the general problem of electrostatics 


We do not propose to prove the existence of a potential 
function that will satisfy given boundary conditions, but we shall 
prove that if the problem has a solution it is a definite one , so 
that, in any particular case in which we have found a solution 
that fits the circumstances of the case, we shall know that since 
only one solution is possible our solution is the right one. 


We shall begin by proving a theorem of Green’s which is of 
fundamental importance in physical investigations. 


76. Greenes Theorem*. Let <j>, </>' be two functions of x, y, z 
which with their first and second derivatives are finite and single- 
valued throughout the region considered ; and let S denote a closed 
surface bounding any singly-connected region of space and dn an 

* G Green, Esiay on Electricity and Magnetism, 1828; or Mathematical Papers 
(ed. Ferrers), p. 23. 
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element of the normal at a point on this boundary drawn tJite the 
region considered, then 

JJJ\dx dx dy dy dz dz) 

= _ dS - [f \<i>'^^^'dxdydz 

= - f |V|^ 1/ \4>'^''<i>di»dydz (1) , 

where the surface integrals are taken over the closed surface S and 
the volume integrals throughout the space enclosed. 




Fig 21. 


JC 


To prove this, integrate dxdydz by parts, integrating 

along a prism of section dydz which intersects the surface in 
elements dS^ , dS^ where the inward-drawn normals have a;-direction 
cosines Z^, Zg. 

The result is 

//[•^ f f I ^ ‘S ’ 

where dydz = — l.idSi — (})i^^ lidSi 

= -<i>^f-ldS, 

(jiC 

where in this expression dS is taken to include the two elements of 
area at the end of the prism. 
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Hence 

///fe It ^ -///^^ 

and by similar treatment of the remaining terms of the first ex- 
pression in (1), and remembering that 

,d<f>' , d(t>' . d(f>' d<t>' 

ox dy dz ov 

we prove the first expression equal to the second , and by inter- 
changing and <f) it becomes equal to the third. 


76. The statement of the theorem needs modification if the 
given region includes discontinuities in the values of or their 
first derivatives. But the theorem is still true if we surround the 
point or surface of discontinuity by a closed surface and exclude 
the enclosed space from the region of integration, provided that the 
remaining space is singly-connected and we include in the surface 
integrals integration over the extra surface or surfaces that we have 
introduced. 


77. Deductions Arom Qreen^s Theorem. 


We shall now make some deductions from Green's Theorem, 
but we remark at the outset that many of these are capable of very 
simple independent proof. 

(i) Put = constant. Then 


and if <f> satisfies Laplace’s equation, we also have 


II 


dn 




If <f> denote a velocity potential this result means that the total 
flow of liquid into any closed region at any instant is zero. 

(ii) If </>, <f> are both velocity potentials, 

a reciprocal theorem which has a physical meaning if we bear in 
mind that, if p denotes density, p(j>, p<f> denote impulsive pressures 
that would produce the motions instantaneously and 00/0a, d(f>'fdn 
are the velocities of the boundaries at which these pressures may 
be supposed to be applied. 
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(iii) Put <f>' = tf>. Then, if is a velocity potential, 

C4)'* 

Hence if q be the velocity and p the density of the liquid, we 
have for the kinetic energy of the liquid within S 

ip f I \<fdxdydz = -ip dS. 


Since /o</> IS the impulsive pressure that would set up the motion 
instantaneously from rest, and — d^fdn is the inward normal velocity 
at the surface, therefore the last result is an example of the 
theorem that the kinetic energy set up by impulses, in a system 
starting from rest, is the sum of the products of each impulse and 
half the velocity of its point of application. The result also shews 
that the kinetic energy of a given mass of liquid moving irrota- 
tionally in simply-connected space depends only on the motion of 
its boundaries. 


78. For the present we shall consider that 0 is the velocity 
potential of a liquid in singly-connected space. From (lii) of the 
last article we see that, if the boundaries are at rest or if = 0 
over the boundary, we must have 

iff ~ 

so that g = 0 at every point. Hence irrotational motion is impossible 
in a closed singly-connected region with fixed boundaries. Also if 
a closed vessel full of liquid which moves irrotationally is suddenly 
brought to rest the liquid is also brought to rest. 

79. There cannot he two different forms of irrotational motion 

for a given confined mass of liquid whose boundaries have prescribed 
velocities or are subject to given impulses. For if two such motions 
are possible let </)i, denote their velocity potentials, then at all 
points of the boundaries either d^ijdn = or else <^i = <^ 2 . But 

will also satisfy Laplace s equation and represent an irrota- 
tional motion in which either the boundary velocity 9 (0i — <f>^ldn 
is zero or — <^2 is zero over the boundary. Hence in this case, by 
the last article, the liquid is at rest, or — <f >2 is constant every- 
where. Therefore the two motions are the same. 
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80. Mean Potential over Spherical Surfkce. 

If a region lying wholly in the liquid be bounded by a spherical 
surface the mean value of the velocity potential over the surface is 
equal to its value at the centre of the sphere. 

For if <f)r denote the mean value of cf) over a sphere of radius 
we have 

where d(o is the solid angle which the element dS subtends at the 
centre of the sphere. 

Therefore dS ; 

and the last integral is zero by Art 77 (i), so that is independent 
of the ladius , consequently the mean value of is the same over 
all spheres having the same centre, and by continually diminishing 
the radius we get that this mean value is the same as the value of 
(f) at the centre. This theorem is due to Gauss 


81. We shall now extend the last theorem to the case in which 
the region in which the motion takes place is periphi'tictic, that is 
bounded internally by one or more surfaces 

Suppose that a sphere of radius r in the liquid encloses one or 
more closed surfaces and that the total flow across these surfaces 
into the given region is ^irM, There must be accordingly an equal 
flow outwards across the sphere so that 

ff-f dS^-^irM, 


I I 7 re n SUL 

or = 

where do) has the same meaning as before. 
This may also be written 


1 0 
47r 0r 


J <f>da) = ' 


and by integrating with respect to r, we get 


<!)’ 
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where C is constant with respect to r, but has yet to be ptoved 
independent of the position of the sphere. 


Supposing the liquid to extend to infinity and to be at rest 
there, let the sphere be displaced a small distance hx in any 
direction without altering its radius, then the consequent change 
in <l)r IS 


dj>r 

dx 


4f7rr^ J J dx 


Bx = -z 


BxdS = 


dC 

dx 


Bx, 


Hence dCjdx is equal to the mean value of d<l>ldx taken over 
the sphere But d<f>ldx vanishes at infinity and so does its mean 
value over an infinite sphere, therefore dCjdx is zero when the 
sphere has a very large radius. But C is the same for all spheres 
having the same centre, therefore G is not altered by displacing 
the sphere, and the result (1) is true for all spheres provided they 
he within the liquid and enclose the same internal boundaries*. 


82. From the last two articles it follows that the velocity 
potential ^ cannot have a maximum value at a point within the 
liquid, for if there were such a point and a sphere be described 
with this point as centre the mean velocity potential over this 
sphere would be less than at its centre Similarly there cannot 
be a point at which <f) has a minimum value. 

By the same argument the velocity cannot have a maximum 
value within the liquid For we may take the axis of x in the 
direction of the resultant velocity so that it is represented by 
d<}>/dx Since d(l>ldx satisfies Laplace's equation the foregoing 
theorems will also be true when we write d<f>ldx for </>, hence the 
velocity cannot be a maximum or minimum within the liquid It 
may however have a minimum numerical value, for as wo shall see 
later the value may be zero at some point or points of the fluid. 


83. Liquid extending to Infinity. 

When the liquid extends to infinity the arguments of Arts 
78, 79 cannot be applied directly without examining the value of 

over an infinite boundary surface, for, though the 

velocity may vanish at infinity, it does not necessarily follow that 
this integral vanishes when taken over an infinite area 


// 


R. H. 


Kirchhoff, MechaniKy p. 191. 


6 
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As a first step in this discussion we shall make a further 
deduction from Green's Theorem. 


If <^, 0' both satisfy Laplace s equation, within a region bounded 
by a surface S, we have 




Let P be any point within the region, and put 0' = 1/r, where 
r is the distance from P. Since <l>' becomes infinite at P we must 
exclude P from the region to which the theoiem (1) is applied by 
surrounding it by a surface, say a sphere of small radius e and 
surface 2. This surface must be added to the range of integration, 
and we get 





Since dS = e^dco, where dco is the solid angle subtended at P by 
d2, therefore the second integral tends to — 47r(f>p as e tends to 
zero, where (f)p denotes the value of 0 at P. For the same reason 
the fourth integral tends to zero with e Hence we have 



Now consider an infinite mass of liquid bounded internally by 
certain finite surfaces S and let us apply the last lesult, taking 
for external boundary a sphere S of large radius R with its 
centre at P. We have foi any point P in the liquid 


al 


al 


- il//* ^ //? -iMs 


Assuming that the total flow of liquid across the internal boundaries 
is zero and that the velocity vanishes at infinity, by Art. 81 the 
third integral is a definite constant C, And the total flow across 
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the sphere 2 is also zero, so that the fourth integral is’ zero. 
Therefore 


si 


<“>• 


Now let P move to an infinite distance from the inner boundaries 
S, the integiands then tend to zero and the range of integration 
is finite, so that the integrals vanish and we see that the velocity 
potential <f> tends to a definite constant limit at infinity, when the 
velocity vanishes at infinity*. 

Now apply Art. 77 (iii) to the space between the inner 
boundaries S and a sphere 2 of large radius R and we get 

III tdxdydz = -ll^^dS-ll,f>^ dZ 

Also because of the constancy of the whole mass of liquid 

and on the sphere 2 as its radius increases <f> tends to a constant 
limit O, therefore 


III q^dxdydz ~ dS, 

where the surface integral extends to the inner boundaries only. 


Hence if the inner boundaries are at rest, or if <f) — C=0 over 
the boundaries, we get 


Iff 


so that O' == 0 everywhere That is, irrotational motion is impossible 
in a liquid at rest at infinity unless its inner boundaries are in 
motion. 


84 . Further, if the value of d<f>jdn, or of is prescribed over 
the inner boundaries there is only one motion possible. For if 
two different motions of the liquid were possible having equal 
value's of dcpjdn or of <f) at eaclr point of the boundaries, let <f>i , 

* It cannot be assumed that 0 must be constant at infinity if its Lpace-deiivatives 
all vanish there. For example, if 0 = log r then 90/9r= l/r and vanishes as r oo , 
but 0 becomes infinite. 


6—2 
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denote their velocity potentials, then <f>i — <^2 satisfies = 0, and 
is also the velocity potential of a motion giving zero velocity or 
making — C zero over the boundaries. Hence as in the last 
article the velocity in this case is zero everywhere, that is the two 
motions are the same. 


86. Referring to Art. 74 we have now only to consider the 
case in which the liquid has uniform constant velocity at infinity , 
and the determinateness of the problem in this case follows from 
the consideration that the problem of the relative motion is not 
affected by imposing on the whole mass of liquid and its boundaries 
a velocity equal and opposite to the velocity at infinity. The 
liquid is then at rest at infinity and it follows from the last article 
that if the velocities of the boundaries are prescribed or if given 
impulses are applied to them there is only one possible motion of 
the liquid. 


86. Minimum Kinetic Snergy. 

If a mass of liquid be set in motion by giving prescribed 
velocities to its boundaries, the Kinetic Energy in the actual 
motion is less than that in any other motion consistent with the 
same motion of the boundaries. 


Let T be the kinetic energy of the motion of which 0 is the 
velocity potential, and the kinetic energy of any other possible 
state of motion in which the velocity components at (a?, y, z) are 
Ui, Vij These components must satisfy the equation of con- 
tinuity 


dx dy dz 


in 


and give the same normal boundary velocity as in the other motion, 
which condition is expressed by a relation 


lui + mvi + nWi mv + nw 


.( 2 ). 


Now 


— + w^) dxdydz "“ipJJJ dxdydz 

JJ[ — ... + ... + (wi — m) 2+ ... q- ...} dxdydz. 
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But, by an integration similar to that used in the proof of Green’s 
Theorem, 


Ijf ~ ~ (“'i ~ *")} ^o^dydz 

= - jJJ||^(wi-w)+ ••• + ..)^dxdydz 
= Jj <f) {i (Ui — u) + m(vi — v)+n (w, — w)] dS 

= 0, from (1) and (2). 


Hence 

'A-r.ylll {(?^i — uy -h (Vi — vy + (wi — toy] dxdydz 
= a positive quantity. 

Hence the theorem follows This theorem is due to Lord Kelvin*, 
and was subsequently generalized by him so as to apply to all 
dynamical systems started impulsively from restf. 


87. Kinetic Energy of an Infinite Mass of liquid 
moving irrotationally. 

We have, as in Art. 83, 

JIf q^dxdydz = -jj (4,- C) dS, 

where (7 is a constant and the surface integral extends to the inner 
boundaries of the liquid ; and, if the total flow across the inner 
boundaries is zero, 

SO that the kinetic energy is 

88. Irrotational motion in multiply-connected space. 

We have seen in Art. 73 that the circulation m any circuit 
in ax* (n + l)ply-connected region is of the form 

P2^2 + • • • 4“ Pnf^n (^X 

* Camb, and Dab, Math. Journal^ 1849, p. 92, or Math, and Phys. Papers^ i. p. 107- 
t Kelvin and Tait, Natural Philosophy ^ § 312. 
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where the ^’s are the cyclic constants of the n irreducible cucuits, 
and the jp’s are integers. 

If ^ = — f {udir -\-vdy ’\‘Wdz) (2) 

J A 

be the flow along a path fioin a fixed point -4 to a variable point 
P, the value of 0 depends on the particular path , because, if 
A BP and ACP are two paths, the ciiculation round ABPGA is 
not generally zero Hence is indeterminate or many-valued to 
the extent of the addition of an expression of the form (1). 

By displacing P parallel to the axes in turn we obtain from (2) 

== ~ d<l>ldwy V = — d<f>ldyf w = — d<f>ldz ; 

and these are single- valued expressions whether be multiple - 
valued or not. 


89. Kelvin^s Modification of Greenes Theorem. 

In our proof of Green’s Theorem in Art. 75 we assumed that 
0, <f}' were single-valued functions in the region considered, but if 
either be a many- valued or cyclic function the formula needs 
modification. Thus, if we suppose 0 to be cyclic, the second ex- 
pression in (1) Art. 75 must be corrected so as to take account of 
the indeterminateness of <^. We can do this by supposing all the 
barriers that are necessary to reduce the region under consideration 
to a singly-connected space to be inserted • then we may regard <f) 
as single-valued throughout this region and the correction to be 
made consists therefore in * including in the range of the surface 
integral both sides of each of the barriers. 


If da, be an element of area of one of the barriers and the 
corresponding cyclic constant, we have to take Jj da-y over 

both sides of the barrier. The values of being taken m 

opposite directions on opposite sides of the barrier, are equal in 
magnitude but opposite m sign at corresponding poitits, while the 
value of (f) on the positive side of the barrier exceeds the value 
on the negative side by the cyclic constant , so that the contri- 
bution of this barrier to the surface integral is fc taken 

once over the barrier. 
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Hence the theorem becomes 




•( 1 ) 


No extra terms arisG because of the indeterminateness of in the 
last integral, if we suppose that V-</)' = 0, for the indeterminate 
part of is a constant. 

It IS deal that the coefficient of each fc is the total flow in the 
positive direction across each barrier due to a velocity potential 

If we assume to be cyclic with cyclic constants tc./, etc., we 
get another i elation similar to (1) in which <f>, <j> are interchanged 
and Kr IS written for 


90. Kinetic Energy of Cyclic Irrotational Motion. 

If we put in the last article, and take to be a velocity 

potential we get for the kinetic energy of the motion 

( 1 ,. 

This assumes, of couise, that the barriers do not obstruct the 
motion of the liquid, but move along with it. 

If the liquid extend to infinity as in Art. 87, we must replace 
the first term on the right by 

-ipjj(<f>-0)^£dS ( 2 ). 

where (7 is a constant and the integral extends to the internal 
boundaries of the liquid, the G term being omitted if the total 
flow across these inner boundaries is zero. 

91. Determinateness of irrotational motion in multiply- 
connected space. If the cyclic constants /Ci, /Cz, ... fCn are given 
and the boundary velocities, we can shew that the motion is deter- 
minate. For supposing the space to be rendered simply-connected 
by the introduction of suitable barriers, let there be'* two possible 
motions represented by velocity potentials <f>, which both have 
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the same cyclic constants. Then 4>’- 4> will be a velocity potential 
having no cyclic constants, i.e. the velocity potential of an acyclic 
motion, in which, in addition, the velocity is zero at all boundaries. 
Hence by Arts. 79 and 84 the two motions are identical. 


92. Example. Let us take, as an example, two-dimensional irrotational 
motion in the space between two coaxial circular cylinders ; and suppose that 
the velocity at distance r from the axis is c^jr at right angles to the radius 
vector. 

We have seen in Art. 19 that the velocity potential is given by 
0= — c^tan*** - 

This IS a many-valued function, the region being doubly-connected, and the 
cyclic constant is #c= so that the circulation in any closed path is uk 

or — 27rwc^, where n is the number of times the path embraces the inner 
cylinder 

To find the Kinetic Energy of the liquid contained betw^een unit lengths 
of the cylinders we may proceed directly taking 

/ hfA 

^ 2wrdr=7rpc^ log 6/a, 

where a and 6 are the radii of the inner and outer cylinders , or we may shew 
that we get the same result from the expression (1) of Art 90 The first 
integral in that expression is zero because dtpidn vanishes over the fixed 
boundaries. 

For the second integral, j barrier a plane 

through the axis of the cylinder, dffifdn, the velocity perpendicular to the 
barrier, is then the whole velocity and the integral becomes 

/ b (,2 

— dr— — kc^ log 6/a, 

so that the energy, being Jp times this integral, =7rpc^log6/a 


93. Motion regarded as due to sources and doublets. 


Referring to the theorem represented by equation (2) of 
Art. 83, VIZ 



47r J j r dn 


dS, 


it follows from Arts. 45, 46 that the velocity potential at P is the 
same as if the motion in the region bounded by the surface 8 were 
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due to a distribution over 8 of simple sources with a density 
1 9<f) 

— ^ per unit area, together with a distribution of doublets 

with axes pointing inwards along the normals to the surface of 
density ^/47r per unit area. 

Now let a closed surface S be drawn in a liquid and let <f>, <f>' 
denote the velocity potentials of possible motions inside and outside 
S respectively, with the condition that <(> vanishes at infinity. If 
P is any point inside S, we have 

Also since P is not within the region of velocity potential <f}' 

wheie dn, dnf are drawn inwards and outwards from the surface S, 
so that djdn = — 9/9n . Then by addition 

If we take </>' = <^ at the surface S, wo have 



and, if we take^ = , we get 

dn dn ® 




Equation (2) shews that when the velocity potential is con- 
tinuous but the normal flow across S is discontinuous, the motion 
inside jS might be produced by a distribution over the surface of 

simple sources of density — 4- ^ 7 ^ per unit area. 


Equation (8) shews that when the normal velocity across the 
surface is continuous, but the velocity potential discontinuous, the 
motion inside S might be produced by a distribution over the 
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surface of doublets with axes along the normals inwards of density 
((f) — <^')/47r per unit area. Such a distribution might be called a 
double sheet 


MISCELLANEOUS EXAMPLES 

1 Explain the meaning of the term rotational as applied to fluid motion : 
and determine the character of the circulatory motion of fluid, round a straight 
axis, which is not rotational 

Shew that, in such a case, minute bubbles of air in the circulating fluid will 
be sucked in towaids the axis (St John’s Coll 1896 ) 

2. When a body immersed in a fluid executes periodic vibrations it appears 
to exert an attraction on other bodies at rest in the fluid (live a general 
explanation of this phenomenon. (Coll. Exam 1903 ) 

3 Prove that if the velocity potential at .any instant be the velocity 

at any point .r-f .y+17, z + C relative to the fluid at the point (a, y, -s), where 
it Vi C are small, is normal to the quadric constant, with centre 

at (oi, y, z). (Trinity Coll. 1897 ) 

4 Prove that if 



and fly V are two similar expressions, then \d.v-^fid^-\-vdz is a ^leifect differ- 
ential, if the forces are conservative and the density is constant 

(Coll Exam 1902 ) 

5. Shew that, if a heteiogeneous incompressible liquid moves irrotationally 
under the action of conservative forces, the surfaces of equal pressure and equal 
density coincide , and that a homogeneous liquid cannot move irrotationally 
under the action of non-conservative forces (Coll. Exam 1901.) 

6 Shew that the theorem, that under certain conditions, the motion of a 
frictionless fluid, if once irrotational, will always be so, is true also when each 
particle is acted on by a frictional resistance varying as its velocity. 

(Coll. Exam 1895.) 

7. If p denote the pressure, V the potential of the external forces and q 
the velocity of a homogeneous liquid moving in otationally, shew that is 
positive, and V^p is negative provided that V^K=0 Hence prove that the 
vehicity cannot have a maximum value and the pressure cannot have a 
minimum value at a point in the interior of the liquid. (Coll Exam 19(X) ) 

8 Shew that in the motion of a fluid in two dimensions if the coordinates 
(a;, y) of an element at any time be expressed in terms of the initial coordinates 
(a, h) and the time, the motion is irrotational if 


d{x,x) 8(y,y) 
a (a, 6) ■*'3 (a, 6) ~ 


(Coll Exam. 1903.) 
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9. Prove that, if 

0 = — i + cz^\ V—^ ( W + my^ H- nz^\ 

where a, 6, c, ti are functions of the time and a + 6 + c = 0, irrotational 
motion IS possible with a free surface of equi-pressure if 

{l + a^+A)^^!"^*, («i + 6a + i)e*-f*'" (n + c2 + c)e*^®'*‘ 

are constants (Coll Exam 1903 ) 

10 Shew that if the velocity potential of an irrotational fluid motion is 
equal to 

A z tan ” ^ ^ i 

the lines of flow he on the series of surfaces 

+z'^—K^ + y^)^ . (Coll, Exam 1 899 ) 

11. A thin stratum of incompressible fluid is contained between two 
concentric spheres, shew that the velocity at any point is equiv«ilent to the 
comiionents 

1 dyfjt 

smd 0ft>’ 0d 

along the meridian and parallel respectively Also if the fluid be homogeneous 
and the motion irrotational, prove that 

1 d<p 

dB sin B 06) ’ sin B dot ^ dB ’ 

and deduce that (j) + lyjr = F tan \B) (St John’s Coll 1906 ) 

12. In the case of n rotational motion in two dimensions, on the surface of 
a sphere, shew that the velocity potential is of the form 

r being the radius of the sphere and x, y, z the coordinates of a point referred 
to rectanguhir axes through the centre of the sphere. 

(Coll Exam 1893 ) 

13. A rigid envelope is filled with homogeneous fiictionless liquid shew 
that it IS not possible, by any movements applied to the envelope, to set its 
contents into motion which will persist after the envelope has come to rest. 

(St John’s Coll. 1898 ) 

14 A space is bounded by an ideal fixed surface S drawn in a homogeneous 
incompressible fluid satisfying the conditions for the continued existence of a 
velocity potential 0 under conservative forces Prove that the rate per unit 
time at which energy flows across S into the space bounded by S is 

where p is the density and dn an element of the normal to diS drawn into the 
space considered. (M T. 1908 ) 
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15. Deduce from the principle that the kinetic energy set up is a minimum 
that, if a mass of incompressible liquid be given at rest, completely filling a 
closed vessel of any shape and if any motion of the liquid be produced suddenly 
l>y giving arbitrarily prescribed normal velocities to all the points of its bounding 
surface subject to the condition of constant volume, the motion produced is 
irrotational. (Kelvin and Tait ) 


16. If q IS the resultant velocity at any point of a fluid which is moving 
irrotationally in two dimensions, prove that 

\a 


m 


— q^^q (Univ. of London, 1911 ) 


17. Shew that the curvature of a stream line in steady motion is 
q^dv\p^ / ’ 

where p, q are the pressure, density and velocity of the liquid, F the potential 
of the external forces, and dv is an element of the principal normal to the 
stream line, and hence obtain the velocity potential of the two-dimensional 
irrotational motion for which the stream lines are confocal ellipses. 

(Coll. Exam. 1900.) 


18. If m an infinite mass of homogeneous fluid in equilibrium under finite 
fluid pressure only, an infinitely long right circular cylindrical column be 
suddenly annihilated, prove that no motion will take place (M T 1875 ) 


19 Incompressible fluid of density p is contained between two coaxial 
circular cylinders, of radii a and h {a < 6), and between two rigid planes per- 
pendicular to the axis at a distance I apart The cylinders are at rest and the 
fluid IS circulating in irrotational motion, its velocity being V at the surface 
of the inner cylinder Prove that the kinetic energy is fTpaHV'^\o^{hla) 

(Trinity Coll 1896 ) 

20 Liquid of density p is flowing m two dimensions between the oval 

curves where ?i, ^2 are the distances measured from two 

fixed points if the motion is iriotational and quantity q per unit time crosses 
any line joining the bounding curves, then the kinetic energy is 

7rpq^llog{h/a) (Trinity Coll 1895.) 

21 Liquid extending to infinity contains a number of solids fixed or moving 
If 0 be the velocity potential of that part of the motion of the liquid which is 
due to the solids, shew that is acyclic, and that 

taken over a sphere at infinity, is zero. 

Find the general form of the velocity potential cp. 

If the liquid contains no vortices, but occupies a multiply-connected region, 
and has a cyclic motion, which is zero at infinity, what is the most general 
form of the velocity potential ? 

Shew that in every case the assigned form gives the only possible velocity 
potential (Dublin Univ. 1907.) 
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SPECIAL PROBLEMS OF IRROTATIONAL MOTION IN 
TWO DIMENSIONS 

94. In Chapter lll we introduced the stream function yjr for 
motion in two dimensions and found expressions for it in certain 
cases We propose now to make use of it for the determination 
of two-dimensional irrotational motion produced by the motion of 
a cylinder in an infinite mass of liquid at rest at infinity. For the 
sake of simplicity we shall suppose the cylinder to be of unit 
length, and the liquid and the cylinder to be confined between two 
smooth parallel planes at right angles to the axis of the cylinder. 

The stream function yjr must satisfy Laplace’s equation = 0 
at all points of the liquid and must also satisfy the boundary 
conditions as follows 

(1) At infinity the liquid is at rest so that d^jdx^O and 

dyjrldy = 0 

(2) At any fixed boundary the normal velocity must be zero, 

or the boundary must coincide with a stream line 
ylr = const. 

(3) At the boundary of the moving cylinder, the normal com- 

ponent of the velocity of the liquid must be equal to the 
normal component of the velocity of the cylinder. 

We have the following special forms of condition (3). 

If the cylinder has velocity (7 parallel to the £c-axis we get at 
the boundary (fig 22) 

u cos 0-hv sin 0 = U cos 0, 

where 0 is the inclination of the normal to the a;-axis. This 
is equivalent to 

dyjr dy dyjr dx ^ ^dy 
dy ds dx ds ds* 

— = U dy. 


or 
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• . (i). 


Kence by integration along the boundary 

Uy + -d. . 

where -4 is a constant. 

Similarly if the cylinder has velocity V parallel to the 2 /-axis 
= Yx -f 5 (ii). 

And, if the cylinder lotates with 
angular velocity ca about a parallel 
to its axis through any origin O, we 
have 

u cos^ + V sin9 = — coy cos 0 + cow sin 6, 
or 

dyltdu dylrdx dy dx 

dy ds dx ds ds ds * 

so that, by integration along the boundary 
yjr =^ico {x- 4- y‘^) + C . 



. (ill) 


95 Circular Cylinder. 

The solution of the problem indicated in the last article, viz to 
determine a two-dimensional irrotational motion satisfying given 
boundary conditions, has been effected in a limited number of 
cases, and the method of solution has frequently been an inveise 
one. That is to say, instead of a direct investigation of a solution 
of = 0 that would satisfy given boundary conditions, known 
solutions have been studied to see what kind of boundary con- 
ditions each would satisfy and the problems have not been 
formulated until after their solutions had been obtained. As an 
example let us consider the motion represented by the functional 
relation 

w = Cz-\ 

G 

or “h ” (cos 0 — 1 sin 0), 

This gives >/r = — , and if we take this value for in 

the boundary equation (i) of the last article we have 

Osin^ • /I . 

— = — Ur sm0 + A 
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This equation represents a family of curves, and if w(? put 
^ = 0 and C = TJa^, the family includes a circle of radius a. 
Hence 

^/r = sin 6, d> — cos 0 

are respectively the stream function and velocity potential due to 
the motion of a circular cylinder of radius a moving with velocity 
U parallel to the a;-axis, the origin being always on the axis of the 
cylmdei 

We observe that the velocity potential and stream function are 
the same as for a two-dimensional doublet of strength on the 
axis of the cylinder in an infinite mass of liquid. 

The case of liquid streaming with general velocity U past 
a fixed cylinder of radius a may be deduced from the foregoing 
case by imposing a velocity — U parallel to the ^r-axis on both the 
cylinder and the liquid. The cylinder is then i educed to lest and 
we have to add to the velocity potential a term Ux to correspond 
to the additional velocity, that is Ur cos 0 , hence a term, ?7r sin ^ 
must be added to yfr, so that 

</) = f/' “h cos 0, U — sin 0 

Hence the equation (r — a^/r) sin 0 = const represents the stream 
lines relative to the cylinder, and this true whether the cylinder 
be moving or at rest 

96 Another method of solving problems of the same class is 
to find a velocity potential that will satisfy the given boundary 
conditions , i.e to find a 0 that will satisfy = 0 at every point 
of the liquid, and make the normal velocity — d<pldn assume the 
proper values at the boundaries 

In this connection it is useful to remember that m polar co- 
ordinates in two dimensions Laplace's ecpiation takes the form 

dr^ r dr r^ d0^ ' 

and that it has solutions of the form 

r” cos 110, r" sm n0, 
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where n is any integer, positive or negative. Hence the sum of 
any number of terms of the form 

cos n dy BnV^ sin nO 

IS also a solution. 


Reverting to the problem of liquid streaming past a fixed 
circular cylinder, with the notation of the last article, the uniform 
stream in the negative direction of the a?-axis is represented by 
(j) = Ux = Ur cos 6 

and we have to add a term or terms to represent the disturbance 
due to the cylinder. Since the disturbance vanishes at infinity 
these terms can only involve negative powers of i\ 


The boundary condition is ^ = 
assume that 


' 0 when r^a\ 



A 

<h^Ur cos 0 ^ cos 0 

this leads to 

U-Aja^^Oy or A ^a^Uy 

whence ns before 

</) = i7 ^ j cos 0y 

and the conjugate function 


U (^r — ~ j sin 0, 


and if we 


97. Two Coaxial Cylinders. As a further example let us 
consider a problem of initial motion. Let a cylinder of radius a 
be surrounded by a coaxial cylinder of radius 6, the space between 
the cylinders being filled with liquid. Suppose the cylinders to 
be moved suddenly parallel to themselves in directions at right 
angles wdth velocities Uy V respectively. 

The boundary conditions for the velocity potential are • 

(i) when r a, ~ — J7 cos 6y 

(li) when r == 6, ^ — F sin 

To satisfy these assume that 

<f} = (^r + cos 0 + 4- sin 0 ; 
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U cos $ = (^A — cos 0 + sin 0, 

V sm 0= ^ cos ^ 4- ^(7 -- sm 0, 


for all values of f. Hence 


A-^^ = -U, C'--, = 0. 


from which we get 
a^U 


a-U ( .if\ ^ ¥V( a\ . 

_ 6^'’ + r j ^ - a» - 6-> ^ + 7) 


and the conjugate function 
. a^U / 


, a^U / « \ • /I h^V ( a\ ^ 

_ -- — sin ^ 4 , ) cos 

a^ — b^\ rj a^ — b^K rj 


It must be remembered however that these equations only 
represent the motion at the instant when the cylinders arc 
coaxial. 


98. Equations of motion of a circular cylinder. 

Reverting to the case of Art. 95 — a cylinder moving in a 
liquid at rest at infinity — we have to calculate the forces acting 
on the cylinder owing to the presence of the liquid If the 
extraneous forces have a potential 12 and act on the cylinder and 
liquid alike their resultant effect is, from Hydrostatical considera- 
tions, a force equal to the difference between the forces exerted on 
the cylinder and the liquid displaced, i e if < 7 , p are the densities 
of the cylinder and liquid the resultant extraneous force is 
(a — p)/a times what it would be if the liquid were not present. 
Omitting the extraneous forces, the pressure is to be found from 
the equation 

+ ( 1 ) 

I/a* 

Now in the expression <f> = cos 0, the origin is moving with 

velocity 17, whereas d^jdt in (1) is the rate of increase of ^ at 
a fixed point of space. If the space coordinates were referred to a 
fixed origin, d^jdt would be a partial differential coefficient, but 
when the origin moves fixity in space does not correspond to 

7 


R. H. 
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constancy of coordinates, and therefore d^jdt is obtained by a 
differentiation in which r and 6 change as well as t. Hence 


dj> 

di 


dUii‘ 


Ua^ 


.dr 


-77- cos 0 ;r cos ^ -77 — 


dt 


dt 


Ua^ ^dS 

— sin 0 , 

r dt 


where in consequence of the motion 
of the origin 

— = - cos 

Therefore 


dt 

and 


dt r 



UWjrK 


The resultant force on the cylinder in the direction of motion 

l'27r 

is then — I ap cos 0d0 

^dU ^,,dJT 

dt 




■(2), 


where M' is the mass of liquid displaced by the cylinder (of unit 
length) 


Hence, if M denote the mass of the cylinder, the equation of 
^notion is 

M = — iJ/' 4 - ^ ^ P (extraneous force if no liquid 

were present), 

or M (T^ (extraneous force if no liquid 

were present), 

that is M (extraneous force if no liquid were present). 


Hence the whole effect of the presence of the liquid is to reduce 
the extraneous forces in the ratio o- — p * + p 

Result (2) implies that if the cylinder were to move with 
uniform velocity the resultant pressure set up by the motion er 
the resistance to motion would be zero. This is, of course, con- 
trary to experience, but the discrepancy might be explained by the 
hypothesis of a region of ‘ dead water ' moving along behind the 
cylinder, with a surface of discontinuity separating it from the rest 
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of the liquid, while the foregoing analysis assumes continuous 
motion throughout the liquid. This question is treated more fully 
in the next Chapter. See also Art. 133 following 


99. We may also obtain result (2) of the last article from the 
principle of energy. The kinetic energy of the liquid is given by 

T=ipj\ q^dS 

integrated over the whole a;y-planc omitting only the section of 
the cylinder And since ^ , therefore and 


T 




UW 


'dOdr 


==^i7rpa^[T^ = ^M'U\ 

Hence the presence of the liquid may be considered to inciease 
the effective inertia of the sphere by an amount M' And if X 
denote the force parallel to the axis of w, 

~ (^MU^ + ^M'U^) = rate at which work is being done 


dt 


= XU. 


so that = X, 


Tl^dU V TiTfdU 


so that the pressure of the liquid, apart from any extraneous force 
acting on it, is equivalent to a force — M'dU jdt opposing the motion 


100 Circulation about a moving^ cylinder*. To com- 
plete the discussion of irrotational motion of a liquid about a 
moving cylinder, we must include the possibility of cyclic motion, 
since the liquid occupies a doubly-connected region The solution 
IS completed by adding to the velocity potential and stream 
functions terms that will correspond to a constant circulation k 
about the cylinder. Such terms are given by 

iu^]^~\ogz , or (f> + tylr = ~~([ogr + iO), 

that IS “ 2^ ’ ^ ‘2^ 

* See Lord Rayleigh, ‘ On the irregular Flight of a tennis ball,’ Mess of Math 
1877, or Sci, Papeis, i. p. 344. Also Greenhill, Mess, of Math, 1880. 

7—2 
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Hence the complete expressions, for the cylinder moving with 
velocity U, are 

^ Ua^ ^ k6 , Ua?^uid , /c , 

^ = —cose-^^, ^ = - ^ -+^logr. 

And, if the direction of motion make an angle e with the 
a?-axis, we have 

UcL^ ^ . Kd 

^ = — cos (^ - 6) - ■ 


27r ' 


so that 
d(f> Ua^ 


cos (^ — e) ~r cos (^ — e) sin (^ — €) (0 — e) 

dt r r 


27r’ 


where 

r = — U cos {6 — e), 

and 0— ^sin (^ - e). 

For in the figure 

00' cos (0 — e) 
ssr — Udt cos (0 — €), 

and de=OPO‘ = OO'sm(0-e)lr 

= f/d^sin(^— €)/r. 

Therefore, on the cylinder r = a, 



dt'~ 


Again 


and 


t/a cos (^ — e) + IT^ cos 2 — e) 

4* Ua sin (^ — e) € - sin {0 — e). 

^TTO- 

0<^ t/a® . 

g^=-_co8(0-e). 

0</> O'a® ‘ /a \ ^ 

^ = ---8m(^-e)-2— . 


therefore, on the cylinder r == a. 

Hence the pressure on the cylinder due to the motion being 
given by 
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the force opposing the motion is 

r 2ir 

p COS (6 '^e)adO = 7rpa^U , 

J 0 

and the transverse force tending to increase e is 


— [ p sin (0 — e) add = fcpU— TTpa^Ui. 
J 0 


If, as before, M denote the mass of the cylinder and M' = Trpa^^ 
and there are no extraneous forces, the equations of motion are 

= 

(M-^M')U€ = fcpU 

Therefore U is constant and € = /cpl(M -h M'), so that the path 
of the centre of the cylinder is a circle of radius {M+M') U/Kp 
described m the sense of the cyclic motion. 

Now let Xy y be the coordinates of the centre of the cylinder, 
and u = Xy v — y its component velocities, the forces retarding 
motion are then seen to be irpahiy irpa^v due to the kinetic 
reactions of the liquid and fcpv, — fcpu due to the circulation 

Hence if o* be the density of the cylinder and the extraneous 
forces are of the nature of gravity in the direction of the y-axis, 
the equations of motion are 

iraahi = — irpaHi — Kpv 

and ircraH = — irpaH + Kpu -f tt (<r — p) 

or u-^-nv = 0, 

and v — nu^g' 

The solutions of which are 


so that 


u — — g'jn — c sin (nt -h a), 
v = c cos (nt 4- a), 

a't c . 

a; = a;n — ^ — |- -- cos (nt + a), 

n n ^ ' 

y==2/o+^sin (n^ + a), 


which represent a trochoid. 


The transverse force depending on circulation constitutes the 
mathematical explanation of the swerve of a ball in golf, tennis, 
cricket or baseball, the circulation of the air being due through 
friction to the spin of the ball. 
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101 Conjugate Functions. Elliptic Cylinders. 

Suppose that we have a relation 

or <|) + ^y|r=/(a'-hll/) , 

and that m addition 


z = F{^), or x + 

so that X, y are conjugate functions of rj. Then are also 

conjugate functions of rj. For, the elimination of z gives a 
functional relation 

«'=%(?)• or + = + *’?). 

from which we obtain 

d(t> __ d'^ d<f> ___ dyjr 
drj * dr) ‘ 

0</) d<f)d^ d<f>dr) 

d<f> __ 0<^ 0f d(f> dr) 
dy~ d^dy dr)dy' 
therefore, by squaring and adding and remembering that 

^1 = ^- and = 
da; dy dy dx‘ 


and 


we 




or 


dw 

dw 

dz "" 



dz 


Similarly we can prove that 
d^ 


4- — 7,2 i?!^ I 

0^2 0y^ "" I0f^ dr)^] ’ 


where ^ = 


I 


Geometrically, if we draw the curves 0 == const., = const, and 
S^i, hs 2 denote elements of ^ inter- 
cepted between and -f 0^, und 
of <j> intercepted between ^ and 
yjr -f- Syfr, we have 

. /^Y 

Vasi;/ “ [dxj \dyJ 


-*•{( 


\dy) 

'00Y /0^Y] 

a?/ Wj 



1 


f 

bSi 

f8«i 


10 ^ 

1 " ' 


0 + 


-0 


Fig. 25. 


and 


= the same expressions. 
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Though for the curves f = const., rj = const, the correspohding 
relations are of course 

-h - ^ 
ds\ ds^ 

Now assume that 
x-\-iy=^o cosh (f + 
so that x — c cosh f cos rj, 
and y — c sinh ^ sin rj 

We may give f all values from 
zero to infinity, and r) all values fiom 0 to 27r , then 
f = const, and rj = const. 

represent confocal ellipses and hyperbolas respectively, the distance 
between the foci being 2c , and f, r) may be regarded as elliptic 
coordinates of any point in the plane. 



102. Elliptic Cylinder. 

In dealing with elliptic cylinders, it is useful to observe that 
the equation 

has solutions of the type 


cosh ] 
sinh I (nf ) 
exp j 

and that e~'^^ must be used when vanishing at infinity is required, 
i e. when the liquid extends to infinity. For confocal ellipses the 

cos 

form (A cosh n^-\- B sinh ) {nif) may be used. 



To determine the stream function when an elliptic cylinder 
moves in an infinite liquid with velocity U parallel to the axial 
plane through the major axis of a cross section 

Let the cross section be the ellipse ai^jcC^ -f y^jh^ = 1. This is 
the same as f = cr, if a = c cosh a, b = c smh or. 

The boundary condition is 

= — Uy + constant, when f = a. 
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Adsurne that 
so that 


>/r = — Ae~^ sin 77. 


Then at the boundary f = a, we must have 

— sin 7; = — C/c sinh a sin tj + B 
for all values of 77. This requires that B = 0, and A = ? 7 ce®sinh a. 
Hence 

>/r = — Uce^"^ sinh a sin 77 

IS a stream function which will make the boundary of the ellipse 
a stream line, when the cylinder moves with velocity U, 

Also sinh a = be^ = b{a + b)/c = b 


/a + 

V ^ 


therefore 
and so 


<f) = Ub f^J t) 


,( 1 ). 


To examine whether this is a correct solution it is easy to 
verify that it makes the velocity vanish at infinity. 


If the cylinder moves parallel to the axial plane through the 
minor axis of its cross section with velocity F, we get in like 
manner 


and 


Vr= Fa\/~-*e-^cos97 


■( 2 ) 


The forms of these results are the same for all confocal ellipses 
and therefore this last result includes the case of a plane lamina 
of breadth 2c moving at right angles to itself in the liquid , the 
ellipse in this case reducing to the straight line joining the foci 
and the formulae becoming 

yjr = Fbc“^ cos 77, 

<f> = Fcc“^ sin 77. 

But these equations would make the velocity infinite at the 
edges (f = 0, 17 = 0), and therefore cannot represent real conditions 
In practice, with a flat elliptic cylinder, the velocity round the 
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edges would be so fast that the friction would cause eddies in the 
liquid and alter the character of the motion*. 

103. Liquid streaming past a fixed elliptic cylinder. 

This case may be deduced from the last by superposing on the 
liquid and cylinder a velocity equal and opposite to that of the 
cylinder Thus when the general velocity of the stream is — fT 
parallel to the major axis, we must add Ux to the value of <^, and 
Uy to the value of t/r , so that 

<#> = Uh sj — - ^ cos n) TJ s! a ? cosh f cos 77, 

and = — Ub sJ ^ sin rj U y / sinh ^ sin tj. 

104. elliptic cylinder rotating in an infinite mass of 
liquid at rest at infinity. If be the angular velocity the 
boundary condition is 

ir^ici) (x- +y^) + C, 

or, putting x=c cosh f cos rj and y = c sinh f sin 77, 

yjr=: ^coc^ (cosh + cos 277) + C, when f = a. 

Assume that <|> + ^^(r=^ 

so that ^lr = cos 277. 

Hence at the boundary f = «, we must have 

cos 277 = \ coc^ (cosh 2a + cos 277) 4- C 
for all values of 77. And this is the case, provided 
A = JeoeV* and O = — \a}C^ cosh 2o 

Therefore yjr = cos 2 ij gives a stream function which 

makes the boundary of the ellipse a stream line, when the cylinder 
rotates with angular velocity co 

Since == (a + 6)^, we may write the results 
‘y]r = ^cD(a + by Qog 277, 
and <^ = J (w (a + 6)® e sin 277 

It 18 easy to verify that the velocity vanishes at infinity. 

* See the next Chapter on Discontinuous Motion, also Lamb, Quart. Journal, xiv 
p 40, 1877 ; or Hydrodynamics, p. 79. 
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106 Any of the previous motions may be superposed. Thus 
if the elliptic cylinder be moving parallel to itself with velocity v 
in a direction making an angle 6 with the major axis of the cross 
section, we have from Art 102 


and 


«/> = 


V 


V 



b 

h 

b 

h 


e ^ {b cos r) cos 6 a sin rj sin 0), 
e~^{b sin 7] cos 6 — a cos rj sin 6), 


106. Circulation about an elliptic cylinder. 

If m the last case the irrotational motion is cyclic, with 
circulation tc round the cylinder, we can take this into account by 
means of the function 


To verify that this gives the 
correct value to the circulation, we 
have that the circulation 

taken round the cylinder, 




Hence if in addition to the velocity v of the last article the 
cylinder also rotates with angular velocity and there is a 
circulation k about the cylinder, we have 


= V e~^{h cos t) cos 6 + a sin rj sin 0) 

+ Jo) (a 4- 6)* sin 27) — ^ , 

ItTT 

— V isj e~^{h sin tj cos 0 — a cos t) sin 0) 

+ i w (a + 6)® cos 27) + 


and '^•= 
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107. Kinetic ESnergy. In any of these cases of a cylinder 
moving in liquid at rest at infinity, the expression for the kinetic 
energy is, as in Art. 87, 

where the integration is now round the perimeter of the cylinder 
and we are supposing as before that the liquid is confined between 
two smooth planes at unit distance 
apart. But — d(l>ld?i is the normal 
velocity outwards, and dyjr/ds is the 
normal velocity inwards, so that 
d(l>jdn=d\lrldSy 

and therefore 28. 

T=-Ip j(f>dy}f. 

As an example consider the rotating elliptic cylinder of 
Art. 104, bounded by the ellipse f = or. Hero we have on the 
boundary 

J ca (a + by cos 2rjy 
and = 4 G) (a + by sin 2tj, 

so that T == {a -f by e”*® J sin- 2r) dnrj 

^iisTrpw^ia^ -b^y 

gives the kinetic energy of the liquid. 

108. A parabolic cylinder moving along the axis of its 
section with velocity U. 

Let the parabola be r (1 4- cos 0) = 2a, 
or cos \0 ^ a^. 

Assume that w = Az^, 

or that ^ + t\[r= Ar^ (cos ^ ^ ^ sm ^0), 

The boundary condition is 'i/r = — Uy + B, so that on the surface 
we must have 

— l/r sin 0-h B= Ar^ sin ^0, for all values of 0. 

This will be satisfied if jB = 0 and A = — 2Ua^, 

Therefore — 2 iTa^ cos ^ 0, 

2Ua^r^ sin ^0, 



and 
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'rhe curves of equi-velocity potential <f> = constant are therefore 
confocal coaxial parabolas , and the stream lines i/r = constant are 
an orthogonal confocal system of parabolas. 

109. Illiquid contained in cylinders. In cases of two- 
dimensional motion of liquid contained in a cylinder moving 
parallel to itself, we have the same set of conditions at the surface 
of the cylinder as when the cylinder moves in the liquid. 


For translational velocity U parallel to on, 

i/r = — £/y -}- const (i). 

For translational velocity V parallel to y, 

yjr = Vx + const (ii). 

For angular velocity cd, 

-v/r = J ft) q- y) -I- const (ill) 

As examples let us consider the following * 

(1) Let w — 


or ^ = — Uxy Uy, 

This repiesents a motion satisfying the boundary condition (i) 
whatever be the form of the boundary, and the velocity at every 
point of the liquid is —d<l>/dx or U, so that the liquid in the 
cylinder moves as if solid, and by Art 79 this is the only motion 
possible in simply-connected space. 

(2) Let w — - 

or <^ = Ar^ sin 26 — Ar^ cos 26 

=^2Axy, =^-A{a^^y^), 

Let us adapt these forms to the boundary condition (in), 
assuming the liquid to be contained in a rotating cylinder. At 
the boundary we must have 

(/r® ■+■ y^) - = - A (x^ - y% 

or (Jo) + A) X- + (i^a> - A) y* = i?. 

Hence the boundary of the section may be an ellipse 
a®(^G) -f A) = 6*(^ft) — A) 


provided 
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Therefore 






determine the motion of the liquid in the rotating elliptic cylinder 
referred to fixed axes momentarily coinciding with the axes of the 
cross section. 


If q denote the velocity, 



Hence the kinetic energy T of unit length is given by 

a** 4- o® 

If we require the motion of the liquid relative to the cylinder, 
we may proceed thus The velocities in space of the particle, 
whose coordinates are {x, y) referred to the moving axis of the 
cross section, are x — (oy and y 4- (ox ; therefore 



. d<i> a^-b^ 

and 

dS a^-b"- 

y + cox=^ ^ =€0 j X, 

^ ay + ¥ 

so that 

2a* 

a^+6»“2/. 

and 

26® 

^ a® + 6® 

Hence 

4a®6® 

"'+(a® + 6®)®‘“'-^ = ^’ 

which leads on 

integration to 


^■ = 5cos(^,^^,a,« + «), 

and therefore 

y = — -B^n ( «o« +«) . 

^ a \a^ + b^ J 


It follows that the motion is simple harmonic motion, the 
paths of the particles being ellipses similar to the boundary 
ellipse, described in time tt (a® + ¥)lab(o 
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Or, to get the relative motion, we may impose on the whole 
system the angular velocity a> reversed. That is, we must increase 
4- This makes 

_ /x^ y®\ 

“ ^ + Va2 hy ’ 

shewing that the stream lines are similar ellipses 

(3) Another simple case is that of a rotating prism whose 
section IS an equilateral triangle For this we take 

w = iA 2 ^, 

or <^ = — AH sin 3^, *>1^ = Ar ^ cos 30 = A (H — 

The boundary condition (iii) gives, in this case, 

A (H — 3^y^) = ^6i) {x^ 4- y*) 4- J5, 
to be satisfied at all points of the boundary. 

To include the line ^ = a in the boundary, we must take 
Aa^ = ^o)a^ + By 

and — 3Aa=Jft), 

so that the equation becomes 

H — 3iry2 q_ 3 ^ y2'^ _ 4 ^ 3 ^ 

or {x — a) (ir - - \/3y + 2a) {x 4- — 2a) = 0. 

These three lines form an equilateral triangle with its centre 
at the origin , and the motion of liquid in a prism having this 
triangle for section and rotating with angular velocity w is given 

by 

<i> — ^ sin ZO, '^=‘ — ®os 3^ 

^ 6a ^ 6a 

110 The stream function has been determined for the motion of liquid 
produced by moving cylinders of a great variety of forms We have discussed 
some of the simplest cases very fully and shall now merely make a list of other 
cases with references to shew where the investigations may be found 

1. Rotating rectangular iirism or box Stokes, Tf am Camh Phil.Soc viir. 

ovMath and Phys Papers,! p. 60. Ferrers, Journal, x\,]) 83 Greenhill, 

ihid j) 144 Basset, Hydrodynamics, i p 96 

2. Rotat. ig semicircle Hicks, Mess of Math. viii. p 42. 

3. Rotating quadrantal sector of a circle. Greenhill, ihid. p 89i 
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4. Rotating sector of a circle. Stokes, Trans. Camh. Phil. Soc \tii oi 
Math, and Phys Papers, i. p. 306 Greenhill, Mess, of Math .x. p. 83. Basset, 
Hydrodynarmcs, i. p 98 Lamb, Hydrodynamics, p 83 

5 Rotating rectangle bounded by two concentric circular arcs and two 
radii Greenhill, Mess of Math, ix p 36 

6 Rotating arcs of confocal ellipse and hyperbola. Ferrers, Quart Journal, 
XVII p 227 

7 Rotating arcs of two confocal parabolas ibid 

8 Confocal elliptic cylinders — translation and rotation. Greenhill, Quart 
Journal, xvi p 227, and Encycl Bnt Art Hydromechanics 

9 Rotation and translation of inverse of an ellipse Basset, Quart Journal, 
XIX p. 190, XXI p. 336, and Hydrodynamics, i. p 102 

10 Rotation and translation of a lemniscate Basset, Quart Journal, xx. 
23 234, and Ilydrodynamicb, i 106 


111. We shall conclude this Chajiter with the solution of an exaniiile 

An elliptic cylinder, semi-axes a and b, is held with its length perpendicular 
to, and Its major axis making an angle 6 with, the direction of a stream of 
velocity v Prove that the magnitude of the couple per unit length on the cylinder 
due to the fluid pressure is np (a'^ — b^) v'^sin ^cos^, and determine its sense. 

(Math. Trijms, Part i 1903 ) 

We may deduce exi^rossions for the stream function and yelocity ^lotential 
from Art 103, or we may obtain them directly thus . 

bet </) + = /I cosh + ti; — (a + i/3)}, 

so that (j) = A cosh (| — a) cos {rj — /3) 

and yjr— A sinh — a) sin (rj — fi) 



This makes ^ = 0 ovei the ellipse |=a, so if we can deteimine A and 
so that the velocity at infinity will be the given velocity we shall have found 
the correct forms for (p and 


We have x—c cosh ^ cos rj, y = c sinh | sin rj, as before , so that 
c sinh I cos 7 + ^ ^ ^ sin rj. 


and 


I j. , 1 > 


drf 


Therefoie 


A sinh — a) cos (i; - /3) = ^c sinh g cos ^ c cosh | sin tj, 


and - A cosh — a) sin (»; — /3) = “ ^ ^ cosh f sin rj + ^^c sinh | cos rj. 


00 ^ 
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At infinity we have f infinite ; so dividing by and putting ^ = qo, these 
equations become 

Ae - o^cos(tj - / 3 )— ^ccosTj-h ^csmtj, 
and — Ae-asin (17-^)= 


^ C sin rj+ C cos rj 
d.v cy ' 


Hence, at infinity, 


?</) 


and 


--ycosd= — Ac - ^c-<tcosS, 

cx 

— y sin d= — — Ac-^e-asm 3 


( 2 ) 


Therefore A^vce°- and so that the velocity potential and stream 

function are 

(j) = vce^ cosh — a) cos — 
yjr — vre^ sinh — a) sin (17 — B)} 

Now in steady motion, if p denote the pressure and p the density, 

and the couple tending to set the cylinder broadside to the stream is 

j p . OF ds, 

where OF is perpendicular to the normal to the element ds 



[In the ellq^se in the notation of the Calculus 

c?«/fl?^=rad. of curvature = —rdrjdp 

in this case, and 0F= dpldsfr = “ ^ ^ 

= - 


Hence the couple 
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=^'i(>2a {cosh 2 (^ - a) — COS 2 (17 - ^)}/{cosh 2$ - cos 2?;} . 
and, taking the value on the ellipse ^=a, we get the couple 


fiv 

-^pv^c^e^ I 

J 0 


{1 — cos 2 (»; — $)) sm 2»? 
cosh 2a - cos 27 


d-q 


(3), 


1 2 9 8in2 2 nsin 2 d , 

J 0 cosh 2a — cos 2q 

omitting terms which vanish on integration, 

= pv^ c 2 e 2 a <26 { \ cosl 1 2 a + cos 2q — ~ \ dq 

J {) [ cosh 2 a - cos 27 J ' 

JT 

— po^r^e^o. 81 2B j^7 cosh 2 a -hi sin 2 ^ — sinh 2 a tan “ ^ (cosh a tan 7)^ 
== ~ py2c2e2a yin 26 (cosh 2 a — sinh 2 a) 
ss= npv^c^ sin 6 cos 6, 


Wo note that the value given for yj/ in (2) also becomes zero along the 
hyperbola 7 = ^, so that this hyperbola is a stream line , the point (^~a, 7 = ^) 
where it meets the cylinder being by (3) a point of zeio velocity. This stream 
line stiikes the cylinder at right angles and divides the whole stream into two 
jiarts which pass the cylinder on opposite sides 


EXAMPLES 


1 An infinite circular cylinder of radius a is in motion in homogeneous 
fluid which extends to infinity and is at rest there Shew that at any moment 
the pressure at a point of the fluid at distance r from the axis of the tylinder 
exceeds the hydrostatic pressure by 


P 







where fi is the component acceleration of the centre of the cylinder 111 the 
direction of r, Ui and Vi are the component velocities in and per|>endicular to 
that direction. (Trinity Coll 1904 ) 


2 In the case of the two-dimensional motion of a liquid streaming jiast a 
fixed circular disc, the velocity at infinity is u in a fixed dii*ection where u is 
variable Shew that the maximum value of the velocity at any^point of the 
fluid IS 2u Prove that the force necessary to hold the disc at rest is 2»ia, where 
m IS the mass of liquid displaced by the disc (Coll Exam 1907.) 

8 


K H. 
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3 Show that when a cylinder moves uniformly in a given straight line m 
an infinite liquid, the path of any point in the fluid is given by the equations 

dz_ Vd^ dz' _ W 

dt Xz'-Vty^' ~dt {z-^Vty^ 

where F= velocity of cylinder, a its radius, and z, z' are x + iy, x~%y where 
.r, y are the coordinates me<isured from the starting jioint of the axis, along 
and perpendicular to its direction of motion. ('Coll. Exam 1897 ) 

4. The space between two fixed coaxial circular cylinders of radii a and Z>, 
and between two planes perpendicular to the axis and distant c apart, is occupied 
by liquid of density p Shew that the velocity iiotential of a motion whose 
kinetic energy shall equal a given quantity T va given by A6^ where 

TrpA^c log&/a= T 

Work out the same problem for the space between two confocal elliptic 
cjdmders (St John^s Coll 1903 ) 


5. A circular cylinder of radius a is moving with velocity U along the axis 
of X , shew that the motion produced by the cylinder in a mass of fluid at rest 
IS given by the complex function 

ia = <l)-^zylr~d^U/(z— Ut\ 

where 

Find the magnitude and direction of the velocity m the fluid , and deduce 
that for a maiked particle of the fluid, whose polar coordinates are 6 le- 
ferred to the centre of the cylinder as origin. 


1 ^ cW ^ 
r dt^^ dt^ t 




and 



sin 6 — b, 


Hence prove that the jiath of such a particle is the elastic curve given by 
where p is the radius of cuiv'ature of the path (St John’s Coll 1911 ) 


6 An infinite cylinder of radius a and density cr is sui rounded by a fixed 
concentric cylinder of radius 6, and the intervening space is filled with liquid 
of density p Prove that the impulse jier unit length necessary to start the 
inner cylinder with velocity V is 

JJ2Z {(«■ +p) 62 _ (cr - p) d^} V (Trinity Coll 1912 ) 


7 A stream of water of gi cat depth is flowing with uiiifoi m velocity V ovei 
a plane level bottom An infinite cylinder, of which the cross section is a semi- 
circle of radius a, lies on its flat side with its generating lines making an angle a 
with the undisturbed stream lines. Prove that the resultant fluid pressure per 
unit length oii the curved surface is 

2an~ jpa 

where II is the fluid pi essure at a great distance from the cylinder. 

(Trinity Coll 1896 ) 
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8. The space between two infinitely long coaxial cylinders of radii ct’and b 
respectively is filled with homogeneous liquid of density p and the inner 
cylinder is suddenly moved with velocity U perpendicular to the axis, the 
outer one being kexjt fixed. Shew that the resultant impulsive pressure on a 
length I of the inner cylinder is 

(MT 1882.) 


9. Verify that the stream functions for uniform streaming parallel to the 
axes jiast a solid, bounded by those [larts of the circles 

which are external to each other, are 

^ .. - - . . „ - - 


^ 2 (2i?+ 1 )_ 2 (y- 1) 


and, when the stream is inclined at an angle a to the line of centres, find the 
equation to the stream line that divides on the solid. (M T. 1894 ) 


10. The cross section of an infinitely long cylinder is comjiosed of the 
greater segments of two equal circles, each of which jiasses through the centre 
of the other Show that if this body be in motion with velocity V peipen- 
dicularly to the plane through the axes in incompiossible fluid which extends 
to infinity <ind is at rest thcie, the velocity iiotential consists of two terms 
due to a lino doublet along each axis, and that the kinetic energy of the fluid 

1'=* ^ where M is the mass of the fluid displaced (M T 1895 ) 

1 OTT + O V 


11 Shew that the motion of a liquid stream ^last the ellqitic disc 
:r‘^/a^+y^/62=.l, the velocity at infinity being jiarallol to the axis of v and 
equal to V, can be reiircsented by the reLition 

= V {az — hjz^ — c^}/{a - 6), 

where c= y/a^— and rColl Exam 1905) 


12 An elliptic cylinder, the semi-axes of whose cross section arc a and 6, 
is moving with velocity 17 parallel to the major axis of its cross section, 
through an infinite liquid of density p which is at rest at infinity, the pressure 
there being IT Prove that in order that the jiressure may everywhere bo 
Xiositive 

pU^<^2a^Ul{2ab + b'^) (M T. 190fi ) 


13 In the two-dimensional irrotational motion of a liquid streaming jiast 
a fixed elliiitic disc the velocity at infinity being xiarallel to the 

major axis and equal to P, prove that if 

07 -f = c cosh (J + it;), 
a 2 _^ 2_^2 aij(j a=s=ccosha, 6 = csinha, 


8—2 
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the velocity at any point is given by 

Sin h^(g-Q) - f Sin2;y 
^ a -h' sinh^ ^ + sin ^ ij ’ 

and that it has its maximum value V {a + b)la at the end of the minor axis 

(Coll Exam 1899 ) 

14. Obtain an expression for the stream function of the two-dimensional 
motion produced in an infinite liquid by the motion through it of an elliptic 
cylinder, which has a velocity of translation V in a direction making an angle 
X with the major axis 

Shew that the kinetic energy of the liquid between two planes perpendicular 
to the generators of the cylinder, at unit distance apart, is 

^ np cos^ X -f sin*-^ X) (St J ohn’s Coll 1901 ) 

15 Shew that with proper choice of units the motion of an infinite liquid 
jirodiiced by the motion of an elliptic cylinder parallel to one of its jirincipal 
axes IS given by the complex function 

w — where -s=2cosh^ 

Deduce the formulae 

and trace the curves cj) = const , yf/ = const,, indicating which jiarts are of 
physical interest (St John’s Coll 1909 ) 

16 Prove that the relative stream lines of the liquid bounded by the 
hyperbolic cylinders 

— a^ = 0, (v+y) — 

are the quartic curves 

{.r (.r - 2^) 52} ^constant (M T 1881.) 

17 If liquid be contained between two confocal elliptic cylinders, and two 

lilanes perpendicular to the axes, prove that if the outer cylinder be made to 
rotate about its axis, the inner will begin to rotate with sech2 (jS — a) times 
the angular velocity of the outer cylinder, supposing c cosh a, c sinh a the semi- 
axes of the inner cylinder, and c cosh c sinh /3 of the outer , neglecting the 
inertia ot the cylinder. (M T 1881.) 

18. An elliptic cylinder is placed in a steady stream which at infinity makes 
an angle a with the major axis of the cylinder. Shew that on the ellipse the 
pressure is greatest at the points where the stieam divides, and least at the 
points where the fluid is moving parallel to the stream as it meets the ellipse. 

(Trinity Coll 1906.) 

19. Prove that when an infinitely long cylinder of density cr whoso cross 
section IS an ellipse of semi-axes a, h is immersed in an infinite liquid of 
density p the square of its radius of gyration about its axis is eflfectively in- 
creased by tb'^ quantity 

p 

8 cr ab 


(Univ. of London, 1907.) 
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20 Determine the character of the two-dimensional fluid motion inside 

^ + ; and find the 

pressure at each jioint in the cross section when there is no field of force. 

(St John’s Coll. 1901 ) 

21 An infinite elliptic cylinder with semi-axes a, h is rotating round its 
axis with angular velocity cd, in an infinite liquid of density p which is at rest 
at infinity. Shew that if the fluid is under the action of no forces the moment 

of the fluid pressure on the cylinder round the centre is where 

c^=:ra^^h^. (Coll. Exam. 1902 ) 

22. The space between two confocal elliptic cylinders («o, («i» ^i) 

and two planes perpendicular to their axis is filled with liquid If both 
cylinders be made to rotate about their common axis with angular velocity o), 
the kinetic energy of the motion set up is 

l (6, - 5„ ai)/(a, Oo - 6i y (a, 6, - ao i'o), 

M being the mass of the liquid, and 2c the distance between the foci. 

(St John’s Coll. 1900 ) 

23 An elliptic cylinder whose semi-axes are c cosh a, c sinh a is divided in 
two by a plane through the axis of the cylinder and the major axis of its cross 
section An infinite liquid of density p streams past the cylinder, its velocity (7 
at infinity being uniform and parallel to the major axis of the cross section of 
the cylinder' Shew that in consequence of the motion of the liquid the pressure 
between the two portions of the cylinder is diminished by 

pc sinh a (2 cosh a-P c“ sinh a log tanh ^ a} 

per unit length of the cylinder (M.T 1899 ) 


24 A fixed elliptic cylinder whose principal axes are c cosh 3, c sinh /3 is 
surrounded by infinite liquid in which there is a source of strength m at the 
point c cosh y, 0 , prove that if /3 is very small the stream function of the 
motion is 

\lr — m tan”' ^ ^ ^ 

^ cos I cosh Tj — cosh y ~ cosh (y + T/) — cos f ’ 


a’ + = c cos (f — IT}). 


(Coll. Exam 1900 ) 


25. Homogeneous liquid streams past the infinite parabolic cylinder 
cos Jd==a^, the velocity at infinity being V in the negative direction of the 
axis of a; Provo that the velocity potential is 

— Vr cos 6-^2 Va^r^ cos ^6, 

and that the resultant pressure on the cylinder per unit length is npa the 
pressure at infinity being taken to be (Coll. Exam 1906.) 
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26. A long circular cylinder moves through an infinite liquid, which is at 
rest at infinity, with a velocity at right angles to the axis. If the cross 
section is not quite circular but has for equation 

/•=a(l + €COs nQ\ 

where € is small, shew that when the motion is parallel to the axis of a’, the 
approximate value of the velocity potential is 

{ a ciV" ^ ^ 1 

- cos 6 + € cos (% + 1) d — c ^ cos (w — 1 ) ^ V 

(Coll Exam 1901 ) 

27 A fixed cylinder whose base is any one of the lernmscates rr'=c% 
where c is any constant and 2a the distance lietween the points >S, S' from 
which r, / are measuied, is suriounded by an infinite mass of water m steady 
irrotational motion ; shew that the stream lines are all lernmscates of the 
same system, and that the velocity along a stream line at any point varies as 
the distance from the centre. 

Prove also that the polar coordinates (referred to the centre) of a fluid particle 
m terms of the time since it was at the vertex of its path are given by 

cii {(Jit) ± dn 26 — am fit, 

where /i is a constant, and the modulus is a^/c^. (M T 1881.) 

28 If I, Tj be conjugate functions of s and y, such that the curves for 
which ^ is cpiistant are closed ovals surrounding the origin, then the kinetic 
energy and moment of momentum of homogeneous fluid of density p contained 
between two curves and which are rotating with unit angular velocity 
about the origin, can be expressed in the form and Mk‘^ respectively, where 

Mi^=y j 

taken round the boundaries. (M T 1895 ) 

29. Shew that the angular momentum, of a two-dimensional motion of 
a homogeneous fluid, about an axis perpendicular to the plane of the motion, 

is p y nr</)c?5, the integral being taken round a cross section of the contiiining 

vessel, where ter is the perpendicular from the axis to the normal of the cross 
section, p IS the density and (j> the velocity potential. 

If the vessel be rotating with angular velocity o>, and /w, /qo) are the 
angular momenta about the axis of rotation, and the line of centroids of the 
cross sections respectively, find an expression for / — /q in a form which does 
not depend on the shape of the vessel. (M.T. 1897 ) 

30, If liquid move inside a thin shell between two plane laminae, shew that 
a corresponding motion in a thin spherical shell can be obtained by inverting 
the stream jiines in the first motion with regard to any origin, and find the factor 
by which the velocities must be multiplied to transform one motion into the 
other. 
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A source and an equal sink are placed at two points of a thin spherical 
shell Shew that the equipotential and stream lines on the sphere are small 
circles (Univ. of London, 1908.) 

31. A thin sheet of incompressible fluid moves on the surface of a sphere 
of unit radius Shew that the velocity potential and stream function are 
conjugate functions of the Cartesian coordinates of the steieographic projection 
of any point ; and that if the boundary move as a rigid curve on the sphere 
and its axis of instantaneous rotation cut the sphere in 0, the stream function 
at any point P of the boundary differs from to cos OP by a constant, where to 
IS the instantaneous «ingular velocity of the boundary. (M T 1896 ) 

32 A long elliptic cylinder is moving parallel to the major axis of its cross 
section with uniform velocity U through frictionless Injuid of density p which 
IS circulating irrotationally round the cylinder. Prove that the maintenance 
of the motion requires a force Kp U pei unit length of cylindei to be applied at 
right angles to the direction of motion, where k is the circulation round the 
cylinder (M.T ii 1910 ) 


33 A hollow vessel of the form of an equilateral triangular prism, tilled 
with liquid, IS struck excentiically by a given blow in a plane perpendicular to 
the axis and bisecting the three edges ; find the initial motion of the vessel 

(MT. 1887) 


34 What IS the nature of the motion in the neighbourhood of the origin, 
when, f(z) being continuous finite and one-valued in that neighbourhood. 


m and M being real ? 


0 ) 

( 2 ) 

( 3 ) 


dto ni .. . 

dw 17)1 

dw_M 


(Uinv of London, 1911 ) 


35 Find the steady motion in two dimensions of an incompressible liquid, 
such that the stream lines are all ellipses similar to 

which is possible under the action of external forces whose components at the 
point xy are X—Axy'^^ Y=^Bx^y, where A and B are constants. 

(Dublin Umv. 1911 ) 



CHAPTER VI 


THE USE OF CONFORMAL REPRESENTATION. DISCONTINUOUS 
MOTION. FREE STREAM LINES 

112. Conformal Representation. 

If f 4•^77=/(^ + ^3/), or 

and we take (f, rf) and (xy y) to be rectangular coordinates of points 
m two planes which we may call the t plane and the z plane, then 
the point (f, 97) in the t plane corresponds to the point {x, y) in the 
z plane, and the functional relation between t and z implies 
(Art 42 ) that at an ordinary point the ratio htjhz of small 
corresponding elements tends to a limit which is independent 
of the direction of hz This establishes the similarity of the 
corresponding infinitesimal elements of the two planes, though 
corresponding finite areas of the two planes are not similar. 
Such a relation between the two planes is called the conformal 
representation of either plane on the other. 

It is to be observed that the similarity of infinites! mal elements 
of the two planes will not hold good at points at which dtjdz is 
zero or infinite, as for example at a branch point of a multiple- 
valued function Thus, the origin is a branch point in the t plane 
of the function 

and as z desciibes a circular arc of angle a round the origin, 
t describes an arc of angle so that corresponding elements of 
the planes are not similar. 

Now let there be two areas occupied by a fluid in motion Let 
f, 7 j be the coordinates of a point 11 in one, and Xy y the coordinates 
of a corresponding point P in the other. Let </>, be the velocity 
potential and current function of any motion within the chosen 
area in the * plane given by 
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and let the boundary be = JF’i (f, ?;) = const. If we substitute 
for 77 their values in terms of Xy y, we get a relation 

^ 4- ^> = + W) 5 

and, if — y)y the corresponding boundary in the 

z plane is = ^2 (^, y) = const. Hence the same functions ^ and 
are now the velocity potential and stream function of a motion 
in the z plane with a boundary (^r, y) = const. 

113 It IS clear that 77 are themselves the velocity potential 
and stream function of some motion in the z plane, and if we write 



we may call h the velocity of the transformation, and as in Art. 101 
we see that 

veloc. of P = A, X veloc of IT. 

Thus the actual velocities at coriesponding points may be com- 
pared The directions of motion at corresponding points make 
equal angles with corresponding lines in the areas 

S,„»e 

coi responding elementary areas in the t and ^ platies are in the 
ratio * 1 Hence the kinetic energies of the two fluids that 
occupy corresponding areas are equal Thus the whole kinetic 
energies of the two motions are equal, but ditferently distributed 
over the areas of motion. 

114. If a source exist in one fluid there will he a source at 
the corresponding point of the other fluid. This follows at once 
from the fact that y\r is the same at corresponding points in the 
two fluids, so that / dy\r taken along corresponding arcs of curves 
must have the same value. That is, the flow acioss corresponding 
arcs IS the same. At a pair of corresponding points at which t and z 
possess no singularities a small curve surrounding one corresponds 
to a small curve surrounding the other, and / difr round either curve 
represents the flow across it. Hence to a source at one such point 
must correspond a source of equal strength at the other. But 
care must be taken at a zero, infinity or branch point of the 
function that ^ is of or that z is of t A source will always 
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correspond to a source but the strengths may differ, thus in the 

case t — since a semicircle round ^ = 0 corresponds to a circle 
round <sr = 0 and the flow across both is the same, if there be a 
source of strength m at ^ = 0 the corresponding source at = 0 
must be of strength 2m. 

If a doublet of strength m exists in the z plane at a point 
which occasions no singularity in t there will clearly be a doublet 
at the corresponding point in the t plane, the axes of the doublets 
will be in corresponding directions, i e they will make equal 
angles with any two corresponding lines through the points, and 
the strength m' of the doublet in the t plane will be given by 
m jm = I dtidz | = ^, 

for the strength of a doublet is the product of the strength of a 
source and an infinitesimal length. 

Example Consider the transformation 

^ = 2^ 0<IC<1 

If wo use polar coordinates r, 6 in the z plane and p, x ^he t jilane, this 
relation may be written 

so that ^ = and p — r^ 

Suppose there to be liquid in the z plane bounded by the real axis, i.e 
from 6^0 to The corresponding boundaries in the t plane are ^*=0 

and 6 = Kir, 

First let the motion in the z plane be due to a source of strength m at the 
origin, then 

— mlog z 

The corresponding motion in the t plane is therefore given by 

i wi 

~ m log — — log t , 

and this represents motion due to a source of strength mjK at the origin in 
an area of the t plane bounded by ^=0 and 6^ kit. 

Secondly if the motion in the z plane is due to a source m at 2 = a, we 
must introduce an equal source at the image point a' with regard to the real 
axis in order to make the real axis a stream line Then we have 
+ log (2 - a) (z-- a') 

If 6= a* and h' be the points in the t plane corresponding to a and a' the 

motion in the t plane is given by 

1111 

^ 771 log — 6*) (<* - 6'«). 
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To investigate the form of this expression in the neighbourhood bf the 
point 6, we write t = h + bt, and it is easily seen that the variable part of 
+ reduces to — ^wlogS^ or —m\oQ{t — h) Hence it follows that in this 
case the motion in the t plane is due to a source of strength msXb. 

115. We may use this method, by proper choice of formulae 
of transformation, to deduce the motion with a complicated 
boundary from that with a simpler boundary. Thus to find the 
motion of a fluid with sources or doublets Pj, Pg, within an 
infinite area on the ^ plane with a boundaiy (a;, y) = 0. First 
suppose the sources and doublets removed and try to find a steady 
acyclic motion of fluid with the same boundary. If this can be 
done, let t) be the velocit}^ potential and stream function, so 
that rj IS constant along the boundary say tj — k. Then use 
7) as the formulae of transformation and the boundary trans- 
forms into the straight line tc and the area of motion transforms 
into the infinite area on one side of this line. Now replace the 
sources and doublets Pi, Pg, . and corresponding sources and 
doublets Hi, rig, .in the t plane. The motion in the t plane due 
to the sources and doublets 111 , Ilg, . can generally be inferred by 
placing single images for each on the other side of the line 'i? = /c, 
and so we obtain -f- in terms of f -f t?; for the motion in the 
t plane, and substituting for t) in terms of x and y we get 0 -f iy^ 
in terms of x-^iy giving the motion in the z plane due to the 
sources and doublets Pj, Pg, ... 


116. Examples. 1. To find the motion in the epaxe hounded hy x—0^ 
y — %y^h due to a source at the origin. 

We want a solution of 

that will make constant when x—0, y— 0, or 

y=b. 


If we put »;=/(.t) sm ™ , we get 
02 / 


-hf-o, 




Fig. 30. 


rrx ^ 

SO that f{x)^Aeb & , 

and we shall have i;=0 when x=^0 if j5= ^A. 
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Hence i) = -4 sinh -y sin , 

and the conjugate function is 

* j 1 war rry 
^=A cosh -g cos , 

so that cosh ^ (a;+ ijy) = A cosh ^ 

transfomis the given boundary into the straight line y — O, and 'the point 
^=A, rj — 0 corresponds to a7=0, ya=0. 

If wo place a source of strength m at this point, we have for the motion in 
the t plane 

-f- =s -m log (t^A), 

Therefore the motion in the z plane is given by 


(j) + i\l/‘= —m log A ^cosh “j" “ ^ j > 
or omitting an additive constant 

^ -t- = — 2m log smh ^ ; 

and it IS to be observed that since the straight boundary in the t plane 
corresponds to a right angle at 0 in the z plane, the motion in the z plane is 
due to a source of strength 2?a 


2 Verify thaty if r, s be real positive constants, 

z^x-\‘iy, a—pe'P, 4 * 5 “^ 

the steady motion outside both the circles x^+y^ + ^sx^^O, — 0, due 

to a doublet at the point z=a, outside both the circles, of strength fx and 
inclination a to the axis of x, is given by putting + equal to 




e-9-- 






whe7^e z = aQi8 the inverse point to a with regard to either' one of the circles 

(M T. 1896 ) 

A unit doublet at 0 directed along Oy makes 


0 + —z ^ e 


x + iy x^+y^' 


(Art 49) 


and the stream lines include the two given circles Hence the 

transformation 

^ . y-\-ix 

2 :’ ^ ' X^+y^' 


makes the given circles correspond to straight lines »;= - 1/2.9, tj^lj^r in the t 
plane, and the space between these lines clearly corresxionds to the space outside 
the circles 


To correspond to the doublet of strength p at 2 = a we must take one of 

, 1 /* . ^1 . ^ • “I siniS+icosfi 

strength ft j ^ ^ point + 1 ?; = - = . 
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To get the direction of this doublet in the t plane, we observe th^t the 

doublet /A at a makes an angle a with Ox 

and therefore makes an angle 

i7r-(2/3-a) X 

with the circle of the same coaxial family / \ 

that passes through a ; and this circle ^ ] 

transforms into a parallel to 0^ in the f 1 ^ 

t plane so that the doublet in the t plane \ j 

makes an angle ^ tt — (2j3 — a) with / 

We have then to take the images of 
this doublet in the two boundaries m the 
t plane, and if a© be the image of a in the 

r circle the first image in the line i; = l/2r is at ^ = */«<)> and it is easy to shew 
that the images that are paiallel to the original doublet arc at the points 
% .1 i , 2i t . 3^ , 


a c 


t 3t , 

- + — , etc 
a’~ 


and those which make the suiiplementary angle with 0^ are at 

i t . t ^ , 

= — , — ±:, — ±“, etc 


"1 

-V 

'+ 

_1 


'+ 





0 

1 

■ P 



2s 






' + 



_ / 




Fig. 32. 

Hence for the whole set of doublets 

... a r 1 . 1 




+ + 


a 
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FOr the motion in the z plane, we write and making use of the 

expansion for cot z the expression for 0 takes the required form. 

117. The applications of conjugate functions of the kind 
described in the foregoing Arts. 112 — 115 appear to have been 
first suggested in a paper by Routh which includes the case of 
vortices as well as sources and doublets in the liquid The actual 
transformation effected in Ex. 1 of the last article will be seen later 
(Art. 124) to be a simple case of a general transformation applicable 
to all rectilineal polygons. 

118. Discontinuous Motion. 

In any hydrodynamical problem, we have a necessary physical 
condition, that the pressure cannot be negative , but in any steady 
motion, apart from external forces, we have 

pIp = C-^% 

where G is a constant, so that the theory appai'ently ceases to 
represent actual facts whenever the velocity is so large that the 
right-hand expression is negative. For example, from Art. 98, we 
may deduce that for the rectilinear motion of a cylinder through a 
liquid, with velocity CT, to be represented correctly by 
^ = U or (cos 0 — 1 sin 0)/r 

It IS necessary that the pressure at infinity shall exceed 
Again in Art. 57 we have a case in which the velocity apparently 
becomes infinite, and in the case of liquid streaming past an 
elliptic cylinder, discussed in Art. Ill, it is clear that by decreasing 
the eccentricity we can make the velocity near the ends of the 
major axis increase indefinitely. The same is true whenever a 
sharp edge protrudes into a stream, and the explanation of the 
apparent discrepancy may be that hitherto our equations have 
assumed the motion to be continuous whereas when an obstacle 
with sharp edges hinders the flow of a stream there is actually a 
region of * dead water ’ behind the obstacle , which region is 
separated from the rest of the stream by a well-defined surface 
composed of stream lines, over this surface the pressure is constant 
and there is a discontinuity in the tangential velocity or a jump 
in its value as we cross the surface f. 

* * On some applications of conjugate functions,* Proc L M. S, 1881. 

+ This idea of discontinuity was enunciated by Stokes, ‘ On the Critical Values 
of the Sums of Periodic Senes,* Trans, Canib. Phil. Soc, viii. or Math, and Phys. 
Papers^ i. p. 310, as a possible explanation, on the hypothesis of the existence of a 
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119. We propose to consider, in this Chapter, some cai^s of 
this kind of two-dimensional motion, such as the flow of liquid 
through an aperture, and the impact of a stream on a plane 
lamina. Such problems have recently acquired a new interest 
because of their relation to Aerodynamics. The earliest solutions 
of problems of this nature were by Helmholtz*, and Kirchhofff 
who developed a general method of treatment applicable to 
cases in which the fixed boundaries are rectilinear, and where 
there may also be surfaces of constant pressure which may 
be free surfaces of the liquid or surfaces separating a portion of 
liquid at rest from the remainder of the liquid The given fixed 
boundaries are portions of stream lines, the other boundaries 
may be regarded as free stream lines and the solution of the 
problem will determine their foim and position. Along the fixed 
boundaries the direction of the velocity is known but not its 
magnitude, and along the free stream lines, the pressure being 
constant, the velocity is constant m magnitude though its direction 
IS not known. 

120. In any particular case it is our object to find a suitable 
I elation between w and i.e to express and in terms of x 
and y When we have found the equation of the stream lines, 

= const., it will of course include the equations of the fixed 
boundaries. 

For this purpose Kirchhotf introduced the intermediate function 
^ dz + . 

t ^ ^ 

= e^^lqy 

where 6 is the inclination to the a^-axis of the velocity q, so that 6 
IS constant along a fixed boundary and q is constant along a free 
stream line. KirchhofF then shewed how, by conformal repre- 
sentation, to obtain a relation between w and this function f, and 

perfect fluid. The idea has been adopted by many other writers, but Lord Kelvin 
was strongly opposed to it and would only admit it in the case ot free surfaces such 
as the surface of a jet of liquid, insisting on the alternative existence of a region of 
negative pressure with the consequence that the fluid separates itself from contact 
With the solid See Natuie, n. 1894, pp 524, 549, 573, 597, or Math, and Phys. 
Papen, iv. p 215. One of the objections of Lord Kelvin has been met by M. Brillouin 
in Arm chimie et phys. (8), 22, (1911), pp 433-40. ^ 

* ‘ Ueber discontinuiiliche Flussigkeitsbewegungen,’ Bei lui. Monatshei ichtCy 1868. 

t Crellcj 1869. See also Mechanik, Chaps xxi, xxii. 
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the elimination of f between this relation and dzidw = ~ f gives on 
integration a relation between w and z, 

121. In our two-dimensional problem we have a certain region 
on the z plane bounded by stream lines, that is, lines for which y\r 
IS constant, so that the corresponding region on the w plane will 
be bounded by straight lines parallel to the axis. The method 
that we shall use for obtaining the relation between w and ^ 
consists in making two intermediate transformations*. Thus con- 
sider the function 

n = log 5' = log q~^ + %6. 

Since the figure in the z plane is bounded by lines for which 
either 6 is constant or q is constant, and we may by suitable choice 
of units take unity to be the constant value of q along the free 
stream lines, hence if the z plane is conformally lepresented on 
the n plane the fixed boundaries (^ — constant) on the z plane 
will correspond to lines parallel to the real axis on the 11 plane, 
and the free stream lines (^ == 1) on the z plane will correspond to 
portions of the imaginary axis on the fl plane Thus the figure 
on the fl plane is rectangular and bounded by straight lines 

We next make use of a theorem due to Schwaizf and Christoffel J: 
by which a rectilinear polygon in one plane can be transformed 
into the real axis in anothei plane, which we will call the t plane. 
This theorem enables us to determine the relations between 12 and t 
and between w and t that will transform our figures in both the 
n and w planes into the real axis in the t plane, so that points 
that ought to correspond in the il and w planes both correspond 
to the same point on the real axis in the t plane. The elimination 
of t then gives w in terms of 12 or logj^ dzjdw) and hence we get 
the required relation between w and z, though it is sometimes 
more convenient to retain ^ as a variable parameter. 


122 Theorem of Schwarz and Christoffel. 

If z — X’\-iy and ^ = then any polygon bounded by 

straight lines in the z plane can be transformed into the axis of f, 

* See Love, ‘ On the Theory of Discontinuous Fluid motions in two dimensions,’ 
Proc, Camh, Phil, Soc. vii. p 175 

+ ‘ Ueber eruge Abbildungsaufgaben,’ Cielle, 70, p. 105, 1869. 

X * Sul problema delle temperature stazionare,’ Annali di Matematica, i. p. 89, 
1867. 
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points inside the polygon corresponding to points on one side of 
the axis of f , and the relation that effects this transformation is 

where Qi, a^... a,i are the internal angles of the polygon in the 
^ plane, and fi, are the points on the axis of f that corre- 

spond to the angular points of the polygon in the ^ plane 

To verify this, we observe that dzjdt is never zero or infinite 
except at the points fi, fg the real axis of f Also if 

dzjdt — where R is real, the argument B remains unchanged 

so long as t is real and does not pass through any of the values 

fa •• f«5 hence the argument of dz is constant so long as t lies 
between any two of the values fi, ^2 • points z which 

correspond to points between and ^r+i> the axis of f, he 

on a straight line in the z plane. 

Hence it appeals that points on one side of the axis of f in the 
t plane correspond to points within a polygon on the z plane and 
that the points fi, fg ... coi respond to the corners. 

Now consider the change in the argument of dzjdt as ty moving 
along the f axis, passes through the point It is clear that the 



Fig. 33. 


~~i 

only factor that will give rise to any change is (^ — fj.)"* , and we 

can make the passage by making the path near a semicircle of 
small radius € with centre at as in the figure On this semi- 
circle ^ fr = that 






and as the semicircle is described 0 changes from tt to zero, hence 
the argument of dzjdt increases by tt — cr^. There is, therefore, a 
ohcMnge of argument in the z plane amounting to Tr — a^, so that 
the lines in the z plane corresponding to and make 

an angle tt — with one another, and the internal angle of the 
polygon corresponding to the corner is a^. 


R. H. 


9 
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123. When we wish to transform a given polygon in the 
z plane into the axis of f in the t plane, the values of a, , Wg . . * 
are known and as regards the values of fi, three of them 

may be chosen arbitrarily and the others then depend on the 
dimensions of the polygon. For in order to construct a polygon 
similar to a given polygon of n sides we must have — 3 relations 
between the lengths of the sides. Any arbitrary distribution of 
the points fi, ^2 ••• provided they are taken in the proper order, 
will correspond to a polygon whose sides are in the right directions, 
but, if the polygon is to have definite shape, only three of the 
points fi, ^2 ••• ?n can be chosen arbitrarily. 


By consideration of the function 


d 

dt 



^ arjir - 1 


it can be shewn that if the point f = oo be taken to correspond 
with one corner of the polygon the coi responding factor in the 
expression for dzjdt is omitted*. 


124. As indicated in Art 121 the cases with which we are 
concerned will be those in which the polygon is rectangular. Foi 

TT 

a rectangle ai = a 2 = «» = «4 ~ 2 » corners correspond to 

the points fi, fy, f,, ^4 cn the f axis we have 

dz ^ A 

dt V{(^ ?i) (f fa) fj) {t — ^ 4 )] 

( 1 ) If we take ?i = — 1, ^ 2 = 1 . it is clear that two 

sides of the rectangle are infinite, so that we must also have 
f 4 = — 00 , and the relation is, in this case, 

dz _ A 
dt - 1 

This gives ^ = A cosh“^ ^ and if we take j9 = 0, which only 
means moving the origin in the z plane, we have 

t = cosh zjA, 

and the following values correspond • 

i[=l,—l, 00 ,— 00 , z = 0, ittA, 00 , oc + iirA 

* See Forsyth’s Theoiy of Functions^ Art. 268 
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The area in the z plane is then a strip of breadth m-A parallel to 
the real axis and extending from a? = 0 to a? = oo , 



Fig. 34 

and the points in the two diagrams that correspond are indicated 
by like suffixes , Ziy z^, z^, z^^ corresponding to t = — oo , — 1, 1, oo . 

(ii) Another method of representing on the t axis the corners 
of the same strip of the z plane is to regard the strip as a triangle 
of zero angle in the direction = oo , we may then take any three 
points on the f axis m the t plane to correspond to the corners, 
say the points ^ — 1, a, 1, as shewn in fig. 35 




Fig 35 


The relation connecting z and t is then 
dz _ A 
dt'^ (t- a) 's/V- I ' 
which gives on integration 

z = — , — cosh”^ h B, 

Vl-a^ t-a 

or z=Ccosh-^^^~^ + B. 

t — a 


9—2 
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If we choose the constant B so that z^O when ^ = — 1 we find 
= 0 , then ^ = 1 makes z = iirC so that the width of the strip is 
TrCy and ^ = a makes 2: = oo as it ought. 

(iii) As another case let us consider what sort of rectangle 
will correspond to the four points < = — 00 , 0 , 0 , 00 The relation 
between t and z is 

^ = ^ = ^log< + i} 

z-B 

Considering t^e ^ , we have as corresponding values 

^ = — 00 , 0 , 00 and ^ = 00 4 - tTrA, — 00 + %irA (or — 00 ), oo 
So the rectangle in the z plane is a strip of width irA extending 
the whole length of the real axis. 



Fig 36. 

125 We shall now apply the foregoing theory to some Examples, in 
every case assuming the velocity to be unity along the free stream lines, 
and neglecting all external forces. 

Jet of liquid through a slit in a plane barrier. 

We assume that the sides of the vessel containing the liquid are infinitely 
distant from the slit compared to its breadth In the diagrams fixed 
boundaries and lines that correspond to them are indicated by thick lines, 
free stream lines by thin lines, and the arrows indicate the direction of flow. 
Remembering that velocity is in the direction in which velocity potential 
decreases {q^ —d<fild8)y we may place 0— oo,</>=:-oo at opposite ends of the 
stream. For convenience we suppose the boundary stream lines to be 
yfr—TT. The region on the w plane which is to correspond to the given rep^''^^ 
on the z plane is therefore seen to be a strip of width tt extending along and 
above the axis of <p from <^ == — 00 to = 00 . 

We have now to transform the z plane on to the Q plane, where 
12= log + In the z plane wo take the origin at £', then for the velocity 
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along A^B* we have ^=0 and along AB ^=» — tt. Hence in the Q plane the 
lines A'B', AB are ^=0 and ~ ir, and the lines corresponding to the free 
stream lines BCy B'C' for which q = l are parts of the imaginary axis. 

0=00 



<?■=! S=1 

I ^=0 

c' c 

0 = -. 00 

Fig. 37 

We have now to transform the areas in the to plane and in the O plane 


into the upper half of the t plane so that corresponding corners in the w and 
Q planes are represented by the same point on the real t axis. 

C' B' a' 

jf=0 


e= -1 

u plane 

f=l 

tssz —00 

< = 00 


o 

II 

B 

> 

11 

fl 

<= —00 

-1 

^=1 

< = 00 

A' 


C'C B """" ' 

t plane 

A 


1 

3' 

II 

o 


<^-l 

<= - 00 

CC' 


Q plane 


< SB 1 

<=* 00 


3 

— JT A 

Fig. 38. 



134 


JET OF LIQUID 


[chap. VI 


Before lettering our w and Q diagrams it will be convenient to choose 
particular points on the real t axis to correspond to them, since as we saw in 
Art 123 three such points may be chosen arbitrarily. Thus we may take the 
edges of the slit By B' to correspond to <=1, t — - I and let A correspond to 
^ = 00 The to diagram is then as indicated in fig 38, where we may take 
the line BB' to be <#> = 0 so that B is the origin in this diagram. 

The relation between to and t is as in Art 124 (in) 
w—A \ 0 ^t + By 

and 'w = 0when^=l, so that Z?=f0, 

also w=nr when ^=—1 But log (— l) = i7r, 

therefore ^=1, and w—\ogt. 


The diagram in the Q plane has the point B' for origin, and the relation 
between i2 and t is by Art. 124 (i) 

QsbC cosh “ * ^+2), 


and 

also 

therefore 

But 


Q=— ITT when t — Tiy so that Z)=— itt, 
Q=0 when ^*=-1. But cosh“' ( — l) = i7r, 
Q — cosh t- iTTy or ^ — cosh 12. 

fl = logf or log(-g), 


hence we have cosh log f — — < = - 

or 

From which we deduce — ^ f = — e"’ ± — 1 , 

and the fact that ^ or e^^lq is infinite when ■v/r = 0 and (/)==x determines that 
the lower sign must be taken 


dz 


Hence we get ^ = e**' + V — 1 > 

aw 

and the integral of this is 

1 — tan“i ^g2u»_ j 

adjusting the constant so that 2=0 when w=0. 

To find the equation of a free stream line, we have along the stream line B'C* 

00 

SO that 0 = —5 measuring s from the origin B' Hence on this stream line 
yfr — n we have 

— real part of w= — real part of log t 
where t is real and lies between — 1 and 0; also ^ = 1 so that 
= cosh ^ ITT or ^=— cos^ 
where 0 varies from 0 to — Jw. 

Hence on the stream line B'C* 

«=log (— sec 0) 
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But do: Ids = coa 0, 

aiiice 0 gives the direction of the curve, therefore 

</a;=sin 0d0y 

and .*r=l--cos^, 

the constant being determined by the consideration that 0 = 0 when r=0 
Similarly 2/ “ ^ + sec 0) — sm 0 

Since the ultimate breadth of the jet when the free stream lines become 
parallel is n, and this is attained when ^ = - ^ , for which the value of r is 
unity, it follows that the breadth of the slit is 7 r -|-2 and the coefficient of 
contraction Tr/(7r + 2) 

126. Borda’s Mouthpiece. 

We shall now consider the efflux of liquid through a pipe projecting into 
the containing vessel, being the case to which reference was made in Art 61, 
but restricted to two dimensions and assuming that the sides of the vessel are 
so far away as not to affect the problem 


A' 





<P = 



A 


^ = 0 



z plane 
< 0=00 




.JC 


yjr = 7r 


A' 


vj plane 

0= - >oo -- = 

C 0 = 0 B A 

Fig, 39. 

We shall adopt so far as possible the same notation and lettering as in the 
last article. The boundary stream lines ABC, A'B'C' arc 0=0 and 0 = 7r, 
so that the diagram in the w plane is the same as in the last case If we 
take the same set of corresponding points on the real axis in the t plane as 
before, we have the same diagram in the t plane, and the relation between 
v) and t IS still 

ii?=log L 

The diagram in the Q plane is also the same as before bijt now the line 
IS ^ = 0 and A'B' is 0 = 27r, so in the relation 

12 = (7cosh“^ t + B 
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we have when ^—1, so that 2>=0; 

and Q^2tir when — 1, so that, since cosh*”^ (- l) = i7r, 

we have ^7=2, and ll=2co8h“'^. 

With the origin at B in the z plane (also in the w and 12 planes) we get 
along the free stream line BOj or 

~~s=^<l}—w^\og t, 
where t ranges from 1 to 0 and 

since q=l, id = 12 = 2 cosh t, so that t = cos J d, 
and «=logsec^d. 

Then dj7/<i8= cos 6 and dyids— sin 3 

give .r=sin‘^id — logsec Jd and (d— sin d) 

as the equations for the free stream line BC, 

< r=r— 00 ^^ — 1 tr=:0 (^1 t^ CO 

A' B' C'C B A 

t plane 


B' 


d = 2^ 


CC' 


A' 


^ sa — 1 ^sQO 

t=0 SI plane 

t—i 00 


B 


d-0 
Fig. 40. 


When the two free stream lines BC, B'C ultimately become parallel the 
distance between them is tt, and the value of d being tt, we get y=j7r, so 
that the total distance between the walls AB, A'B' of the opening is 27r and 
the coefficient of contraction is J. This is in agreement with Bordaks theory 
as stated in Art. 61. 


127. Impact of a stream on a lamina. 

We shall suppose the width of the stream to be infinite compared to that 
of the lamina and the lamina to be fixed at right angles to the stream. 

The stream line ^=0 which strikes the lamina at its middle point C 
divides there into the branches CAA\ CBB\ If we take </)=0 at (7, the 
region on the z plane occupied by liquid corresponds to the whole w plane 
regarded as bounded by the double line from the origin to - oo , 
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We may clearly choose a transformation on to the t plane so th^t the 
points A\ Aj Ci B' correspond to ^=*oc, 1, 0, —1, — oo. The relation 
between w and t is then 


for the interior angle of the to polygon is 27r This gives 

w—\At\ since to^O when ^=0 (1). 



B' B C A , A' 

t plane 


B'A’ 


B ^=0 C 

-1 

t^co Cl plane t^O 

A 0SS — »r C 


Fig. 41. 


To get the diagram on the Q plane we have ^=0 along CBj and 6= -- n 
along CA and gsl along BB' and AA\ Hence the diagram must be as 
indiVflted and the relation between Q and t is by Art. 124 (ii) 

dQ_ B 

O-Ccosh-'^-l^ + D. 


or 



138 


DIRECT IMPACT OF A STREAM 


[chap. VI 


But when - 1 the diagram shews that 0=0, therefore i>=0, and 
when ^=1, we have 0 = -zV , but cosh“* ( — l) = i7r, therefore (7= - 1 


Hence 


but 


12= - cosh“^ ( — 1/0 ~ cosh Q (2), 

12 = log therefore t = ^ (3) 


We have now to determine the constant A in equation (1), and its value 
must depend on the width of the lamina 

Along the stream line CB, since d=0 therefore ^^od 

^=- 2^/(1 4-^0, 


which gives 


9 = - 


We take the positive sign in order to make ^ = 0 when ^=0, for the velocity 
must be zero at the point C where the stream line breaks into two branches. 

Again, along CB^ since y/z — O thoiefore and, the velocity 

being wholly along the v axis, 

— ^ = d<f}/da; ^ At dt I dx 


Therefore 


.dt 

At^ ^ ^ - , 

dv t 


dx^ 


AMt 


■ I _ V'l 1 ^2 
If I IS the width of the lamina, this gives 

Jo 

and by writing ^ = sinx we find 


21 


and 


y = - A (1 +J7r), so that A — , 

7r + 4 

ifi 


.(4). 


TT -h4 

Relations (3) and (4) contain the solution of the problem. 

To find the Cartesian equation of the stream line BB' we have 2'=1, 
so that 

z^ = 12= ~cosh”i( — 1/^), or co8 0= -l/t. 


Also 

Again 

therefore 


so that 


r + 4" 

0(/>/0«= —q^ —1, 

I (sec2 ^—1) 

* ’ 


I sec2 6 

77+4 


measuring « from B where ^=0, is the intrinsic equation. 
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Then dx^co^ 3ds^2,l sec B tan BdOKn + 4), 

HO that, taking the origin at U, 

and = sin Bds = 2l sec B tan‘^ BdB^rr + 4), 

whence y = — {sec B tan B — log (sec B + tan B )} . 

TT 4" 4 


128. The same problem with oblique impact. 

We may proceed in the same way, but the stream line that divides is 
not m this case the one that strikes the barrier at its middle point 

We get a similar set of diagrams (see next page) wherein, in this case, 
the points A\ A, (7, B‘ coi respond to^=oo,l, a, —1, — oo, and the relation 
between w and t is 

A \ 

^=.1 («-«), 

or w=\A(t-a'f . (1), 

since ?/;=0 when t — a 

Also for the relation between Q and t we have by Art. 124 (ii) 

dGi C 

dt ~ {t- a) 

or Q = C'co.sh~* — i + Z> 

But when 1, the diagram shews that 12 = 0, therefore 2)=0, and 

when ^=1 we have n= —itt , but cosh”^ ( — l) = 77r, therefore (7= — 1 

Hence 12 = — cosh ” ^ — - , 

t-a ’ 

or ^^=coshQ = i(i’+i'-i) (2). 


Also, if the stream makes an acute angle a with the barrier, the final direction 
of A A' and BB' is given by d= — (tt — a) when «=oo . Hence 
^(7^ -a) = cosh“^a, or a=— cosa. 


Therefore (2) may be written 


t cos a + 1 
t + cos a 


=coshl2=^(f+f-^) 


(3). 


On the barrier from A to C 


from C to B 


Bxs - tt and f ~ l/q^ 
B=0 and 


therefore 


9l±l. 

2q 


t cos a 4- 1 


' ^4-coso 

the upper or lower sign according as t lies between 1 and — cos a or between 
— cos a and - 1. 
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This makes 


la+l ~sm a\/l 

^+cosa * 


the signs being adjusted so that q shall not become infinite when ^ — cos a. 




» ~Q0 



t-sia 

^=1 


B* 


B 

C 

A 

f plane 

A' 


1 

p 

o 

II 

C 



! 

BW 

^*ss —1 

^ % 00 

12 plane 

t-=^a 



> 

\ 

6= — IT 

Pig. 42 




Also along the barrier 

ylr = 0, and <f) = w—iA(t — a)^f 
so that 5 .= + ^=.:F^(<_a)^, 

the upper or lower sign according as we are on OB or CA, since these arc whe 
directions of q, 

A/*. <cosa+l — sin a 

Hence A (< + cos a) -r-= 

dx < + cosa 

— A (#cosa+l+sina\/l — 


and 
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Integrating this and taking the origin at the middle point of AB that 
(=:lj t:, —1 give equal and opposite values for j?, we obtain 

— J^{(^^—l)cosa4-2^ + sma(^v^l sin“i^)} (4) 

If we put e = —1 we get half the width I of the barrier, so that 

^ =-JJ (4 + 7rsintt) (5). 

Hence w + acosa)2/(4 + 7r sina) 

If in (4) we put ^ = — cos a we get for the distance from the middle of the 
barrier to the point where the stream divided 

a;=^A |2 cos a (1 + sin^ ®']’ 

- |2 cos a (1 + sin-* a) + sin a| 1/(4 4- xr sin a) . . . (6) 

Taking = the free stream lines plp = G - ^ ^ and this 

gives the pressure of the ‘dead water’ behind the lamina Therefore the 
difference of the pressures on opposite sides of the lamina at any point is 

The resultant thrust on the lamina is therefore 

Chi 

/ p'd^ = ip\ (l-f)da; 

J J ~ hi 

Chi 

= ip g')g'dj; 

J “"hi 

But +(icosa+l —sina^/l — ^2j^(^ + cosa), 

therefore g"^^—±.{t cos a 4* 1 + sm a Vl — + cos a), 

and qdx^ll^A(t cos a) dt^ 

therefore the thrust 


-“-pAj sin o 

= ^TTpA sin a 
TTpl sin a 
4 + TT Hin a 




( 8 ;. 


For the distance of the centre of pressure fiom the end A, we have that 
the moment of the pressure about the centre 


rhi c¥ 

= J xp'dx — ipj "^q^) dx. 


To reduce this integral we notice that it is the same as (7) if we introduce 
the expiession (6) as a factor, then the substitution ^ = sinx enables us to 
evaluate the integral at once giving as the result ‘^^rrpA'^ sm a cos a. But 
the '■’"hole pressure is ^rrpA sm a, therefore we have for the coordinate of the 
centre of pressure 


cos a— I 


4 4- TT sm a 


on the up-stream side of the middle point. 
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TL..S problem was discussed at length by Lord Rayleigh as the case of an 
elongated blade held vertically in a horizontal stream He obtained results 
(8) and (9) by KirchhofF’s method and gave tables for their values* 

129. A variety of cases have been worked out by Mitchell f, Lovel, Glreen- 
hill§ and other writers H, the method has been extended by HopkinsonlT to 
include the case of sources and vortices in the liquid, and important applica- 
tions of conformal transformation to curved boundaries have been developed 
bj^ Leathern** by the introduction of curve factors into Schwarzian trans- 
formations 


We shall conclude this Chapter with the solution of another example 
A finite stream impinges on an infimte straight harrier, the motion being in 
two dimensions, and the boundaries of the stream being curves of constant 
velocity. Determine the relation between the w plane, and the Q. or ^ plane 
If the undisturbed stream make an angle \ir — a with the barrier, shew that 
the perpendicular drawn from the point on the barrier where the stream divides 
to the asymptote of the stream line though that point is to the breadth of the 
undisturbed stream as 

a cos^ a + sin a cos a log (2 cos a) + 2 cos a tanh ^ ^tan n 


Shew that the resultant pressures on the two parts of the barrier separated by 
this point are in the ratio 7r-|-2a tt -2a (M T il 1910 ) 

Let us suppose that the free stieam hues are = = and let yjr — fi be 

the stream line that divides, and let us take its point of ini}>act with the 
barrier to be the origin in the z plane, the barrier being the i’c.il axis 

The diagram in the w plane consists of the lines yjr^O, yfr — rr and a pait of 
the line = taken twice 

If we take the points A, B, C, D to coi respond to the points oo , 1, - 1, - oo 
on the real axis ol t and call the point 0 t — a, the polygon in the w plane has 
zero angles at —1, 1 and an angle 27r at a, so that the relation between w 
and t IS 


du __ A {t — a) 
dt~^ {t~-l){t + l) 
dw__A{\—a) A (I -ha) 
dt 2(t— 1) 2 (^ + 1) 


( 1 ), 


( 2 ) 


In the w plane, we see that w increases by as t decreases through 1 , and 
by integrating the last relation lound a small semicircle in the t plane with 
the jxunt 1 as centre, as explained in Art 122, we get another expression for 


* Vh\l Mag ii p 430, 1876, oi Papeis, i p 286 
+ ‘ Oil the Theory ot Free Stieam-Lmes,’ Phil Trans A 1890 
XLoc.Lit p 128 ^Eiicyc Bnt. Art Hydiomechanics 

II For a tull bibliography of the subject see Love, Bncyi . des Sc Math iv. 18, 
pp 118 — 122, where an account is given of the recent work of T. Levi- Ci vita, 
M. Brillouin, H. Villat, XJ Cisotti and other writers 

IT ‘ Discontinuous Motion involving sources and vortices,’ Proc. L.M S 1898. 

** PlnL Trans. E. S. Series A, Vol 215, pp. 439 — 487, 1915, and Phil. Mag. 
XXXI. pp. 190 — 197, 1916. 
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the value of the increment in w t decreases through the value 1 He»jco 




r d{.e'^) _ 

Jo 


A(l-a) 


. ITT, putting ^ — 1 = 


and making < 




^• 5 = — 00 ^ — 1 t~a ^ = 1 ^ = 00 


D 

C 

O 

B A 

1 

3 

6=0 

t plane 

O 

AD 

^=1 

t — co 

Q, plane 

t = a 


C 

— TT 


Therefore 


Fig 43. 

/3==Jd (1 -a) TT 

(3) 

Similarly by considering the increment in as ^ decreases through the value 

— 1, we get 



lIT. 
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Therefore rr (l+a) ir 

Whence we get from (3) and (4), 

/3 = ^7r(l-a), and A = l, 
so that (1) may now be written 

dw t — a 

di * 


(4). 


. . (5) 


Again, for the a plane, we have that 

^=0 along OBy and d = - w along 0C\ 
while AB^ CD are free stream lines for which §' = 1, and therefore correspond 
to parts of the imaginary axis. 

P’rom the figure we see that the relation between a and t is 
do. B* 

^ {t — a) \/^ 2 _ 1 ’ 


or on integration 


a « 5 cosh" ' ~ — - -f C 
t~^a 


But 

and 

Hence 
This gives 
and 


a = 0 when ^=1, therefore O — Birr + C, 

— irr when ^ — I, therefore — ^rr = (7. 

at—1 . ^ X ( dz ^ dw\ 

— =-C0ShQ = ^^~ + ^j. 

dw'^ t — a 

dw _ at—\ + Vl —a^sll — 
dz t-— a 


The sign of the radical can be settled by special considerations, thus at 0 
m the z plane, where the stream line divides, t—a and the velocity is zero, 
therefore we must take the + sign m dwjdz and the ~ sign in dzjdw along 
BOC, 


Again on the stream line or ^=0 we assume that 2 '= I so that 

dz /» • /X 

-^=cos^ + »sin 0 . 
dw 

where 0 is the angle that the direction of the velocity makes with Ox Now 
when ^=00 we have 

^ " a ± i V 1 — 
dw 

and by hypothesis for this value of ^ , 

therefore sin a 4- 1 cos a=*a±^\/l — a^, 

whence we conclude that a = sin a and ^he + sign must be taken before the 
radical, so that on the stream line \lr—0 we must write 

dz at — l+t^/l — a^\/t^ — l 
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Hence we have, along BOC^ t<.\ and 
dt~ 

and along AD^ ^ > 1 and 

(it — 1 


( 8 ), 

( 9 ) 


By integrating (8), and remembering that z—0 when ^ = a, we get 
along OB 

^ — +a)log — a) log^ — ^ (.sm“^ t - sin“^ a) ...(10) 

l -j- (Z “ 1 — ct> 


Similarly by integrating (9) we get along A B 

2 = />+ J (1 4-«) log(^4- 1 ) + ^ (a — l)log(i — l) + i \/l -a^log(^ + \/^^ — l) 

(11; 

To determine the constant B we have the fact that in the neighbourhood 
of the point ^ = 1 from (8) or (9) the principal part of 

dz __ a — 1 
^ 2 (t^) ’ 

and, putting t— l = and integrating lound a small semicircle at the point 
^ = 1, we get, for the increment in ^ as < increases through the value 1 
I (« — 1) — ?«*, or ->1^^7^(u — 1) 

Hence if in (10) we put ^s=l — c and in (11) wo imt ^ = 1+# and then make 
6 tend to zero, the latter value of z must exceed the former by — ^?7r (a-l) 

Therefore 

B + i (1+a) log 2 + 4 (a- l)log€ 

or Z> = ilogi-j-£-ialog(l-a2)+\/l— a“(^-sni“’a)-ii7r(«-l) 

Substituting this value in (11) we get for the equations of the stream 
line yj^—O 

«7= Jlog -4« ^og (1 -a^)+ Vl — a^^^-sin“i 

+ 4^ (1 +a) log (^ + 1) + 4 (<^ — 1) log (t— 1), 

(1 — a)+ —a^ log {t+ 1) 

To get the asymptote to this stream line, when t is laige, we may put t for 
t+ \ and t — \ and write 

— sin-^ a^ + aloj;^, 

y — \’^ (1 — a) + \/l — (log 2+log«) 
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On eliminating t we get as the equation of the asymptote 
— a)4-Vl — log 2 

+ — log + Vl - - sin”i . 


If the asymptotes to ^=0 meet the a> axis in 2d, N we get OJV.a^i 

the value of x when y==0 in the last equation, and, substituting sin a for a, 
this gives 

NO — 2 tanh~^ ^tan ^ -f 5»in a log (2 cos a) - cos « ^ tan a (sin a - 1) 

But MN—^seoa, and the required ratio being MO cos a/ir we have for its 
value 

a cos^ a + sin a cos a log (2 cos a) 4* 2 cos a tanh ' ^ ^tan ^ . tt, 
since i3 = j7r(l— a). 


For the pressure on the lamina we take, as in Art 128, the expression* 

ip J(i -?*)*. 

which IS the same as — (^^ | ^ dt, 

d\n at — 1 4 ^ 1 — \ 


where along BOC 


dz 


t^a 


Substituting for ^ and ^ the integral reduces to 


2 Vl ~ or 2 Vl - 


a^sm" t. 


The pressures on 00, OB aie the values of this integral between the limits 
( — 1 and sin a) and (sin a and 1), so that they are in the ratio tt 42a tt — 2a 

We have given the working of this example in all its details as questions 
of this kind often present analytical difficulties to inexperienced students 


EXAMPLES 

1. The irrotational motion in two dimensions of a fluid Iwiiinded by the 
lines y=0, is due to a doublet of strength fx at the origin, the axis of 
the doublet being in the positive direction of the axis of .r. Prove that the 
motion IS given by 

Sketch the stream lines, and show that those points where the fluid is 
moving parallel to the axis of y he on the curve 

cosh ( 7 r^/fe)=»sec (rrylb). (Trinity Coll. 1904 ) 

* This 1., really the difference of the pressures on opposite sides of the lamina, 
on the hypothesis that there is a pressure on the side opposite to the stream equal 
to the pressure on the free stream lines. 
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2 Tjse the transformation to find the stream hues of the motion 

in two dimensions due to a source midway between two infinite parallel 
boundaries. [Assume the liquid drawn off equally by sinks at the ends of 
the region.] If the pressure tends to zero at the ends of the streams, prove 
that the planes are pressed apart with a force which vanes inversely as 
their distance from each other. (M.T. ii 1911 ) 

3. A source is placed midway between two planes whose distance from 
one another is 2a. Find the equation of the stream lines when the motion is 
in two dimensions , and shew that those particles which at an infinite distance 
are distant Ja from one of the boundaries, issued from the source in a direction 
making an angle 7r/4 with it. 


4 Fluid motion is taking place in the part of the plane bounded by 
the real axis and the lines ^=+a and — a, which is due to a source 
at one corner and a sink at the other corner of the strip, each of strength m , 
shew that the motion is given by 


tanh — = tan 
4m 


tts 
4a ’ 


and that the equation of the stream line which leaves the source at the angle 
7r/4 to the sides is 


7r.r , try , 
cos — =:sinh ~ . 
2a 2a 


(Trinity Coll. 1907.) 


5 Prove that by proper adjustment of the constants (a, y, d) the 
assumption 

z — aw+^e^^ + 8, (z—je+ty, 

may be made to give the solution for the two-dimensional motion of a liquid 
in a straight jupe of breadth b, and sides y — ± extending from — oo to 
x = 0, the velocity in the pipe at x= — ao being F, and the pipe opening into 
an otherwise unbounded liquid at rest at infinity. Find the values of these 
constants, assuming that at the point (0, \h) the value of is c^o 

(Trinity Coll 1903 ) 

6. Prove in any manner that the velocity potential and stream function 
of the two-dimensional motion between the walls y = 0, y=7r, due to a source 
of strength m at y^) and an equal sink at (j7q, yo)» are given by 

^ i^^ n^xp {x+iy) - Exp (rQ-H>() )} {Exp {x-^iy) - Exp (^o-^>o)} l 
^ ^ L{Exp (a? + ly) - Exp -I- ?yi)} {Exp (a? + ly) - Exp (a^i - tyi)}j * 

(St John^s Coll.) 

7 . Determine the nature of the fluid motion in the space bounded by 

which IS given by </> + = coth {x 4* iy) ~ (M.T. 1894. ) 

10—2 
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1 

8 In the case of uniplanar efflux from a large vessel with two plane 
sides at right angles and an apertuie in the corner equally inclined to the two 
sides, shew that the coefficient of contraction is 

TV 

TT + 2 — 2 loge (1 + \/2) ’ 

or 737 (MT 1919) 

9 A doublet of strength is placed within a square of side a containing 
fluid, the axis of the doublet lying along a diagonal at the centre The origin 
of coordinates being taken at an end of the other diagonal and the sides of 
the square as axes, verify that 

^ + / {^ + 

satisfies the conditions of the pioblein The modulus of the elliptic function 
IS sm 7r/4, also cn V ( = (Trinity Coll. 1898 ) 

10 Prove that foi liquid circulating ii rotationally under no external 
forces in the part of the plane between two non -intersecting circles, the 
pressure on either of the ciicles is Tvpic'^lc^ where 26 is the distance between 
the limiting points of the circles, and 27rK the cyclic constant of the motion 

(Trinity (.'oil 1898 ) 

11 Shew that the transformations 

■nw 

1 -sec~^^} , t==e 

TV 

where = give the velocity potential and the stream 

function yfr for the flow of a straight river of breadth a running with velocity 
V at right angles to the straight shore of an otherwise unlimited sheet of 
water, into which it flows , the motion being treated as two-dimensional 
Shew that the real axis in the ^-plane corresponds to the whole boundary 
of the liquid. (Umv of London, 1910 ) 

12 What problem is solved by the transfoi mation 

d(v+tY) _ 1 

eft ’ 

<^-|-ii//* = log(^-a), 

where x and y aie the Caitesian coordinates of a point and (f) and yjr the 
potential and current function respectively "I (M T 1891 ) 

13 The sides of a vessel are two planes which extend to infinity m one 
direction The straight lines in the section, made by a plane perpendicular to 
the sides, are inclined at an angle Tv/n , and they are symmetrically situated 
with respect to the line joining those extremities that he in the finite jiart of 
the plane of section Fluid escapes from the orifice, the motion being parallel 
to the plane of section. Shew that the coefficient of contraction is 
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In the case where 7i = 2, shew that the coordinates of any point in thfi free 
stream Iftie may be expressed as 

^=2tanh-i(l + 2 tanh“^ (1 2{(1 + 

y = 7r + 2{(l-f-e‘"h^-(l-e“^®)^}-2tanh-i(l+e“^«)^ + 2tanh-i(l-e"^«)^ 

where the middle stream line is the axis of x, the distance along the free 
stream line from the edge of the nozzle is and the scale of measurement is 
so chosen that the final breadth of the stream is 27 r (M T ii 1895 ) 

14 Interpret the real and imaginary i^arts of the function 

log {dzjdw) — Q 

If d^ldQ=^ze~^^ 

shew that 

Shew that the assumption ij^;=cosh2G gives the solution of a problem ot 
meeting streams, and that the free stream lines make up a four-cusped 
hypocycloid (M T ii 1896.) 

15 Liquid moving in the plane (r, y) escapes from an opening between 

two fixed boundaiics given by ?/=0, ,r<0, and y = h, the part of the 

plane for which y is greater than its value on the fixed boundaries being com- 
pletely filled with liquid which is at rest at infinite distances Find the 
equations of the free stream lines, and prove that the ultimate direction of 
the jet makes with the axis of x an angle a given by the equation 

T — J tan a -I- - sec a -h -- log (tan ia) 

/l “ TT TT 

(MT II 1897 ) 


16 The fixed boundaries of a liquid moving in two dimensions are given 
by y = 0 fi om x=- — Qoto:r = 0 and from r = or to a = oo , together with y—h from 
x^ — CO to V— 00 , jirove that if c denote the ultimate breadth of the jet escaping 
thiough the opening in ^ = 0 from a = 0 to x = a, c is given by the i elation 


c /26 r \ , 26-pc 


and shew that if ^< = 6 the latio of contraction is approximately 4/7 

(M.T II 1900) 


17. Discuss the case of a single source on one side of an obstructing line 
of finite length, when the peipendicular from the source to the line bisects 
the line, and prove that when the plane of motion bounded by the obstructing 
lyie and the fi*oe stream lines is conformally represented in the portion of the 
plane of an auxiliary variable t which is above the real axis, the functions w 
and 12 are giv^en by equations of the forms 

dw sin^ do. .J 11 1 

~dt 'dt “ it 

Also shew how to obtain equations connecting the length of the obstructing 
line, the distance of the source from it, the strength of the source, and the 
velocity along the free stream hues (M T. II 1901 ) 
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13. Prove that the formula 

dz 1 1 + — ^ 2 ) 

dw^ u^a * u^a ’ 

where w = e«’, represents (in two dimensions) the efflux of liquid by a Borda’s 
mouthpiece (inward pointing tube) from the base of a cylindrical vessel, the 
vessel and the tube being coaxial, and the aperture of the tube at a distance 
from the base 

Prove that the coefficient of contraction is equal to 

where n is the ratio of the breadth of the vessel to that of the tube. 

Verify this result from first principles. (M.T. ii 1902 ) 

19 Shew that, with the usual notation, the substitution 

w — A log Zi-]rB log (23 + X), 
where are appropriate constants and 

23 = [cosh (logC)} 2 , 

gives the flow from a rectangular vessel with two infinite parallel sides and an 
aperture midway in the third side 

Deduce from this the solution foi the two cases ( 1 ) flow past a fixed 
obstacle set perpendicular to an infinite stream, ( 2 ) flow through an aperture 
in an infinite plane wall. (M T. Ii. 1906 ) 

20 Exemplify the treatment of problems in discontinuous two-dimensional 
liquid motion by investigating the case of a stream whose breadth and velocity 
at infinity are a and V respectively, whose couise is disturbed by a sym- 
metrically placed transverse straight barrier of length h Shew that the force 
necessary to keep the hairier in position is 

pa F 2 (i - sin a), 

where bja = 1 - sin a -1- — cos a log (cot^ Ja) (M T. II. 1905.) 


21 If a stream of infinite width is obstructed by a lamina with an 
elevated rim placed transversely, shew that the mean pressure on the 
lamina is 


irpV^ 
4-f- 


r2 r 8-f-47r-f27r2 _ » 


(4-1- tt) 

where V is the velocity on the free stream lines, and e is the ratio of the 
height of the rim to the breadth of the lamina, and higher powers of € 
are neglected (Love ) 


22 Water escapes, under pressure, from the plane wall of a vessel, by 
means of a large number of parallel, equal, and equidistant slits The 
breadth of each slit is a, and the distance between the centres of consecutive 
slits IS b. Prove that the final breadth c of each issuing jet is given by 
the equation 


tan- 

C TT \c bj 


b' 


Calculate the mean pressure on the wall, having given the velocity v 
of the issuing jets (M T ii 19o7 ) 
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IRROTATIONAL MOTION IN THREE DIMENSIONS 

130 It is our purpose now to consider certain special forms 
of solution of the ecpiation 

dx^ 0^2 dz^ 

We do not propose to enter into a general discussion ot spherical 
and other harmonics such as may be found in many text-books on 
pure and applied mathematics, and we shall only have occasion to 
assume an elementary knowledge of these functions. 

131. Motion of a sphere through a liquid at rest at 
infinity. 

If the centre of the sphere be moving along a straight line 
with velocity F, the motion of the liquid will be symmetrical 
about this line, and Laplace's equation takes the form* 



A solution of this equation is known to be 

= ( 2 ), 

where Pn is Legendre’s coefficient of order n. 


* This may be obtained directly by considering the flow of liquid across the faces 
of the polar element of volume i bin d dr dff dw The gain of liquid in the element 
due to the flow in the direction of r is 

~ sin B dB du)\ dr, 

dr \dr / 

and the gain due to the flow in the direction perpendicular to r is 

rl«(raV““® 

But the total gam in the element is zero, 


therefore 
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In our special problem if we suppose the centre of the sphere 
to be passing through the origin we have to satisfy boundary 
conditions 

— = normal velocity = V cos 0 (S), 

when ?' IS equal to a, the radius of the sphere, and 

— = 0, at infinity (4) 

From (4) it is cleai* that the solution lor </> cannot contain 
positive powers of r, and (3) suggests that we shall take * 

cos 6 (5) 

as the particular fomi of (2) to suit our conditions, since Pi — cos 0, 
Substituting from (5) in (3) wo find that 

^ cos ^ = F cos 6. 

for all values of 0, so that B = JFal 

Hence the velocity potential is given by 
</> = J Va*7'~^ cos 0, 

To find the lines of flow, at the instant the centre of the sphere 
IS paKSsing through the origin, we have 

dr __ rd0 
d<f>jd7' d^lrd0 ’ 
di rd0 

or = 

cos 0 \ sin 0 ' 

so that the equation of the lines of flow is 

r= Csin-*^. 


* The student who is unacquainted with the properties of Legendre's coefficients 
may proceed thus The condition (3) suggests that we should tiy to find a solution 
of (1) of the form {r) cos 0. We get on substitution 



2 /-= 0 , 




of which the solution is 


/=Ar+ 


B 


On account of condition (4) we reject the solution A'l and proceed as above with 

<f> = Br~^ cos 0 
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132. liiquid streaming past a fixed sphere. 

If we suppose the sphere to be fixed and the liquid to have a 
general velocity F, we can obtain the velocity potential from the 
last case considered by superposing a velocity — F on the sphere 
and the liquid This adds a term F^, or Fr cos to the velocity 
potential, so that now 

^ = Fr cos ^ ^ Fa® cos 6. 

For the stream lines we have 


dr rdO 



or 

therefore 

This equation gives, foi either this pioblem or the last, the lines 
of flow relative to the sphere 


— 2 cot 6 d6 = 


2r® + a® 
7’® — a® 


’=C 


3r‘^ 

r® — a® 


- -I dr, 


r* — a® 


133. Equations of motion of a sphere. 

Reverting to the case of a sphere moving in a liquid at rest at 
infinity, we have to calculate the forces acting on the sphere owing 
to the presence of the liquid If the extianeous forces have a 
potential fi and act on the sphere and the liquid alike, theii 
resultant effect is, from Hydrostatical considerations, a force equal 
to the difference between the forces exerted on the sphere and the 
liquid displaced, i.e if c, p are the densities of the sphere and the 
liquid, the resultant extraneous force is {<r~-p)l<T times what it 
would be if the liquid were not present Omitting the extraneous 
forces, the piessuie is to be found fiom the equation 


p 



• (1). 


Now in the expression ^Fa®r~®cos 0 the origin is at the centre 
of the sphere which moves with velocity F, whereas d(f>/dt is the 
rate of increase of at a fixed point of space. Hence (see Art. 98) 


_ 1 dV 


a® cos 6 — 


Fa* ^dr Fa® ^dd 

-- cos 6 —IT sin ^ , 

dt ^ r- dt 
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whe^e in consequence of the motion of the centre of the sphere 

dr A j dO 7sin0 

- - =s — K cos 0y and -7- = 

dt dt r 



Therefore 


and 




7' 

7* a® 


^ (3cos2(9-l), 
(3 cos2^+l). 


\drj vrdt// 7” 

The resultant force on the sphere m the direction of motion 
obtained by resolving the pressure on an annular element of 
surface is then 

~ I pcosO .27ra^sin0d0y 
J 0 

and on the surface of the sphere 

^ = JF’(^)+^^^acos^-h J7^(9 cos- ^ — 5), 
so that the resultant force is 


.( 2 ), 


1 n^fdV 

where M' is the mass of liquid displaced by the sphere. 

Hence, if M denote the mass of the sphere, the equation of 
motion is 
d 
dt 


jjjdV _ 1 dV or — p (extraneous force if no liquid were 

^ ^ dt a 


lijdV 

or M = 


M 


present), 

cr — p (extraneous force if no liquid were 
present), 


""ilf+ii/'* <7 

that is 

dV __ 

dt (7 4 -^/ 0 ' 

Hence the .vhole effect of the presence of the liquid is to reduce 
the extraneous forces in the ratio <7 — p • <7 + ^ p. 


M ~ (extraneous force if no liquid were present). 
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Result (2) implies that if the sphere were to move with uniform 
velocity, the resultant pressure set up by the motion or the resist- 
ance to motion would be zero. This is contrary to experience and 
it is to be noted in connection with this and other similar ano- 
malies that the analysis in this Chapter and the following is based 
on the hypothesis of the continuity of the liquid motion The 
hypothesis of a surface of discontinuity, as in the last Chapter, 
separating from the rest of the liquid a region of ‘dead water’ 
behind the moving solid, would lead to a different result. Much 
has been written on this subject by continental writers*, but the 
appropriate analysis for three-dimensional problems has yet to be 
investigated. 

134 We notice that if the sphere be moving with uniform 
velocity F, and 11 denote the limiting value of the pressure at an 
infinitely great distance from the sphere, the pressure at any 
point on the surface is given by 

p=:n— JpF2(5 — 9 cos*-* 0)y 

so that the pressure will be negative at some points of the sphere 
unless n >|/oF-. 

135 . We may also obtain result (2) of Art. 133 from the 
piinciple of energy. From Art. 87 the kinetic energy of the 
liquid IS given by 

integrated over the sphere So in this case 

T=^p f \aV cos 6 . V cos 6 . 27ra^ sin 0 dd 
Jo 

= j7rpa«F^ = iil/'F^ 

Therefore the effect of the liquid is to increase the inertia of 
the sphere by half the mass of liquid displaced And if X denote 
the force parallel to the axis of on 

^ (^A/F^ -f = rate at which work is being done 

-XV; 

* On this subject the reader may consult papers by T Levi-Civita in the Rendi- 
conti della Ji. Accademia dei Lincei, Sene V, Vol. x. (1901), pp. 3 — 9, and in the 
Rendiconti del Circolo Matematico di Palermo, T xxiii. (1906), pp. 1 — 37 Also a 
paper by U. Cisotti in the Atti della Societh Italiana per il Progresso della Scienze, 
1912, which contains a full bibhogi aphy up to that date. See also EncycL des Sc 
Mi th IV. 18 , the footnote on pp. 126, 127 ante ; and Lamb’s HydrodyiiamiLS, p 98. 
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SO that 

or 


/IV 


M^^X. 

at 


dt 


dt ’ 


so that the pressure of the liquid apart from any extraneous force 
acting on it, is equivalent to a force ^M'dVjdt opposing the 
motion. 


136. Sphere projected in a liquid under gravity. 

As an example let us suppose the extraneous force to be 
gravity. Since theie is no horizontal component of extraneous 
force the horizontal velocity is constant, and as in Art 133 the 
vertical motion is the same as if the sphere moved in vacuo and 
gravity were reduced in the ratio cr — p o- + ^p. Consequently the 
centre of the sphere describes a parabola of latus rectum 

2o- -f- p 
<T-p g ' 

where U denotes the horizontal velocity. 


137 Concentric spheres. Initial motion. 

Let there be a sphere of radius a surrounded by a concentric 
sphere of radius 6, the intervening space being filled with liquid 
The methods that we have already used will enable us to determine 
the velocity potential of the initial motion when, say, a given 
velocity is imparted to either of the spheres, or a given impulse is 
ajiplied to one of the spheres while the other is held fixed, or is 
free to move. 

Suppose the inner sphere receives a velocity Y, the outer being 
fixed. 


The boundary conditions are 


and 


— = V cos B when r — a, 
dr 

— ^ z=: 0 when r = 6. 
dr 

B\ 


Assume that q- — ^ cos 6, 

then we get — A + — ~ F, and — A + =0. 
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If M be the mass of the sphere and / the impulse necessary to 
produce the velocity V, we have 

MV=I-\\pcosddS, 

where p — p<^ denotes the impulsive pressure of the liquid There- 
fore 

MV=I-^-^ (a + fcos^ e 27 ra’sin BdO 

_ T _ ^TTpa^ (2a^ + b^) V 

If now the radius b of the outer sphere is increased indefinitely, 
we get for the limiting value of the impulse necessary to impart a 
velocity V to the inner spheie 

1= MV TTpa^V, 

or I=^{M + \M')V 

Comparing this result with Art. 133 we see that the impulse 
necessary to produce the velocity V is the same whether we regard 
the liquid as extending to infinity and afc rest there, or whether we 
suppose it to be enclosed by a fixed spherical envelope of infinite 
radius 

If we calculate the impulsive pressure on the outer sphere, in 
like manner, we get 

2irpa^b'^VI(Jy^ — a% 

which tends to the finite limit 2Trpa^V, as h tends to infinity. 

It can also be shewn by simple calculation that the total 
momentum of the liquid in the direction of the impulse is — ^irpa^V, 
whatever be the ladius of the outei spheie, and thus we have a 
verification of the dynamical principle that the impulse I is equal, 
in every case, to the total momentum in the same diiection of the 
solid and the liquid, together with the impulsive pressure on the 
surrounding sphere 

138. Stokeses Current Function. Motion symmetrical 
about an axis^ the lines of motion being in planes passing 
through the axis. 

Let the axis of symmetry be the axis of x and let «■ (== ^/^^ + 
denote distance from the axis Let w, v denote comjionents of 
velocity in the directions of x and «r. 
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Then the equatioji of continuity may be got by equating to zero 
the flow out of the annular space obtained by revolving a small 
rectangle d'crdx round the axis. The total flow out parallel to x is 
0 

(u2Trinrdtsr)dx, and parallel to cr, the total flow out is 

0 

^ — (v^TT'GTdx) dm, 

dm 

so by equating the sum to zero we get for the equation of con- 
tinuity 

— {urn) 4- ^ {vm) = 0. 
ox ^ dm ^ 

This IS however the condition that 
vmdx’^umdm 

may be an exact differential, and, if we denote this by dy^r, we get 

10^ I dyjr 

^ ^ 

m cm m dx 

This function ^ is called Stokes's Stream Function 
Since the stream lines are given by 
dxlu^dmjv, 

or m {vdx’-udm)^ 0, 

that IS by d\lr = 0, it follows that the equation 

ifr = constant 

represents the stream lines 

A property of Stokes’s stream function is that 27r times the 
difference of its values at two points in the same meiidian plane 
IS equal to the flow across the annular surface obtained by the 
revolution round the axis of a curve joining the points. For if ds 
be an element of the curve and ^ its inclination to the axis, the 
flow outwards across the surface of revolution 

= J (r cos ^ — -w sin 0 ) . 2irmds 
= 27r J dy^ = 27r (y[rs — yjri), 

* See Stokes’s paper ‘On the Steady Motion of Incompressible Fluids,’ Trans. 
Camb Phil. Soc. vn. p. 439, or Math* and Phys. Papers, i. p. 12. 
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We might also define the value of Stokes's stream function at 
any point P as l/27r of the amount of flow across a surface got by 
revolving a curve AP round the axis, A being a fixed point in the 
meridian plane through P; for this makes 


1 

^ {v cos 6 sin 6 ) . 277 tsrds 

ZTT f A 

= f (v'cjdx — uxsrdm). 

J A 


And by varying the position of P, we get as before 


10^ , 1 0>|r 

w = ^ - and v = — ~ , 

w oxar TiT ox 


Also it IS easily seen that the velocity from right to left in the 
sense indicated in Art. 39 across any arc ds is d-^l^ds. 


139. When the motion is irrotational, we have the condition 

— 0 

0S 


which leads to 


^ 1 dyfr 
~dx^ atsr- 'ey 0tar 


( 1 ) 


Also, assuming that ii = — 0<^/0^ and v = — d<f>ld't!T, we get from 
the equation of continuity 


d^<t) I d4) ^ 

dx^ 007 - 07 007 


( 2 ). 


Equations (1) and (2) shew that and yjr are not interchange- 
able in the way that applied to the velocity potential and stream 
function of two-dimensional irrotational motions 


The corresponding equations in polar cooidinates (?•, 6) are 
frequently more useful than equations (1) and (2). If we take 
u, V to be the velocities in the directions of dr and rdd, then, since 
07 = r sin ^ and remembering that the velocity from right to left 
across ds is 0>/r/o70s, we get 

1 0*^^ 

^ r sin 0 rdd ’ 


and 


1 dyjr 
r sin 0 dr * 
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But in irrotational motion 


therefore 
Hence 
that IS 


, dd> 

Tr " = 


1 dy[r __d</> j 1 dyjr _ d<l) 

sin 6 dd dr sin 6 dr ^ dd ' 

d f 1 0\/r\ ^ d^ff} __ 0/1 0'\/r\ 

d0 Vr^sin 0 dff) dOdr dr Vsin 6 dr)' 

^ '^oeKsinedej 


or, putting cos 6 — 




d^yfr 


= " 


(3). 


(4) 



Fig 45. 


From the equation of continuity m polar coordinates, Art 11 (1 ), 
we get the equation for <^, 



remembering that in this case <f) is a function of r and 6 only. 

The latter is of course a form of Laplace’s equation and has 
solutions of the forms 

r’' Pn {fJi) and P„ (ya) 

Again from (3) we have 

^ ^ or (n + 1) r~^ P^ (6), 




dr 


0/x 


0/a 


or (1 — fP) r" 


n-.^Pn 

dfJL 


...(7). 


and 
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The last equation gives, on integration, as possible solutions 
for yjr, 

^ = or (1 - ^ 8-P« 

^ 7i 4- 1 d/uL n r*' 0 /a ^ 

it being easy to verify, by the help of Legendre’s equation, that 
these forms also satisfy (equation (6). 

140. Applications. Solids of revolution moving along 
their axes in an infinite mass of liquid. 

If U IS the velocity along the axis of x and ds an element of 
the meridian ciiive, the noirnal velocity at any point is 

— Ud'GTjdfi oi — Ud (r sin 6)lds , 

and the normal velocity of the liquid in contact witli th(' suiface 
is dyjrlwds oi 0i/r/rsin 6ds Therefore 

dyjr = — Ur sin 6d (r sin d), 

oi i/r = — J sin-* ^ H- const (1), 

is the boundary condition. 

We also have that has to satisfy the equation 

4- (1 — /A=) = 0, where /a = cos Oy 

and wo have seen that this equation has solutions of the types 

and 

?i 4- 1 OfJi^ ni ^ 0/A 

The simplest case is that of a spheie of radius a 
Taking n = \, we have a solution of the form 
= (1 

then at the boundary we must have 

A (1 - ^Jlr)|a^-lUa^{l -/a«) + C’ 
for all values of /a This requires that 
(7=0 and ^= — 

(7tt® sin^ 9 


Therefore 

But we know that 


= — i 




Ua’^ 

r^' 


R. H 


11 
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Therefore 

and 


TId' 

^ ^ cos 6, as in Art. 181. 


141. Example As a further example we may take the following — 
A solid whose external boundary is = a'^fi^ a* cos 6 is moved along the axis of 
X with velocity U in an infinitely evtended liquid Shew that the motion set up 
in the liquid is given by the velocity potential <;& = J(3/x2— i) Ua^jr^ 

(M.T 1906.) 

The form to be taken for tlie stream function here is 

, Al--p^)vP, , „ 3/z2-l 

whore . 

Substituting in the boundary condition (1), Art 140, we have that, when 

r* = aV, 

^ (L- 1^) 3/*^ - ^^) + C 

for all values of /*. Therefore C=:0 and A = — JUa"*. 


Hence 

11 

1 

05 

< 

But 


so that 



142. Values of Stokes’s Stream Function in simple 
cases. 

(1) A simple source on the axis of x. 

Here, from Art. 45, we have = m/r ; but 

dyfr d<f> 

^ == 771. 

dp or 

Therefore ^{r = mp = m cos 6 or nix/r^ 

(2) A doublet along the axis of x. 

Here, from Art. 46, we have <f) = M cos Ojr ^ , but 
- r'l _ „n = ( 1 - Ip) M 

dr ^ r* 


Therefore 




Af sin^ 0 
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(3) A uniform line source along the axis. 

If m is the strength per unit length and the source extends 
from 0 to A, we have, at any point P(f, 77 ), 


yfr= I 


^ m (f — x) dx 

mco3aax= ,r/*^ „ 

= m + v‘) - V(f-~OA’‘ + v^)} 

= m(0P-^P). 



We might also obtain result (2) by differentiating result (1). 
Thus for a simple source r// = mx/r, therefore for a doublet 

, 0 /mx\ , 

, /I x'^\ M3ir)?0 

= — mdx[ ) = 

\r r^J r 

And result (1) might be obtained by considering the flow across a 
circular area whose centre is on the axis and plane perpendicular 
to the axis. By definition, taken from right to left, the flow is 
27 rylr, and it is also m times the solid angle that the circle subtends 
at the source, so that having regard to sign 

2iry\r = — 27rm (1 — COS ^), 
or omitting a c<mstant, yjr = m cos 0. 


143. A comparison of the stream functions or the velocity 


potentials due to the motion of 
a sphere with those produced 
by a doublet in an infinite mass 
of liquid, shews that a sphere of 
radius a moving with velocity 
U produces the same effect as 
a doublet of strength ^JJa^ at 
its centre. We can now deduce 
the stream lines for a sphere in 



Fig. 47. 


the presence of a doublet. For 
11—2 
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if wc take two doublets of strengths M and JIf ' at points Ay on 
the axis of x with their axes directed towards one another, we have 
, Msin^e iif'sin^^' 

= - -l- - — . 

^ r r 

Hence on the stream line -i/r = 0 

^ M r _ 

M' r'~\M') • 

This represents a sphere with regard to which Ay A' are inverse 
points. This sphere may bo taken as a solid boundary, and thus 
we get the stream lines due to a doublet in the presence of a solid 
sphere. The image is another doublet at the inverse point, such 
that if 0 is the centre and a the radius of the sphere 


M 

M' 


/rV _ OA^ _ 


(Cf. Art 58.) 


144 Ellipsoidal Boundaries. Motion of liquid inside 
a rotating ellipsoidal shell. 

Yiot x^ja^ + y^jb^ z^jc^ ~1 be the equation of the surface and 
(tfa;, <Oyy (Oz the components of the angular velocity, refeiied to axes 
fixed in space and coincident with the axes of the ellipsoid at the 
instant considered. 

The component linear velocities of a point (.r, y, z) of the shell 
are z(Oy — y(OzyX(Oz — Z(i)x,y(i^x^^f>i>yi and the direction cosines of 
the normal are pxja^y pylb^y pzjc^. Hence if <f> be the vtdocity 
potential of the liquid motion the boundary condition is 

X d<l> y d<l> z d<f) 
a^ dx 6 - dy dz 

oc z 

= -- {z(Oy - ytOz) + p {x<Oz - za>x) + - xcoy) (1), 

w^here x^ja^ + + z^ld^=l (2). 

To satisfy this assume 

(f) = Ayz + Bzx + Gxy, 

this clearly being a solution of Laplace’s equation. 

The equation (1) then becomes 
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from which we obtain the values of A, B, G, and then* 

& —d^ d? — h^ 

- 6V+ c. ( 3 ). 

Since this result depends only on the mutual ratios of a, h, c and 
not on their absolute magnitudes, it follows that the motion is 
the same in all ellipsoids of the same shape rotating with the 
same angular velocity. 

To find the paths of the particles relative to the ellipsoid. 
Let (f, 77, t) denote the cooidinates of a particle P referred to the 
axes of the ellipsoid, then the velocities of P ref ei red to axes fixed 
in space are f — rjcnz + fco,, and similar expressions 
Therefore 

i ^ 9<^ c'-'-ft- y a^-h^ 

f + ^coy = - 9^ = o>,x + 

01 l=G'‘(7’7-^D'j 

W. 

? = c" - «n)] 


where 


— P 


7 = 


2a>, 

+ 6" ‘ 


Multiply eciuations ( 4 ) by a/a^ /^ 9 / 6 ^ 7/0^ add and integrate and 
we get 

OL^ja^ + ^877/6^ + = const . ... ( 5 ). 

Again multiply the same equation by 77/6^ add and 
integrate and we get 


+ 77^6® + f®/c® = const (6). 

The path of the particle therefore lies on the plane ( 5 ) and the 
ellipsoid (6) so that it is an ellipse. 

Again, if wo assume that equations ( 4 ) have solutions of the 
form 

f = 7) = Qe^P\ f = Re^p\ 


we get by substitution and the elimination of P, Q, JR 


- 7 7 


= 0, 


7 7 '^i >/^®7 - a 

-/ 3 , a , ipje^ 


whence 


, /«2 


W ■ 


* This result was published independently by Beltrami, Bjerknes and Maxwell 
in 1873. See Hicks, ‘Report on Recent Progress in Hydrodynamics,’ Brtt. Ass. 
Rep 1882, p 56 
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Hence every particle of fche liquid describes an ellipse relative 
to the ellipsoid, like a particle moving under a law of force varying 
as the distance from a fixed point. And the periodic time for 
each particle is 27r/p, where 


p = 2ahc 


/ ®*/a Y / tojb Y / Yl^ 
■{■<?) Vc** + aV W + by j ■ 


We notice that for a sphere (a =^b^c) 
p = (<Ox‘ + <b/ + co^^)-. 


that is, the period of revolution of the liquid relative to the 
spherical shell is the same as the period of revolution of the shell , 
which means that the liquid is left at rest in space, the shell 
revolving alone*. 


145. Motion of an ellipsoid in an infinite mass of 
liquid. 

Before considering the problem it will be convenient to lecall 
from the Theory of Attractions some solutions of Laplace's equation 
and formulae connected with the ellipsoid. 

If + 3/^/6^ + = 1 equation of the boundary of a 

solid homogeneous ellipsoid of unit density, its potential at an 
external point (xy y, z) is 


V = irahc 



a? \ du 

-{’ll c® + u/ (a^ + u)^ {b^ + (c* + v)^ 


( 1 ), 


where X is the positive root of the equation 


_ I I 1 — Q 

We may write this 

F = TT (8 — — 7-^^) . . . 


where 8 = ahc j ^ , a = abc J 


A = (a- + u)^ (b^ + u)^ (c^ + 


( 2 ). 

(3) , 

(4) , 


* The latte* part of this article is based on a paper of Lord Kelvin’s, ‘ On the 
Motion of a Liquid within an Ellipsoidal Hollow,’ Proc, li, Soc, Edin. xiii. 1885, 
p 370, or Math, and Phys. Papersy iv p 196 
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The potential at an internal point is a similar expression with 
\ put equal to zero, and, with a similar notation, may be denoted 
by 

F„ = TT (So - Koar* - /Soy’ - yo^) (5), 

where So, Gq, ySo, 7o denote what S, a, y become when we put 

\ = 0. 

The components of attraction at an external point are X, F, Z, 
where 

-A = — — Jt7rCUl> +• 7 ^ ^ . 

dJ' oX ox 

But dVjdX = 0 in virtue of equation (2), therefore 

X = — 27rax, Y= — X = — ^iryz (G), 

where it is to be remembered that cr, yS, 7 are not constants but 
functions of X or x, z 

We know that V is a solution of Laplace’s equation and 
therefore also so are X, F, Z 

Now consider an ellipsoid moving with velocity U in the 
direction of the x axis The boundary condition is 


X d<j> y d<l> z d<j> ^ 


U- 


a- dx Ir dy c- dz 
over the ellipsoid, i e whore X—0, 

Let us try to satisfy this by the assumption 

<t> = AX, 


( 7 ) 


We have 
but when X = 0, 


dx 


— — 


( 0a 0\\ 


0a _ 1 

and from (2), by differentiating with regard to x. 






2x dx f x^ 

uF^ X ~ Tx V(a7+X)* (6“ + xy (c* + \)“ 

dx __ 2p^x 

dx q- A ’ 

1 *11 2'p^y j 0X 2p-z 

and similarly ^ , and ^ . 




or 


Hence when X = 0, 
00 
dx 


= — 27r^ 
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Similarly 




Therefore, substituting in ( 7 ) we get 

( a- \a* b* c/*J) re® 

Hence <f> — (8) 

gives the velocity potential of the liquid motion* 

If the ellipsoid have a velocity of which U, V, W are the com- 
poncuits parallel to the axes, the velocity potential will be 

^ 2~a,'^2~.)eo^2~7o* 

146 Bllipsoid rotating^ in an infinite mass of liquid. 

Let the ellipsoid turn about the axis of x with angular 
velocity (Ox. 

The component velocities of any point of the ellipsoid are then 
0, — Z(Oxt y^x> so that, with the notation of the last article, the 
boundary condition is 

xd 4 > yd^ zd<f>_ /I 1\ 

a?dx h^dy c- dz (c- hv ’ 

where X = 0 . 

To find a solution of Laplace s equation that will satisfy this 
condition, assume 

(f> = G {yZ — zY), 

This makes = 2(7 -- 

^ \dy dzj 

\dydz dzdy)^ ^ 

and taking <jf) = — ^irCyz (7 — ^8) (2), 


* This result was first given by Green in his paper ‘ Eesearches on the vibration 
of pendulums in fiuid media,’ Tiam. R S.E, 1833, or Math. Papeib, p. 315. 
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find substituting in (1) we get 

and reducing this as in the last article, wo get, when \= 0, 

2^ {<7. - A) (i + i) + 2 Q, - ^ )t - (j - s) • 


Therefore 


^=- 


ca^(ff-y)yz 

* 4 - 

2 + 6.!-J-i(^o-7o) 


is the required velocity iiotential*, where 


— ry = abc (c^ — 6-) 


X being the positive root at 


^ (a- + w)- (6^ + u)^ (c- + u)“ 


x- y- z- - 

d' -+■ A, l)“ c~ + X 

If the ellipsoid have angular velocities co^, coy, a>z about the 
axes of X, y, z, the velocity potential will be 

ft?a> {& — 7) yz cD,f (7 -- a ) zx ( M>z (g — xy 




¥ -f- c- 


4 - ¥ , 




147. Spheroids. 

For a prolate spheioid 6 = c < a, we have 

7 0 r 

OL — a¥ / — . j 

^ ^ (a- + a)- {¥ + u) 

and putting a” + ?< = (a^ — ¥) v^, we get 


2a¥ r* dv 

a= . ~ , 

(a^ — 6“)- ' *' (v- — 1) 


where + X = (a- — ¥) v“ » 

Therefore o = ^ f ^ log - 1 - • • • • 

° z; — 1 i/y 

where e is the eccentricity of the generating ellipse. 


This result is due to Clebsch, see Cielle, liiu. p. 287. 



170 


SPHEROIDS 


[CHAP, vir 


Also 


^-,y=a 6 »r- 


du 

2(1- e») r dv 

j, 


(l—e^)/v j , 1 / 4 - 1 \ 

(; 73 T-i*»S,_l) ( 2 ) 


In this case p= 1/e', where e' is the eccentricity of the 
generating ellipse of the confocal spheroid through the external 
point considered. 

For an oblate spheroid a = h>Cy we have 

^ (a^ + uy (c^ 4- uy 

and putting c- 4- = (ct" — c^) xF we get 

_ 2a^c /*" dv 

a = ^= 

where c** 4- = (a- — C“) 

(1-e-y 


Therefore 

Also 


a = y8 = 


(1 + 

cot~^ V ■ 


z^^ 4 -l 

« du 

fy=C/-C j 

^ + iO ( 6 *^ 4 - w)‘*^ 

= r ^ 

(a* — (1 4 - v-) 


( 3 ). 


.( 4 ). 


In this case p is (1 where e' has the same meaning as 

above. 

Hence for an oblate spheroid moving along the axis with 
velocity W, we have 

. ^ Wyz 
^ 2 — 7/ 

where 7 has the value given by ( 4 ), and 70 is the value when 
X = 0, or when z; = (1 — ^)ife Hence 

^ Wz(l-e^)i I'l \ 

* 7-^^ TtU-”' ”) 

T 1 /> I 


Wz 


c 


- — sin^^e 


= [ cot ^1/ ) 

sin”^e — e (1 — e^) ^ ^ 


) 
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As a special case we may take c — 0 or e = 1, and we get for the 
case of a circular disc moving at right angles to its plane 

, 2Wz/l . , \ 

In this case aV = \ and X is the positive root of 

+ 

On the disc itself 2=^0 and X = 0, so that v = 0, but <f> has a 
definite value, for we may write 


so that 


ow 1 

(f> — ± (a^ — 00^ — 


taking the + or — sign on opposite sides of the disc. The normal 
velocity is ± W, hence for the kinetic energy of the liquid we have 

T 




J 0 


27r'oyd'C3r 


== 5 pci^ W^, 

We observe that, as is usual in such cases, the theory loads to 
infinite velocity of the liquid at the edge of the disc. 

148 Reverting to the case of an ellipsoid moving along one 
of its axes (Art. 145), we have 

UCLX 

and the kinetic energy of the liquid is given by 




But on the surface of the ellipsoid the normal velocity = ZtT, where 
(I, m, n) are the direction cosines of the normal. Therefore 

^ ^ (Xn f f w j a 




and this integral is clearly the volume of the ellipsoid, so that 
T=i^^^^.i7rpabcU\ 
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or there is an effective increase in the inertia of the ellipsoid due 
to the presence of the liquid equal to ao/(2—ao) mass of 

liquid displaced. 

We shall now shew how the foregoing problems of liquid 
motion with ellipsoidal boundaries may be treated by a trans- 
formation of coordinates. 


149. Laplace^s Equation in Orthoi^onal Curvilinear 
Coordinates. 

Let X = const , /x. = const , v = const, 

be three families of surfaces that cut one another orthogonally at 
all their points of intei section, X, /a, v denoting functions of rect- 
angular coordinates j, y, 

Let OABCD be a small curvilinear parallelepiped bounded by 
such surfaces, the opposite faces BO, 

AD corresponding to X and X + S\, 
and so on, and the edges OA, OB, 00 
being of lengths 

If the cooidinates of 0 are x, y, z 
those of A are 

2/+aisx, 


C 



Hence the direction cosines of the normal to the surface 

0^ 0?y 0<2^ 

X = const, are proportional to ^ and their values aie 

dX dX oX 

('•' al ■ '*■ a • aO - I- - {^y + (1)’ + (0- 

A,» 

so that Ssi = BX/hi and similarly Ss^ = 


Now if ^ is the velocity potential of a liquid motion the 
total flow of liquid outwards across the surface of the parallele- 
piped IS by Art 77 (i) — times the volume, and we get from 
the pair of faces BG, AD a contribution 


0 /d(f> 

dsi \05i 



Bsi or 


0 / hi 0^ 

0X \hji^ 0X 
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SO that by adding similar terms we have 




d\ \h 2 h 3 dx) dfjL vAg/^i dfi) dv \hji^ dv) 


150. Confocal Conicoids. 


The equation 




V 

6=' + ^' 


2 i^ 

c^ + 6 


- 1=0 


( 1 ) 


repiesents a family of confocal conicoids, of which three cutting 
orthogonally pass through each point of space. If X, fi, v are the 
three roots of the ecjuation regarded as a cubic in 0 y and we 
assume that <t>h> c, we know that 


00 > X > — o'* > ya > — 6 ^ > 1/ > — 

and that X, fju, v correspond respectively to an ellipsoid, hyperboloid 
of one shc(‘t, and hyperboloid of two sheets 


Hence we have 


4^6 h -40 c ^4 0 {a^ + 0 ) {b^ + 0 ) (c- + 0 ) ’ 

an identity for all values of 0 . 

If we multiply by a- 4- ^ and then put ^ = — a-, wo get 
(a- 4- A) (a^ 4- ya) {a^ 4- v)^ 


.( 2 ), 


(a-* — h^) (a- — c^) 

, _(h^ + X) {¥ 4- ya) (6- 4- v) 

, (c^ + \) (c^ + fi) (c‘ + v) 

^ (c‘‘-a-)(c^-b‘) 

By differentiating logarithmically we get 


Similarly 

and 


■ 


dx 

dX' 


X ^2/ __ 1 y 1 ^ 

^ 0^4 X' dX^^¥4X' a\“”^c"4-X 


therefore 




a?‘ if 

{a? + Xf (6“ ■+ Xf {c- + \y 


...(3). 


(4), 

..(5). 


Hence — 2 p^, similarly = 2/i2, and = 2jPj, where pi, P 2 , Ps 
are the central perpendiculars on the tangent planv^s to the 
ellipsoid and hyperboloids. 
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Again by differentiating (2) with regard to 6 and then putting 
^ \ we get 


(\ — /i) (X — i^) 


therefore 

Similarly 

and 


.( 6 ). 


4 __ (X — /Lt) (X — I/) ^ 

V "" + X) (c" + X) 

4 ^ (/i, - y) - X) 1 

(a--f At)(6^ + /A)(c- + M) I 
4 ^ (i; — X) (i/ — - /a) 

^ “■ (a^ i/) (c^ -hj/) 

In terms of these parameters X, /ll, v it follows that Laplace s 
equation takes the form 

V^<^ = 


(/t -v){y- X) (X - //,) 

X S (/i - 1 /) |(a=‘ + X)^E (h^ + \)i (c» + X)^ = (7). 

161. We can now find solutions of the last equation and give 
hydrodynamical interpretations to them 
An obvious solution is 

</,= r 

J ^ (a^ + (l)^ -I- u)i (c“ 4- 

and by assuming the existence of solutions of the form 

<^ = a;x(X), 

and </) = yzx (X), 

it is easy to shew that there are solutions of the form 

du 

^ ^ (a^ + u) ^ (6* + u)i (c® 4 u)^ 
du 

(a® 4 u)^ (6® 4 u)i (c® 4 u)^ 

The last two correspond to the translation and rotation of an 
ellipsoid and give the same results as were obtained in Arts. 145, 
14G, the boundary conditions in this notation being 

dd) j-T doo 


and 


*-”11 
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for the two cases. For the details of the work we refer the reader 
to Lamb’s Hydrodynamics, pp. 147 — 149, from which this investi- 
gation is taken. 


152. Ellipsoid of varying form. 


As we saw in the last article, or as is clear from the theory of 
attractions, 



d\ 

+ \)^ + \)^ (c" + 


( 1 ) 


is a solution of Laplace’s equation It clearly vanishes when 
\ = 00 and it IS constant over confocal ellipsoids, it may therefore 
represent the velocity potential of a liquid motion due to an 
ellipsoid whose surface is changing form Foi the velocity at any 
point being given by 



(a<‘ + X)i(b>‘ + X)i(c‘ + \)i 


( 2 ), 


therefore, on any confocal ellipsoid, the velocity varies as the 
central perpendicular on the tangent plane Hence the conditions 
are satisfied by supposing a boundary ellipsoid to vary so as to 
remain similar to itself keeping its axis fixed in direction. If 
the axes are changing at the rates a, l>, c the general boundary 
condition 


¥ 

dt 


df df 

+ M ^ - + V ^ + W 

9.'c ay 



becomes in this case 


» 1/"* 7 , €7/7/717 17 7/W 


X d<l> y d<f> z d<f> f. 


dx dy c- dz 


.(3). 


But we have 


a b c 

- = , = - = A say, 
a b c ^ 


and on the surface \ = 0, equation (2) becomes ~ ~ ’ 

therefore, if we take Kabc== 2(7, (3) and (2) are the same. 

Another expression for cf) that will satisfy the general boundary 
condition (3) is obviously* 




.( 4 ), 


This result is due to Bjerknes, GotU Nachrichten, 1873, p. 829. 
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and it will satisfy Laplace’s equation if 

5 + f + ?.0 (5). 

a b c 

This then is the velocity potential due to an ellipsoid which 
changes form so that its volume remains constant, for condition 
(5) IS merely the condition that ahc = const 

EXAMPLES 

1. A solid sphere moves through quiescent frictioriless liquid whose 
boundaries are at a distance from it great compared with its radius Prove 
that at each instant the motion in the liquid depends only on the iiosition 
and velocity of the sphere at that instant Prove that the liquid streams 
past the sides of the sphere with half the velocity of the sphere 

(St John’s Coll 1901 ) 

2. An infinite ocean of an incompressible peifect liquid of densit}^ p is 
streaming past a fixed spherical obstacle of ladius a The velocity is umfoirn 
and equal to U except in so far as it is disturbed by the sphere and the pres- 
sure in the liquid at a great distance from the obstacle is n Shew tliat the* 
till list on that half ot the spheie on which the liquid impinges is 

7r</- {n — p 1 01 (Trinity C( >11 1 900 ) 

3. A rigid sphere of radius a is moving in a straight line with velocity 

and acceleration f through an infinite incompressible liquid, prove that the 
resultant fluid piessures over the two hemispheres into which the si>here is 
divided by a diametral plane pcriiendicular to its direction of motion aie 
ILnd^±\Mf— Mu^ja , where n is the jiressure at a gieat distance, *ind M is 
the mass of the fluid disidaced by the spheie (M T ir 1910 ) 

4. A solid sphere is moving through frictionlcss liquid compare the^ 
velocities of slip of the liquid past it at different ports of its surfiice 

Prove that when the sphere is in motion with uniform velocity U, the 
pressure at the part of its surface where the radius makes an angle B with the 
direction of motion is increased on account of the motion by the amount 

(9 cos 2d~ 1), 

where p is the density of the liquid (St John’s Coll. 1898.) 

5. Find the pressure at any ixnnt of a liquid, of infinite extent and at 

rest at a great distance, through which a sphere is moving under no external 
forces with constant velocity and shew that the mean pressure over the 
sphere is m defect of the pressure n at a great distance by Jpi7^, it being 
supposed that n is sufficiently lai’ge for the pressure everywhere to be positive, 
that is, that Xl'>%pU^, (M.T. 1908 ) 
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6. An infinite homogeneous liquid is flowing steadily past a rigid 

lioundary consisting partly of the horizontal plane y—O, aiid partly of a 
hemispherical Loss + = with irrotational motion which tends, at 

a great distance from the origin, to uniform velocity V parallel to the axis 
of z Find the velocity potential and the surfaces of equal pressure 

(St John’s Coll lOGo ) 

7. A stieani of water of great depth is flowing with uniform velocity V 
over a plane level bottom A hemisphere of weight w in water and of radius 

rests with its base on the bottom Prove that the average pressure be- 
tween the base of the hemispheie and the bottom is less than the fluid ])ressuie 
at any point of the bottom at a great distance fiom the hemisphere, if 

r^>32//Vll7ra^p. (M T 1891) 

8. Prove that at a point on .i sphere moving thiougli an infinite IkiukI 
the pressuie is given by the formula 

{p -Po)lp = i ctf cos ^1 + 5 (0 cos2 s - 5), 

wheie r is the velocity, f the acceleration of the sphere, and 6i are the 
angles between the radius and the directions of i\ f respectively, and /?(, is the 
hydrostatic iiressuie (St John’s Coll 1909 ) 


9. When a sphcic of ladius a moves in an infinite liquid shew that the 
piessuro at any iioint exceeds what would be the picssuic if the stJiere were 
at lest by 


3c/‘ 


2, i /■ - h; r, , 0 (“t' * - 


where q is the velocity of the sphere and and /aie the icsolved ]>aits of its 
velocity and acceleration in the direction of / and the density ot the liquid is 
unity (Coll Exam 1894 ) 

10. A sphere of radius n is in motion in fluid, which is at rest tit infinity, 
the pressure there being n , cleteimine the piessuie at any point of the fluid, 
and shew that the piessuie on the fiont hemisxiheie cut off by a plane peiiien- 
dicular to the direction of motion is the lesulbint of pressuies ira^ilL- 
and ^TTpa^f m the diiections respectively opposite to those of the velocity 
tind the acceleiation /, of the centic of the spheue ((^>11 Exam 1910 ) 


11. Pi ove that for liquid contained between two instantaneously con- 
centric spheres, when the outer (radius a) is moving parallel to the axis of ^ 
with velocity h and the iimei (ladius h) is moving paiallel to the axis of y 
with velocity r, the velocity potential is 


V 


' Hju 


(l+|;^,)-<-’«’^'(l+2^)}> 


and fand the kinetic energy 


(St John’s Coll 1898 ) 


12. Liquid of density p fills the space between a solid sphere of radius a 
and density p and a fixed concentric spherical envelope of radius h , prov e 
that the w oik done by an impulse which starts the solid sphere with velocity 
V IS 

'i7rrtn'‘!(2p' + p’^'p) 1896.) 


R H 


12 
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13. The space between two concentric spherical shells of radii a and h 
(a>b) is filled with an incompressible fluid of density p and the shells 
suddenly begin to move with velocities U, V in the same direction prove 
that the resultant impulsive pressure on the inner shell is 

3-5^j{3a»i7-(a< + 2ft3)rj (Tnnity Coll. 1895.) 

14. Incompressible fluid, of density p, is contained between two rigid 
concentric spherical surfaces, the outer one of mass and radius a, the 
inner one of mass Jf 2 and radius b A normal blow P is given to the outer 
surface. Prove that the initial velocities of the two containing surfaces 
( C/ for the outer and V for the inner) are given by the equations 

(Trinity Coll. 1896.) 

15. A sphere of radius a is placed m an incompressible fluid extending 
to infinity. Each point of the sphere is moving normally outwards with 
velocity tf, also the fluid at points very disbxnt from the sphere is moving 
with velocity V in a given direction Find the vehicity potential at any point 
of the fluid 

Also prove that the resultant pressure on the sphere is the force J V 

in the diiection of the stream, wlieie M is the mass of the fluid displaced by 
the sphere at the instant considered (Trinity Coll 1897.) 


16. A solid IS bounded by the exterior portions of two equal spheres 
(of radius a) which cut one another orthogonally ; and is surrounded by an 
infinite mass of liquid If the solid is set in motion with velocity u in the 
direction of the line of centres, shew that the velocity potential of the result- 
ing motion IS 




cos S cos 6 

y.2 


cos © \ 

2 ’ 


where r, r\ R are the radii vectores of a point, measured respectively from 
the centres of the two spheres and from the point midway between them, and 
6, 0 are the angles which these radii vectores make with the direction of 

motion of the solid. (Coll Exam 1902 ) 


17. Shew that <^ = A log (( 2 c+ri~r 2 )/( 2 c— ri+r 2 )J is a possible value of 
the velocity potential for three-dimensional motion, /’i, r, being the distances 
of any point P of the fluid from two fixed points S and S' whose distance 
apart is 2c. Prove that the corresponding stream lines are ellipses whose foci 
are S and S , and that the velocity at any point P is 2 A cjrir^ sin ^SPS' 

(Coll Exam 1907.) 
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18. If the velocity function denoting the motion of a homogeneous hquid 

be prove that the lines of flow are plane curves of the 

form r^—± c® sin^ 0 cos 0 

If also the force function be 9^^ (4 cos^ ^ + sin^ ^)/87’®, prove that a sheet of 
fluid started from the origin will return to it without the use of a containing 
envelope. (M.T. 1876.) 

19. The motion of an incompressible fluid being symmetrical with respect 
to an axis, and the parts of the velocity resolved along and perpendicularly 
to a radius vector drawn from a point fixed or moving on the axis in any 
direction making with the axis an angle 6 being U and IT, prove that if 

aft rtf r* rtf 

~coH0 + —^{^ 4-3cos 2^), ir=^sin(9 + ^^sm2<9, 

the equation of constancy of mass is satisfied, and Udr-\- MVrdB is an exact 
differential, C and C* being either constants or functions of the time 

Shew also that if the fluid be unlimited m extent, and (7'=0, the assumed 
motion would be produced by a sphere moving in any manner with its centre 
on a fixed straight line (Smith’s Prize, 1877 ) 

20. A doublet of strength M is placed at tlie point (0, a, 0) with its axis 
parallel to the axis of Zy piove that at points close to the origin the velocity 
l»otential of the doulilet is approximately 

Mz ZMyz 

neglecting terms of the order and higher powers. 

Deduce that if a small sphere of radius c is placed with its centre at the 
origin, the velocity potential is then increased by the terms 

4 + 2'^-— (Univ of London, 1911 ) 
- a** H a'* r* ' 

21. Shew that the image of a radial doublet in a sphere is another radial 

doublet, and compare then magnitudes, shew also that the velocity at any 
point of the sphere is pioportional to where r is the distance from the 

doublet, and w the per^iendicular on the diameter on which it lies 

(Trinity Coll 1906.) 

22. Discuss the motion foi which Stokes’s stream function is given by 

V' — i {aV~ cos 0 — r^} sm‘^ 0, 

where } is the distance from a fixed point and 0 is the angle this dustance 
makes with a fixed direction (Coll Exam. 1900 ) 

23. The space bounded by the paraboloids i^+ 2 /'^ — h{z--c) 

(where a, 6, 0 are positive and 6>a), outside the former and inside the latter, 
contains liquid at rest Suddenly the bounding surfaces are made to move 
with velocities Uy respectively in the direction of the axis of z Prove that 
in the motion instantaneously set up the sui faces over which the cunent 
function IS constant are paraboloids of latus-rectum ab(U— V)l{aU^hV), 

(M.T. 1905.) 


12—2 
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24 . The resolved attractions of a body symmetrical about the axis of a; 
are /{Xy 'ur) and (x, les^iectively perpendicular and parallel to that axis. 
The equation of a solid of revolution is ^/{Xy w)—aw'^ + hy where a and h are 
constants and w is the distance of any iioint from the axis of x Prove that 
if this solid be made to move parallel to its axis in an inhnite fluid the stream 
lines are given by equating the left side of this equation to any constant and 
the velocity function is — (.r, m) multiplied by a constant (M T 1888 ) 


25. A solid of revolution is moving along its avis in an infinite liquid , 
shew that the kinetic energy of the liquid is 


— ^ irp 


/' 


ar ® ’ 


where is the Stokes’s stream function of the motion, w tlie distance of a 
point fiom the axis and the integral is taken once round a meridian cuive of 
the solid. Hence obtain the kinetic eneigy of infinite liquid due to the 
motion of a sphere through it with velocity V (Coll Exam 1891) ) 


26. An ellipsoidal ca\ity (semi-axes </, 6, <) in a solid initially at lest is 
filled with an incompressible frictionless fluid initially at lest Prove that if 
the solid be moved with velocities u, i\ w p.xrallel to the axes of the cavity, 
and bo rotated with angular \ eloc ities py 5-, / round the semi-axes, the angulai 
momentum of the fluid round the semi -axis a at any instant is 

(Trinity Coll 1902) 


27. A iigid ellipsoidal envelope, without mass, encloses a peifcct ineoin- 
picssible fluid of mass M The equation of the ellipsoiil is 

-f- -1=0 

An impulsive couple in tlie plane of xy c.iuses the envelope to rotate initially 
with angulai v'olocity <u. Find the initial velocity potential of the fluid, and 
prove that the moment of the couple is 

+ (Tiinity Coll 1910) 

28. Fluid moves iriotationally within an ellipsoidal cavity (semi-«ixes a, 
hy c) in a vessel which tin ns fieely about the axis of c Shew that the locus 
of points at which the piessure is the same as that at the centre is two 
planes, and that the iircssure at any other point exceeds that at the centre by 
a quantity proportional to the product of the distances fiom these two planes 
Shew also that each particle of fluid returns to the same place in the v^essel 
after a time T (a^ ■\-h'^)lilahy where T is the time of a complete 1 evolution of 
the vessel 

Find the place from which a drop of fluid may bo removed without dis- 
turbing the motion 

Let an inteinal ellipsoid be desciibed touching the cavity at the extremities 
of the axis of rotation and having all its sections perpendicular to this axis 
similar to those of the cavity If the mass of fluid within this ellipsoid be 
suddenly solidified and rigidly connected with the rotating vessel, find what 
change in the motion is produced (M T 1 888 ) 
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29 If the space between two confocal ellipsoids is filled with liquid, and 
the inner and outer ellipsoids are suddenly moved with velocities U' parallel 
to the axis of jirove that the velocity potential of the initial motion is 
^iven })y 

(/)—{( U- U') a - U (a - 2/a) + U' (a(, - 2)} /;/ (a - a„ + 2 - ’2fi] , 
where the notation is that of Art 145, a^^ is the value of a for the outer 
ellqisoid, and /a is the ratio of the \olume of the innei to the outei ellipsoid 

30. Shew that for a homogeneous solid ellipsoid of mass J/ rotating about 
the axis of /, in liquid rit lest at irifinit>, the effectixe moment of ineitia is 

p 

'2<t 2{b‘-i‘) + {b‘+c‘){tia 
wheie /j, (T aic the densities of the liquid and solid and have the mean- 

ings of Alt ll") 

31. Shew that v^hen a ciicular disc of radius a lotates about diameter 
111 liipiid at lest .it infinity the kinetic eneigy of the liquid is 

o) being the angulai xelocit} of the disc and p the density of the liquid 

32. Prove that, when an obl.ite sjiheioid of iHientricity sin « moves 
])aiallel to its «i\is of liguie with vxdocity V in inhnite fluid, the kinetic 

eiieioy of th(‘ fluid is 

il/-'!'.' tmia-a 
" a sin a cos a’ 

vvhoK' M' denotes the mass of tiie displaec'd flunl (M T ii 1910 ) 

33 The ellipsoid + + 1 is siirioiinded by an inhnite mass 

of w.itei, and rotates about the axis of / Prove that the component velocities 
of any jiaiiich' of the water, })aiall('l to the .ixes, will respectively U‘ piopoi- 
tional to 

ri/ r.v 


v\ belt 

A 




J/ 


+ + (e- + >/r) ’ 

’ r f dyj/ 

.Hid e IS .1 positive qu.intity, given by the ecpiation 

- 1 




I A 0A TA 


OA ’ (’f/ 

?( ’ 

A- f/^ 

- - \ -^2 (- V 


<'“+W 

+ >(''“ Yi 


V+W ) 



o-'-f-e />- + 6 ' 


(- + 6 


Piov^e th.it, if the ellipsoid be <i shell tilled with wMter, the vxxlucs of A, A/, jV 
witli 0 instead ol e for the infeiior limit, will siimlail} determine* the velocity 
of any internal p.iiticle of the watcu Find the distiibutions ui density, on 
the surface of the ellipsoid, rc'spcctivcly giving the potentials A, J/y A" 

(Smith’s Prize, 1881 ) 
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MOTION OF A SOLID THROUGH A LIQUID 

163 In the foregoing chapters we have considered some 
simple cases of the motion of a solid through a liquid, chiefly 
from the kmematical point of view. It is now our purpose to 
establish dynamical equations for the motion of a solid through 
an infinite mass of liquid, assuming that the motion of the 
liquid is due entirely to that of the solid, so that it is irrotational 
and acyclic The motion of the liquid is therefore given by a 
single-valued velocity potential, and by reference to Art. 84 we 
see that the problem is a definite one. 

164. The dynamical problem possesses features of special 
interest. It was first solved by Kelvin and Tait* by treating 
the solid and liquid as one system and using Lagrange’s equations 
and the method of ignoration of coordinates. We shall approach 
the problem by a different method also due to Lord Kelvin 

166. The Impulse. In the general problem that we have 
to consider, we shall suppose first that the liquid is finite in 
extent and limited by a fixed boundary or envelope, and we 
shall then proceed to the case of a solid moving in an infinite 
mass of liquid by supposing the boundary to increase in size 
until every part of it is at an infinite distance from the moving 
solid. We saw in Art. 35 that any irrotational motion of a 
liquid may be produced instantaneously from rest by the appli- 
cation of a suitable impulsive pressure at every point of the 
boundary, and we shall define the impulse of the motion at any 
instant to be the impulsive wrench or system of impulses that, 
applied to the solid, would generate the motion from restf. We 
shall call this briefly ‘ the impulse.’ It is clear that the impulse 

* Natural Philosophy , Art. B20. 

t See Lord Kelvin, ‘ On Vortex Motion,* Trans. R S.E xxv. 1869, or Math, ^nd 
Phys. Papers, iv. p. 16 
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is equal to the total momentum of the solid and liquid together 
with the impulsive pressure on the envelope that bounds the 
liquid. 

156. Example It will bo convenient to recall here the results obtained 
in a simple case in Art 137 A solid sphere of radius a moving with velocity 
V in liquid bounded, at the instant under consideration, by a concentric 
sphere of radius h The impulse / necessary to produce the motion instan- 
taneously was calculated and shewn to tend to a definite limit when h is 
increased to infinity The impulsive pressure on the envelope was also seen 
to tend to a definite limit as h is increased to infinity , and the same was 
shewn to be true of the momentum We shall see in the next article that the 
impulse necessai 3 ' to produce the motion always tends to a definite limit, but 
except in special cases when the foiin of the envelope is presciibod the im- 
pulsive pressure on the envelope and the momentum are indeterminate. 

157. The Impulse tends to a definite limits but the 
momentum is generally indeterminate. 

We have seen in Arts 79 and 84 that, whether the sur- 
rounding envelope be finite or infinite, if the velocity potential 
(or impulsive pressure) at each point of the surface of the solid 
IS prescribed, there is only one form of irrotational motion 
possible. And since any irrotational motion could be produced 
instantaneously by the application to the solid of a suitable 
impulsive wrench, and one and only one form of motion can 
arise fiom a given impulsive wrench, it follows that, if the 
envelope be increased indefinitely so that every part of it 
becomes infinitely distant from the solid, the solid and liquid 
still having a definite motion, this motion must still be the 
result of a definite impulse That is, as the envelope increases 
without limit the impulse tends to a definite limit 

This IS not generally true however of the impulsive pressure 
of the boundary For the impulsive pressure at a point is 
measured by p(f>, and since the envelope is fixed the tubes of flow 
must all start from and end on the surface of the moving solid, so 
that at a great distance r from the-* solid the velocity potential 
must be of the same order as the velocity potential due to a 
doublet. But the element of area of the infinite envelope is of 
order so the surface integral of the impulsive pressure on the 
envelope is in general finite but dependent on the shape of the 
envelope and therefore indeterminate. Similarly the momentum 
is in general indeterminate when the mass of liquid is infinite. 
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158. Rate of change of Impulse = external force. 

Considering first the case of <i finite mass of liquid and using 
axes fixed m space, lot /j, /o be the -components of the impulse 
that would genet ate the motion from rest and of the impulsive 
pressure on the envelope at time t, M, X the ir-components of the 
whole momentum and the extc‘rnal foice acting on the solid, and 
(/, Di, n) the direction cosmos of the outwaid normal to the element 
(JS of the envelope 



By th(‘ oidmaiy e<juations of dymimics W(‘ liave 

(/M , , y 

wheie tlu‘ integration is o\ei the sui fice of tlii‘ en\(‘lo])(' 
But .uid ^ = + 

p ()t 

wJieie F (t) IS an aibitnuy function of thi‘ tinu* 

Theiefoie 


But /, = / 1 p<f,ldS, <uitl = pfl''i 


also F {t) IS const, int over the envelope' ,md will give zi'io result 
when integrated, so that wt‘ get 

^^'^X + ipIfqHdS 

Now let the envelope inciease until eveiy pait of it is at an 
infinite distance fi*om the solid, then, as in t/hc last article, <jf> bciiig 
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of order q is of order r""* on the surface of the envelope, so that 
JfqHdS tends to zeio, and tends to a definite limit /, therefore 
for a solid in an infinite mass of liquid 

As the motion, in general, would require an impulsive wrench 
to produce it instantaneously, and a lineai impulse on the solid 
might result in an impulsive wrench on the envelope, we must also 
consider the rate of change of the moment of the impulse 

With a similai notation let //, /g, W denote moments 
about th(‘ j;-axis of the impuls(‘, the impulsive pressure on the 
envelojic, th(‘ momentum and the external forc(‘s on the solid 

AVe have ^ " fSP 

But ilf ' = // — //, and // = //p</> ~ ^^^2) dH, 

so that we get by similar steps 

= X + ip Ifq- (nil - mz) dH 

foi th(‘ ease of the flnit(‘ envc‘lopi‘ When tiu' raivf'lojie bt‘Conu‘S 
infinite the suiface integral \anishes as befoie and // tcuids to a 
<lehnite limit I\ so that 


159 Kmematical Conditions. Befort‘ transliting the foie- 
going principles into formal equations of motion, we shall establish 
some kiiicuiuitical relations It will be coiivmiient to take lectan- 
guLii axes fixed in th(‘ body, the origin having velocities u i\ w 111 
tlK‘ directions of the ,i\(‘s, and the axes having an angular velocity 
whose components about the axes are p, q, /. 

If </> be tlie velocity potential we may write ^ 

(f> = //</>! + • * 0 )’ 

wh(‘ic <^i denotes the velocity potential when the only motion of 
the body is a translation along the .r-axis with unit velocity, and 


Kiichlioft, Media mil, p 224. 
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Xi denotes the velocity potential when the body rotates about the 
a7-axis with unit angular velocity, with similar meanings for ^ 2 , 

and X., 

If ly m, n denote the direction cosines of the normal at any 
point (x, y, z) on the surface of the body, we have 

— — = Z — 2 /r + zq) + m(v — zp + xr) ■\-n{w — xq-\’ 2 /p) . . .(2), 


by equating the normal velocity of the liquid to that of the body. 
Whence by substituting the value of from (1) and equating 
coefficients of Uy Vy Wy py qy r we get 



We may observe in passing that the values of </>!, Xi> have 
been found in the case of an ellipsoid in Arts. 145, 146, and that 
the problem of their deteimination is a definite one in the general 
case since they have to satisfy Laplace’s equation as well as (3) 
and their derivatives vanish at infinity, for by hypothesis the liquid 
is at rest there. 


160, Equations of Motion. Let 77 , X, /a, v be the com- 
ponents of impulse, and X, F, Zy A, My N of the external force 
system acting on the body at time t referred to axes fixed in the 
body moving as in Art. 1 59. At time Z -f the coordinates of the 
origin referred to the axes at time t are uht, vSty wht, and the 
direction cosines of the axes referred to their former positions are 
(1, rhty —qSt)y (—rSty 'iypSt)y {qSty — pSty 1) Hence by resolving 
parallel to the new position of the a?-axis 

f f + TjrSt — l^qBt H- X Bty 

and by taking moments about the same line 

X -f- 3X = X -h ft?’ SZ — vqSt -f rftvBt — fy + A Bt, 
whence we get the six equations of motion 

f — ?;?• 4- = A, X — ftr + i/g — 7)W + fy = L, 

, — 5p + = F, fjL — pp + \r— + ^i0 = M, 

^q + r)p= Z, V ---\q+ pp-- + rju N, 
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As suggested by Lord Kelvin, these equations may conveniently 
be called the Eulenan equations of motion, since they refer to axes 
fixed in the moving body and correspond precisely to Euler's 
equations for the rotation of a rigid body*. 

161. The Kinetic Energy. The kinetic energy of the liquid, 
by Art. 87, is given by 

(i)> 

where the integration extends to the surface of the moving solid. 
From Art. 159 (1) it follows that T is a homogeneous quadratic 
function of the velocity components u, v, w, p, q, r, so that we have 

2T = Au^ + Bv^ + Cw^ + 2A'vw 2B'wu + 2G'uv 

4- Pp^ + Qq^ + Br^ + 2P'qr + 2Q'rp + 2R'pq 

+ 2p {Fu -\-Ov Hw) 4- 2q {F'u 4- G'v 4- H'w) 

-{•2r{F'\i-\^G"v-^H’'w) . (2), 

where the coefficients A, B, etc. by the help of Art. 159 (3) can 
be expressed in the form 

A^- pjj<l>,^-^-d8 = pjjli>,d8, 

= - pjj<f>,^^^d8 = -p \\<i>.^-^d8, by Art. 77 (u), 

= pjj n<f>id8 = pjj m<f)3d8, 

P =- pjlxi^d8 = pjj xi(n;/-niz)dS, 
etc. 

The kinetic energy of the solid is also a homogeneous quadratic 
function of the velocities, so that the whole kinetic energy of the 
solid and liquid is an expression of the form (2), wherein the 
coefficients are only represented in part by the expressions (3). 



Math and Phys. Papers^ iv. p 70 footnote. 
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162 Impulse in terms of Velocities. 

It IS a well -known dynamical theorem that the work done by 
an impulse is the product of the impulse and the mean of the 
velocities of its point of application before and after it acts. 
Accordingly an extra impulse in tht' x direction would do work 
where ?/. -hSu is the velocity in the same direction 
after the impulse Sf has taken place; and if Sf be infinitely small 
we may take to ie])resent the woik done or the increase of 
kinetic energy Hence when the ' impulse ' receives infinitesimal 
increments 877, Sv theie is an increase of kinetic 

energy 8T given by 


BT = u B^ + vBrj +p8X -f ^8/Lt + rBv (1) 


But 


dT. dT . cVL\ dT ^ dT ^ dl\ ,,,, 


on* 


Op 


Oq 


?/ 


and if the vcOocities ,ii(‘ all alteuHl in .1 givcm ratio it is clear that 
the impulses ^\lll be altoie<l in the same latio, so that if we write 


Bu/u — Bv/v=. =B'ilr — K, 


we must also ha\( 


B^j^—Br]i7]=^ ^Bi'jv — K 

Wlumce 1 )\ equ.itmg the two expiessions foi STin (1) and (2) and 
substituting fiom the last eijual 10ns we get 

+ i'V 4 - + p\ + qp + TV 


oT dT ?T dT dT dT 
= >i + « . 4 10 +p + q + r = 2 / ( 3 ), 


dll ' " dv ’ " ?)tv ' ^ Op ' ^ ?q ' ' dr 
since T IS a homogeneous function of ?/, v, (‘tc 
By varying this last e(|uation W(* get 

2BT= {nB^ -f ^Bn) + 4 (> Bv 4 - vBr). 

and thendoK' by subtracting (1) 

BT — ^Bu + 7 }Bv -h -4 XBj) 4- pBq 4 * vSr 

Comparing the last result with (2), since the small variations 
are aibitrar}^ we get 


I, Vy \PyV = 


dT dT dT dT dT dT 
dll ' dv ’ dw ’ dqj ' dq ' dr 


( 4 ) 
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These results imply that the components of impulse are linear 
functions of the components of the velocity, hence the kinetic energy 
may also be expressed as a homogeneous quadratic function of the 
components of impulse , and when T is so expressed we get from 
(1) the reciprocal relations 

dT dT dT dT dT dT 


u, V, w, p,q,r = 


dv' dfji* di^ 


(5). 


163 Equations of Motion. The equations of Art. 160 now 
take the form* 



ddT_ 

dT 

dT 



dt d'li 

dv 



ddT _ 

dT 

dT 



dt dv 

Pdw 

^du ' 

•t- Y, 


d dT_ 

dT 

dT 

+ ^, 


dtdw 

^du 

-P-dv 

ddT 

dT 

d'T 

dT 

d'T 

dtdp 

= ^dq 


+ w 

dv 

'"dw 

ddT 

dT 

d'T 

, dT 

d'T 

dt dq 

=Pdr- 

'^dp 


‘^"dii 

ddT 

dT 

dT 

dT 

dT 

di dr 



+ v 

OU 

" dv ■ 


+ il/, 


In the case in which there are no extraneous forces we can obtain 
three integrals of these equations Thus if we multiply them by 
t(j V, w, p, q, r and add, we get 

. ... „ 


dt dn ^ 




But 

therefore 

but 


2T = 


dT 

^dn “ 


+ r 


dT 

0/ ' 


ddT dTdti, 
dt dt du ^ du dt ^ 
dT^dTdu dTdb 
dt d‘u dt^ do dt~^ 


. .( 2 ), 
. ( 3 ), 


and by subtracting (1) and (3) fiom (2) we get the equation of 
eneigy 

dT 


dt 


= 0, or T = const 


* Kelvin, ‘ Hydrokinetic solutions and observations,’ PhiL Mag, xlii p. 362, or 
Math, and Phys Papers, iv. p 69. Also Eirchhofi, Mechaml, p 236. 
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Again, if we multiply the first three of the equations of motion 
by dTjdUy dTJdv, dTfdw and add and integrate, we get 

or f " + 77® + f ^ = const , 

which represents that the linear component of the impulse or the 
intensity of the impulsive wrench is constant. 

And if we multiply the six equations by 

dT/dp, dT/dq, dT/dr, dT/du, dT/dv, dTjdw, 

dTdT dTdT dTdT 

we get + ^ ^ + = const , 

° ou op ov oq ow or 

or f \ + 7;/L6 4 - = const. ; 

which represents that the couple component 01 the pitch of the 
impulsive wiench is also constant 


164. Directions of Permanent Translation. When there 
are no external forces the equations of motion of the last article are 
satisfied by p = q = r = 0 , provided u, v, w have constant values 
such that 


ar dT dT 

da dv ’ dw 


( 1 ). 


In this case Tis a homogeneous function of u,v,iv only, of the form 

2T = Au^ -f Bv^ + Cw^ + 2A'vw + 2B^wu + 2G'uv (2). 

If we regard a, v, w as current coordinates the equation 
2 T = const. 


leprcsents an ellipsoid, and the equations (I) determine its principal 
axes. 

Consequently if the body be set moving without rotation in the 
direction of any one of the axes of this ellipsoid it will continue to 
move in the same direction without rotation*. 

It may be shewn that one only of these motions is stable f. 


* Kiichhoff, Mechanik, p 236. 
t Lamb, Hydrodynamics, p. 160. 
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165. Hydrokinetic Symmetry. 

The expression for the kinetic energy in Art. 161 contains 
21 constants, but the number of terms is reduced in particular cases. 
Thus the coefficients A\ B\ G' can always be got rid of by rotating 
the axes. Also 

(1) If the body has three perpendicular planes of symmetry the 
energy must remain unaltered when the sign of any velocity com- 
ponent IS reversed, so that 

2T = Au^ + Bv^ H- -f- Pp^ 4- Qq^ + Br\ 

(2) If the body is in addition a surface of revolution about Oa?, 

the expression for 2T must remain unaltered when we write v, q, —w, 
— r, for Wy r, v, q, respectively, for this is equivalent to turning the 
iixes of yz through a right angle , hence B = C and so that 

2T = Au^ + B(v^-^ w^) 4- Pp^ + Q 

The same expression holds when the solid is a right prism whose 
cross section is a regular polygon*. 

(3) When the body is similarly related to the three planes of 
symmetry as in the case of a sphere or cube we have 

2T^ A {\(r v^ + W-) -f P (p- + q^ -h r^) 

(4) Another kind of symmetry is that represented by the 
expression 

2T = A -f i;- 4- w^) 4- P {p^ + 4- r^) 4- 2L {up + 4- wr), 

the form of which is unaltered by any changes in the directions of the 
axes, and any direction is one of permanent translation. Such a solid 
IS said to be ‘helicoidally isotropicf ’ 


166. Applications. Sphere. 

Taking ii, i, 10 as the oomponeiits of velocity of the centre of the sphere 
2 A {v? w^\ 


where 

and 


</>! 


(|)==Uc|)l + V(|)2-\-^0(|)3, 




a * cos B 
2r^ 


as in Art. 1.3 J. 


* Larmor, * On Hydrokinetic Symmetry,’ Qttart. ./owrnah xx. p. 261, or Kirchhoff, 
Mechantk, p. 243 

t See Kelvin, ‘ Hydrokinetic solutions and observations,’ Phil. Mag, xlii. p. 365, 
or Math, and Phys, Payers ^ iv. p 72. 

For other special forms see Lamb’s Hydrodynamics, pp 163 — 4, or Larmor, loc ett. 
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Hence J j (fiildS 

= M+ TTpa^j^ coa^ $ sin 3d$ 

= .l/4-W, 

where J/' is the mass of liquid displaced 

Therefore 2 T= {M+ J J/') 4- + w^\ 

and I, ri, ^=(i/+ (i/, v, 

The equations of motion, in this case, become 

(Jf+-hJ/')(u, V, w)={Xy Y^Z\ as in Ait 133, 
where X, F, Z are the components of external force on the spheie 

If external foices act on the liquid as well, their effect on the sphei’e is 
expressed by adding to F, Z the reversed effect that these forces would 
exert on the liquid displaced l>y the sphere 


167. Solid of Revolution. 

Taking the axis of the solid for axis of i, we liave 

2T=Aii^+B{v^-^w^) + iy-{-Q{q^-i-r^) . ... ( 1 ) 

Assuming that there are no impressed forces, the equations of motion of 
Art 1G3 become 


Ad^ lin’ — Bfj^r . ... ( 2 ), 

Bh— Bjno - A nt (3), 

Bw— A<pt — Bpv . » . (4), 

Pp^O . . . (5), 

Qq^{Q-P) 2 »'-^{B- A)u»r . .. ( 6 ), 

Qr^{P--q)pq^-{A--B)uv . . (7) 


From (5) we see that p is constant thioughout the motion We can also 
deduce as in Art 163 three integials 


F= const (8), 

A‘^ti^-\- w^)~l^ . .... (9), 

and APnp-irBQ{vq-\-wr)=lG ... . (10), 

where /, G are the constant components of the impulsive wrench at any 
instant. 


From (1), (2), (8), (9), (10) we can eliminate o, w, «/, t Thus 
q ^r^)=^2T-Ati^-B{o^A- - /V 

BQ (vq + wr) ^IG- APup^ 


and 
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163 - 168 ] 


therefore 

A = (rv — q w)^ 

= {(v2 -I- ^ — {vq -i-wry\ 

(j - i) “^- 5 - 

»i polynomial of the fourth degree in A 2 e so that Au is an elliptic function ot 
the time 


Again, if we put 2 ;/^o=tani/r, we have 
( r- + — — vw 


Therefore 


— Au{qV’\-rw)\B^ from (3) and (4) 
• ^Au IG—APup 


Thus, having expressed u in termKS of the time, the last relation gnes n;w 
and (9) gives then jo being constant (8) and (10) deteimiiie q and /, ^o 

that all the velocity components are determined 


The evaluation in tcims of elliptic functions was fust perfoinied b}' 
Kircbhoft', and the problem has been discussed at length by (Jroenhill* and 
others 


168. Solid of revolution — Quadrantal Pendulum. 

The case considered in the last aiticle is much simplified if the axis of the 
solid moves in a fixed plane Taking this as the plane .ry we hav e — ^ = <y = 0, 
and the equations of the last article become 

A i( — Brv^ = — A/ (^r ^{A — B) u r, 



Fig. 50. 

the three integrals i educing to two 

A + Bv^ 4* Qr^ = const , 

and 

the third being an identity, as the ‘impulse’ at any instant consists of a single 
impulsive force 1 

Let X, y be the coordinates of the centre of gravity o of the solid referred 
to axes hxed in the given plane whereof the x-axis coincides with the line of 
the impulse 7 and makes an angle 6 with ox 

* Ameruun Journal oj Mathematics^ 1898, 1906. 


R. H. 


13 
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Then Au — I^o^B, Bv~—lmn6-, • 

so that the first two equations of motion are satisfied identically, expressing 
the fact that the impulse is fixed m magnitude and direction. The third 
equation gives 

Q6 COB B am $ —0 (1), 

A IS 

or, if we write 2^ *=(/>, 

-#> + ^ ,^=0 ( 2 ), 

shewing that the motion corresponds to that of a simple pendulum, the body 
moving according to the same law through a quadrant on each side of its 
mean position, as the common pendulum with reference to a half circle on 
each side A body moving in sucli a manner is called a Quadrantal Pendu- 
lum*. This motion is acquired by a solid of revolution in an infinite mass of 
liquid when it is given a rotation about an axis perpendicular to its axis of 
figure, or simply projected without rotation 

The body, as it moves, may make complete rotations or it may oscillate 
about a mean position. 

(i) In the case of complete revolutions we may write the first integral 
of(l) 

B'^ {} — sm-^ B)y 

wheie « IS the value of B in the position ^=0 and 

(3). 


Hence 


Therefore 




■a 

_ — ? where ^=sin^. 


Sin ^=^—8110)^ ( 4 ), 

where k, as given by (3), is the modulus of the elliptic function. 

(ii) In the case of oscillations through an angle 2a about the position 
^==0, we may write the first integral of (1) 

\ sm-^ aj ’ 

ABQ o>2 


ll‘'^a = 

^ Sin a dB 
0 ( 


(sin‘^ a — sin‘^ B)^ 


A--B P 

, or if sin sm a 


where 

Therefore 

so that 

where sin a, as given by (5), is the modulus of the elliptic function 


(S) 


— sin^ a 

am 5 f sin a = sin a an (<ot cosec a) 


dC 


( 6 ), 


Eelvin and Tait, Natural Philosophy, § 322. 
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To find the path of the centre of gravity we have 

... ^/cos^d sin2^\ 

X = MCosd-'ysin0 = /l--^ 1 » 

and Y~u sin 6-k-v cos 6—1 sin 6 cos 6. 

Hence in case (i) 

{a (i - 1) ®4’ ’ 




dn2 a>rt 


== — ^2 from (3) 

Therefore X = 4- k\ 

where E is the elliptic integral of the second kind. 

Similarly y — I sn ci>t cn <aty fiom (4) , 


therefore 


_ ^ (A— B) dn €ot 
~~AB 

— dn oj^, from (3) 


In case (ii), in like manner, putting v for w^coseca, 



1 §0)2 1 — dn2 V . 

A I sm^a ’ ^ ^ 

Therefore 

/ 1 §0)2 \ Oco _ , 

X=| . + I T- E(a>tii 0 mca. Sin a) 

\A -£sina 

Similarly 

AA-B) , 

y = — / ^ - sin a sn v dn v , 

AB 

therefore 

A^-^) 2 

y= „ simacni’ 

AB<o 


— cn (a>^ cosec a, sin a) 


In either case we see that the velocity of the centre of gravity consists of 
a constant part m a hxed direction together with periodic parts along and 
perpendicular to this direction 


13—2 
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There is an intermediate case in which 




corresponding to ic = 1, 

or a=ir/2, then we have 


^ — <0 cos 

so that 

cat — log tan (^TT + ^6). 

Also 

. 7 .(A -5) _ 

+ ^ AB 

=2 + tanh^ cat ; 

and therefore 

X= 4- tanh cat 

Also 

Y— sin ^ cos d 


s _ tauh <ot .sech <ot , 


.so that 


y=^‘" 
^ / 


feech cat 


In case (i) the cuive de, sen bed by the centre of gravity docs not cross the 
hue of the impulse, but in case (ii) the curve is a sinuous one crossing the line 
of the impulse at regular intervals, the points of crossing marking the extreme 
po.sitions of the axis of the solid in its swing about its mean position 


169. Cylinder. 

In the two-dimen.sional motion ot an inhnitely long cylinder in an inhnite 
mass of liquid, the expression for the kinetic energy included between two 
jdanes peiiiendicular to the length of the cylinder at unit distance apart is 
2 A q. + Qr\ 

with the same notation as in the la.st article The motion of the cylinder is 
therefore given by the results of the last article The curves described by 
the centre of the cyliiidei are to be found in Lamb's Hydrodynamics^ p 167 
(Fouilh Edition) 


170. Stability. 

Let us consider the stability of a solid of revolution moving uniformly 
along its axis of figure. In the equations of Ai-t 167 we may jiut 
and regard w, y, r as small, then we get 

^Z6'==0, Bb—~-AruQ, Bw^Aqu^^ 

Pp = Q^ Qq^{B-A) Qr^{A-B) 

Hence - 

V 

with similar equations foi w, y, and ?•. 

Therefore the motion is not stable unless A>B* 
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Foi an ellipsoid we have 



A^M+pj jiPildS 


= M+pj j Art 145 

and 

j j vldS — *iiralK', 

so that 

2 — flo 

similarly 



Hence we have A>B, provided whore qq* /^o defined in 

Art 145 

And oo > /3o requiie.s that a<h ^ thus it follows that when an oblate spheroid 
moves uniformly along its axis the motion is stable, but for a prolate spheroid 
the motion is unstable This accords with the observed tendency of a body 
to turn its flat side or its length across the direction of its motion 

171. Stability increased by rotation. 

Now let us suppose that the solid of revolution is moving with velocity Uq 
along its axis and angular velocity pQ about its axis. When a slight disturb- 
<ince takes place we may put % -f- p -H p' and regard v, k , p\ q, r 
as small The equations of motion of Art. 167 become 

Am'ssO, Bh^Bp^w^ Bih=^AuQq — Bp(^i\ 

Qq={Q'-P)Pi^r’\r{B-A)uQW, qr^(^P-Q)pQq-^{A-B) 

These give 2^' = const., const , and if we assume that 
= w = X2e'"’', ?=X.,e'“"‘, )-=Xie"', 

we get jfiicrXi — ^/i()X2 + Att(,X4 = 0, 

-0?(rX2— A^oXs + i^po^i =0, 

Qi(T\i-\-{P — ^i?)/>oX4 + (A — B) #<(,X2 = 0, 

Qia\^ -(P-Q) Po\z -{A-B) WoXi = 0 

The elimination of X^, Xg, X,, X4 gives a biquadratic for o-, which resolves 
into two quadratics 

BQa^ ±B{P^ 2Q) po<r - {B (P-- Q) po^ + A (A - B) V}-0, 
and the condition for real roots, which must be satisfied for small oscillations, 
IS that 

(r - 2® + 4(2 ( p - $) 4 J (.1 - 5) V 

should be iiositive ; or that 
should be positive. 
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This condition is always satisfied if A>B\ and when B^A the condition 
can be satisfied by making large enough. That is, an elongated projectile 
can be made to move in the direction of its axis by giving it a sufficiently 
great angular velocity This explains the necessity for the rifling of guns. 

172. Steady motion of solid of revolution in a helical path. 

As in Art 167 when there are no external forces we have 
Au — B{rv — (jw\ Bv Bpw — Aru^ Bw=AqU'-BpVy 
Pp=0, Qq=={Q~ P)pr + {B- A)ttu\ Qr={P -- Q)pqJr{A — B) uv 
If we make the hypothesis that rv--qiv = 0 the equations are satisfied by 
n — const , and — const , 

and wc have also const, and 4 . /i— const 

Lot G be the impulsive force and couple that constitute the impulsive 
wrench at any instant ; since there are no forces the axis OZ of this wrench is 
fixed in space. Let O' be the centre of gravity of the body, O'O perpendicular 
to OZ and F, G' the force and couple components of the impulse leferred to 
G as origin Then t;, f are the components of F and X, /tz, v those of G'y 
where 

Tjy Bvy B%Vy 

and X, /i, v^Ppy Qqy 

Since rv^qWy the direction of the motion of 0' given by (w, r, w) is coplanai 
with F and G'y i.e in a plane perpendicular to OO, 

Therefore 00' is of constant length 

Again, if U denote the velocity of O', so that 

the angle 0 between U and F is given by 

, Au^ + B (v^ + w-^) 
cos<p=s - ' fjp = const 

Therefore O’ describes a helix round the axis OZ of 
the impulse, the v(»locity parallel to OZ being 
U cos (f>, 

and the plane ZOO turning round OZ with angular velocity 

^7sin <^/00' 

The axis of the solid of revolution, its direction cosines being (1, 0, 0), 
and the instantaneous axis of rotation (jo, r) are also clearly coplanar with 
Fy G' and make constant angles with OZ Hence the motion is a steady 
motion 

173. Steady motion of isotropic helicoid under no forces. 

In this case 

27^= A {u^ + v^ + w^)-\- P {p^+q^ + r^)-\-'2,L {up-\-vq-\-wr) 

= A 172 + 4. 2Zi2 Uco^ 0 y 
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where 12 are the resultant linear and angular velocities and 6 the a-igle 
between the direction of U and the axis of 12 

Representing the impulsive wrench as in the last article, we have for the 
components of F and G\ 

{u, V, w)A-L {p, q, r\ 

X,/A, v^r{p, q, V, w). 

Therefore F is the resultant of vectors A U and Zl2, and G' is the re&ult;int 
of vectors Po. and LU 

Hence as in the last article the directions of the vectors U and 12 must he 
in the plane oi F, G\ \ g in the plane through O' perpendicular to 00' As 
before 00' is of constant length, and therefore G' and the angle G'GF are 
constant and therefore U and 12 are constant and make constant angles with F 

As in the last article O' describes a helix 


Also (J IS the resultant of 

PF , _ LG' 

AP-L^ AP-W 

and if the angle FO'G' — a^ f/'cosa^fr, and <y'sin a — F 00'. 

Hence the velocity of O jiarallel to OZ is 

_ PF LG' cos a _ PF~ LG 

w lieie (i IS the angle between U and OZ ^ and the angular velocity about OZ is 

C7sin3_^ iJP^iiia _ LF 
~ 00' 00' ( A P-^L'^) A P~- ' 

Hence the pitch of the helix is {LG - PF)ILF 


Since SI IS the resultant of 


A G' 

AP-^ 


and — 


LF 

AP-L'^ 


it is also eomiiletely 


determined when the imjmlse and the distance of the centre of gravity from 
the impulse aie known, <iiid thus the motion is completely detei mined in 
terms of these d*ita* 


174 Two spheres. 

Though the gcneial discussion of the motion of two or more solids 
through a liquid may be regarded as beyond the scope of this book, 
there are some special cases which are capable of treatment by fairly 
simple methods so far as approximate results are concerned The 
first of these is the motion of two spheres, moving (1) m then line 
of centres, (2) in parallel directions at right angles to their line of 
centres 

* For a method of oonRtrueting an isotropic helicoid see Kelvin, ‘ Hydrokmetic 
solutions and observations,’ Phil, Mag xlii or Math and Phys, Papers ^ iv. p. 73 
For other cases of motion of an isotropic helicoid see Miss Fawcett, ‘ Note on the 
motion of solids in a liquid/ Quart. Journal ^ xxvi. p. 231. 
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(1) Two spheres moving vn their line of centres. 



Let A, Bh^ the centres, a, h the ladii, c the distance AB and 
i7, f/' the velocities of A along AB and of B along BA. Let (?% 0), 
(/, ff) be polar cooidinates of a point P iiieasiiied as in fig. 52 

The velocity potential will be of the foim 
U<i> + 

and the kinetic energy of the liquid will bo given by 

2T^LU^^2MITU'-¥NU'^^ ( 1 ), 

^vheie as in Art. 1(1 1 





dff) 

dn 




II 

I 

1 ^ at 


^--pj 


in 


To find the values of <^, <f)' we might use the method of successive 
images, each sphere when alone in the liquid producing the same 
effect as a doublet; but it is simpler to proceed as follows. 

The boundary conditions to be satisfied avv 


d(f> 

dr 

dr 


= — cos 0 over A, and 
= Dover A, and 


d(f> 

dr' 


= 0 over B , 


d_£ 

dr' 


= — cos 0' over B. 


If the sphere A were alone in the liquid, moving with unit 
velocity, we should have a velocity potential 

which would make 0</)i/3r = — cos 0 over A. 
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COS 6 r cos 6 


cos ff 

{c® — 2 r'c cos Q' + 


r 2r' 

1 H cos 

^ c 




Hence, near B, we have 


. a* / 2r cos 

■•‘'-Kv* i )■ 


giving a normal velocity over ~ cos 6\ 

This normal velocit} might be cancelled by the addition of a 
velocity potential 

, , cos 0' 

“s" -pT~ * 

and, as above, the value of this near A is 

. , /, . 2 r cos 0 \ 




giving a normal velocity over A — — cos 0, 

This normal velocity might be cancelled by the addition of a 
velocity potential 

. , i&¥ cos 0 , 

05 = I — - — and so on. 

To this order of approximation, i.e. neglecting we have 

<#> = <^>J + <^>2 + 

1+3 6 (3), 


while, on JB, <^ = const. + | - 6 cos 

c 


Hence B = — p j ^ 0 ^ 27ra® sin 0d0 


Similarly 


= TTpa"^ (l + 3 j j cos® 0 sin 0d0 

= I'n-pa’ (l + 3 . 

= 2,rp^, and N ^ (l + 3 (5). 
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If we put U= U' and a = 6, the motion is symmetrical about 
the plane bisecting AB at right angles, which may be taken as a 
fixed boundary. Hence for the motion of a sphere at right angles 
to a fixed plane boundary at distance A = the kinetic energy of 
the liquid being half that just obtained is given by 

2T=f7rpa»(l+f JV...) (6) 

If in/ are the masses of the spheres, for the whole kinetic 
energy in the general case we have 

2T=(L+m)U^-h 2MUU' H- + m) (7) 

If we now assume that Lagrange's equations* may be applied 
to the whole system and let w, x denote the distances OA , OB^ 
where O is an origin on the line of centres, we have 

2T={L + m)d^-2Mxx (8k 

and x' —x = Cy so that 

and I* (9), 

ll-K+CJf + f i-) - ^'1 

where X, X' are the forces acting on the spheres in th(^ 
direction. 


To a first appioximation, assuming that a and h are small 
compared to c, and retaining only the most important terms, we 
have 


dL dM dN ^ . 


(a) If the spheres both move with constant velocity the force 
necessary to maintain the motion of A is 


dif., dM 
■ ^ —-^~xx = 

at oc 


dM,., dM.., 

= — ca? — XX 

ac oc 

dM 

■ — ^ a? 2 = ^ J 

dc ^ c* 


* For the justification of this assumption reference may be made to Lamb’s 
HydrodynaimcSy Ch. vi. and Kelvin and Tait’s Natiual Philosophy ^ §§ 319, 320. 



TWO SPHERES 


203 


174] 

This force is directed towards B and depends only on the velocity 
of B, so that two spheres projected towards one another would 
appear to repel one another. 

(y 8 ) If the spheres perform v small oscillations about fixed 
positions, we may put 

X — \ CObJtl^, 

x' — c + X' cos (pt + e). 

The mean value of X is then the mean value of 
— W'p^ sm pt sm {pt + e), 

’which = Sirp W'p^ cos e (I^)- 

c 

The force is therefore repulsive if the difference of phase e is less 
than a quarter period, and attractive if more than a quarter 
period. 

( 7 ) Let U = U' and a = b so that the motion is symmetrical 
about the plane bisecting AB B,t right angles, then this plane may 
be taken as a fixed boundary, and we conclude from (a) that a 
sphere moving at right angles tevafixed plane boundary is repelled 
from the boundary. 


( 2 ) Two spheres moving in parallel directions at right angles 
to the line joinmg them 



Let Y, F' denote the velocities, and with the same notation, 
but measuring 6y 6* as in fig. 53, the velocity potential is 

F(^+ F'f, 
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where — cos 6 over A, and = 0 over B, 

or or 

= 0 over A, and = — cos over B 

dr or 

As before, a velocity potential 

^,2 cos 6 

would make d^^jdr = — cos 6 ovei A . 

And, near B, we have 

9 i = f — ?’ cos e — ^ / cos 6^ , 

giving a normal velocity over B — — \ ~ cos 0'. 

This normal velocity might be cancelled by the addition of a 
velocity potential 

= i - ^,,cos B'\ 

r Q r- 

and the value of this neai A is 

, 1 a 

== i ~ cos Uf 

• (1? 1) ^ 

giving a normal velocity over A = — ^ - cos 6 

c 

This normal velocity might be cancelled by the addition of a 
velocity potential 

j a® ^ 1 

(b^ = i — — - cos 6y and so on. 
r^ 

To this order of approximation, i e neglecting we have 


<f> — + (f>2 </>j, 

and, on A, + f ^ (1^)» 

while, on 2^, 0 = | ^ cos O' (14). 

c 

Hencfc if the kinetic energy of the liquid be given by 

2T=L'V^ + 2M'VV' + N'V’^ (15) 
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we have 



= irpu’’ ^1 + J ^ 

similarly 



(16). 


If we put V=V' and a = b the motion will be syinmetrical about 
the plane bisecting at right angles, so that the kinetic energy 
of the liquid due to the motion of a sphere parallel to a fixed plane 
boundary at distance A = c/2, being half the kinetic tmergy in the 
last case, is givtui by 

2T=^^pa^V^(l + rhp + . ) .. .. (17). 


Revel ting to the case of the two spheres, for the whole kinetic 
energy wo may write 

2T=(L' + m) + 2M' VV' 4- (iV^' + m) V'^ . (18), 


«ind taking an origin 0 on the line of centres so that if OA = x and 
0B = x\ X —x = c, L', M\ N' are functions of c or x' — x, and re- 
taining only the most important terms, 




dM' „ 


BN' 

Be 


= 0 


.(19). 


Hence the equation of motion 


gives 


d (BT\ _ BJ 
dt 0a' 


X =^-^'-VV' 

Be 

= -Z7rp^-VV' 


( 20 ) 


as the force in direction AB necessaiy to maintain the motion of -d. 
It follows that two spheres moving in the same direction in parallel 
lines attract one another. 
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175. Sphere moving in a liquid with a plane boundary. 

This case which, as we saw in the last article, can be deduced 
from the case of two spheres, is also capable of simple independent 
treatment. 

Let the x and y axes be parallel and perpendicular to the wall. 
Then 

( 1 ), 

where P, Q are functions of y only, and the term xy cannot appear 
because changing the sign of x cannot affect the kinetic energy. 

The equations of motion are 






•( 2 ), 


where X, Y are the forces in the directions of x and y. 

If there are no external forces and the sphere is moving at right 
angles to the wall, i? = 0 and, since the kinetic energy is constant, 
therefore 

Qy'^ const (3). 

But from (17) and (6) of the last article 

p=vi + |7rpa’ ^1 + 


Q = m + fTTpa-* ^1 + 1 


....(4), 


so that P and Q both decu'ase as y increases, therefore y inci eases 
as y increases or the sphere has an acceleration from the wall. 

Again, if the sphere move parallel to the wall, so that y = 0, 
there must be a constraining force 

Y—i^x- 

( 6 ) 

acting away from the wall, so that the sphere is attracted towards 
the wall. 

This problem was discussed by Stokes*, who obtained results (6) 

* ‘ On some cases of fluid motion,’ Trans Camb, Phil. Soc. viii. or Math, and 
Phys Papers^ i. pp. 47 — 9. 
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and (17) of the last article by a somewhat similar method. Some 
results were given by Kelvin and Tait* * * § , and for further information 
on the subject of the motion of two spheres reference may be made 
to papers by W. M. Hicksf, R. A. Herman^, and A. B. Basset§. 

EXAMPLES 

1. A homogeneous liquid is contained between two concentric spherical 
rigid envelopes of given masses , these bounding surfaces are set in motion, 
the one with velocity and the other with velocity F, in perpendicular direc- 
tions , find the impulses which must be applied to the enveloi^es to produce 
the motion, and determine the motion of the fluid at any point. 

(Coll Exam. 1893.) 

2. The space between two coaxial cylindrical shells of radii h is filled 

with incompressible liquid of density p The outer shell, of radius a, is 
suddenly made to move with velocity U' shew that the impulsive force per 
unit length necessary to be applied to the inner cylinder to hold it at rest is 
27rpa^h^UI{a^ — b^). (Trinity Coll. 1901.) 

3. A uniform sphere is surrounded by a uniform incompressible fluid of 

the same density, initially at rest and extending through all space The 
sphere is set m motion by a blow P along a diameter Prove that its resulting 
velocity is ^PjM, w'here J/ is its mass (Trinity Coll. 1909 ) 

4. An incompressible perfect fluid of mass m is contained between two 
rigid concentric spherical envelopes, the outer of radius b and mass J/", the 
innei’ of radius a and of no mass The system is started fiom rest by an 
impulse normal to the outer envelope. Prove that the initial momentum is 
shared between the envelope <ind the fluid in the ratio of M(2a^+b^) to mb^ 

(Trinity Coll 1904 ) 

5. A sphere of radius a is made to describe a circle uniformly in an infinite 

fluid at rest at infinity , find the pressure at any point of the sphere, and shew 
that the resultant pressure on it is a force ( 27 r/ 3 ) towards the centre of 

the circle, where a is the radius of the sphere, c the radius of the circle described 
by its centie, « the angular velocity (Trinity Coll 1907 ) 

6. A solid body is moved in any manner in an unlimited liquid, find the 
motion set up and shew that if the body be moved with unit velocity along 
Ox, the momentum sot up parallel to Oy is equal to that set up parallel to Ox 

* Natural Philosophy, §§ 320, 321. 

t * Motion of Two Spheres in a Fluid,’ Phil, Trans 1880, p. 456. 

J ‘ On the motion of Two Spheres in Fluid and Allied Problems,* Quart, 
Journal, xxii. p 204. 

§ ‘ On the Motion of Two Spheres in a Liquid,’ Proc, L,M.S xviii. p, 369. 
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by moving the body with unit velocity along Oy, Also if the body be turned 
round Ox with unit angular velocity the momentum generated paraUel to Oy 
is equal to the angular momentum generated around Ox by moving the body 
with unit velocity parallel to Oy. 

7. A pendulum with an elliptical cylindrical cavity filled with liquid, the 
generating lines of the cylinder being parallel to the axis of susiiension, perfomis 
finite oscillations under gravity. If / be the length of the equivalent pendulum, 
and V the length of the cqmvalent pendulum when the liquid is solidified, find 
I and and prove that 

jt 1 

i/ + m A ’ 

where M is the mass of the pendulum, m of the liquid, k the distance of the 
centre of gravity of the whole mass from the axis of susiiension, and a, h the 
semi-axes of the elliptic cylinder. (M.T. 1878 ) 

8. A pendulum, of mass with «ui ellipsoidal cavity (semi-axes a, A, ( ) 
filled with liquid of mass i/i, oscillates about a horizontal axis parallel to the 
c-axis of the ellipsoid , iirove that the length of the equivalent simple pen- 
dulum IS 

[MK'^ -f- m {d^ -f- {a^ - &2)2/5 («2 ^ ^,2)} 

where K is the ladius of gyration of M about the axis of suspension, d the 
distance of the centre of the ellqisoid and I the distance of the centre of gia\ ity 
of the whole mass from the same axis (Coll Exam 1 898 ) 

9. In the midst of an infinite mass of homogeneous incompressible liquid 
at rest is a spherical surface of radius a, which is suddenly stiamcd into an 
equal spheroid of small ellipticity Find the kinetic energy contained between 
the given surface and an imaginary concentric spheiical surface of radius c, 
and shew that if the imaginary surface were a real boundary surface which 
could not be deformed, the kinetic energy in this case would lie to that in the 
former case in the ratio 

r* + . 2 (M T 1878 ) 

10. Find the ratio of the kinetic energy of the infinite liquid surrounding 
an oblate spheroid, moving with a given velocity m its eqmitorial plane, to 
the kinetic energy of the spheroid , and denoting this by P, prove that if the 
spheroid swing as the bob of a iiendulum under gravity, the distance between 
the axis of suspension and the axi.s of the spheroid being c, the length of the 
simple equivalent pendulum is 

(1 + P)c±i^c 
l~cr/p ’ 

where a is the equatorial ladius, p the density of the spheroid and cr that of 
the liquid. (M.T. 1879 ) 
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11, An elliptic cylindrical shell, the mass of which may be neglected, is 
filled with water, and placed on a horizontal plane very nearly in the position 
of unstable equilibrium with its axis horizontal^ and is then let go When it 
passes through the position of stable equilibrium, find the angular velocity of 
the cylinder (i) when the horizontal plane is perfectly smooth, (ii) when it is 
perfectly rough , and prove that in these two cases the squares of the angular 
velocities are in the ratio 

(^ 2 - 62 ) 2 ^ 

and ‘±h being the axes of the cross section of the cylinder (M T 1886.) 

12. A solid ellipsoid of uniform density is set rotating in an infinite liquid 
about one of its axes by given impulsive couple ; find its angular velocity. 

(MT 1882) 


13. A cylinder is moving m «in infinite fluid, and the motion is defined by 
n, V, a> , shew how to reduce the kinetic energy to its simplest form 

If 2T=^Au^ + ^lHuv-\-Bv^-\-Kco'^ and there are no forces, prove the equation 
KB ^J^l(A-B) sm 6 con e+H (cos^ 6 - sin*^ 0)}/{A 0, 
where J is the resultant momentum (linear). (St John’s Coll 1895 ) 


14. An infinite elliptic cylinder of density <r is moving through incom- 
pressible fluid of density p that extends to infinity and is at rest there Shew 
that if f/, h be the semi-axes and 


2T—n {pU^ + a-ah) {jpd^ (rah') 


and that at any time 


-b TT [pc^jS + (rab (a^ -b 6‘‘^)/4] o)*, 




a- aba^~\- 
p 4 b^} 


(9+(7F=0, 


where 6^, V aie the velocities of the centre along the axes and 6 the angle 
turned through by the trails veise axis. (Trinity Coll 1894.) 


15. A prolate spheroid is moving through fluid with velocity in the 
direction of its axis , shew that the motion is unstable, but that it will be 
.stable if the spheroid is at the same time spinning about its axis with 

an angular velocity greater than ^ ^ whcie P and Q are the 

effective inertias of the spheroid along the axis of revolution and a perpen- 
dicular axi.s respectively, and A^ B aiQ the effective moments of inertia about 
those axes (M.T 1892 y 

16. A solid ellipsoid of density <r is idaced inside a fixed concentiic, con- 
focal and similarly situated ellipsoidal shell and the space between them is 
filled with fluid of density p Supposing that the whole matter attracts accord- 
ing^ to the Newtonian Law, and that cr is greater than p, shew that when the 


R. H. 
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solid ellipsoid is slightly displaced parallel to its greatest axis, the time of a 
small oscillation is given by 

7rp {<T — p) A 

~ or+p _ pabr ’ 

2 ahc (2 — A') — a’b’a' (2 — ^ ) 

where 6, c and a', 6', c' are the semi-axes of the outer and inner ellipsoids 
and 

ahc^ 

Jo (a2-|-X)3 (A2_j_x)i (c2-HX)i’ 

with a similar expression for A'. (M T 1881 ) 


17. If a thin ellipsoidal shell without mass be filled with water, and set 
m motion about its centre as a fixed point, prove that its subsequent motion 
will be determined by three equations of the form 

(6^ - da>i (b‘^-c-)( ft V + — 3a*) _ ^ 

~dt (V^+62) 


18. If ^1 and B be the forces required to act for unit of time in order to 
generate unit velocity pcipendiculai and prirallel respectively to the axis of an 
ellipsoid of revolution in an infinite mass of homogeneous fnctionless liquid, 
and if G be the couple required to act for unit of time in order to generate 
unit angular velocity about an equatorial axis, prove that the kinetic energy 
T of the ellipsoid and liquid is 

\ {Au^ A- Av^ Bid + 0(01^ “f Ga>^ + Oc£>3‘^), 
with Euler’s notation, C being the polar moment of inertia of the ellipsoid 


Express T in terms of Lagrange’s coordinates i/r, and prove 

that if the axis of z be parallel to the impressed impulse then 

a = - sin 0 cos 6 cos y= ~ ^ ^ 


/sin^ B 

W 




COS^ $' 

B 


)■ 


<t>+ cos ^^ = 0)3, 


G6^ + 0i,m^e’j/‘ + C<oJ‘+F^ 


G sm2 0yjr + C<os cos B== E, 

i2/ 




where E, T are constants; the last three equations being the same for a 
solid of revolution with a bar of soft iron m its axis, moving about its centre 
in a uniform magnetic field (M T 1877 ) 


19. An incompressible liquid extending to infinity is bounded internally 
*by a prolate ellipsoid of revolution find the initial motion, when an imiiulsix e 
pressure 

Aod -b By'^ -f- Cd -b iLFyz -b '^Gzjc -b ^lliy 

IS applied ^o the liquid over the ellipsoid, where A^ i5, etc are constants, and 
the centre of the ellipsoid is taken as origin of rectangular coordinates 

(Dublin Univ 1911.) 
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20. A rigid body immersed iii a homogeneous incompressible liquid at 
rest extei^ding to infinity is set in motion by an impulsive couple prove that 
its subsequent motion relative to a certain point O fixed in it is the same as 
if a certain ellipsoid, fixed in it with its centre at 0, rolled on a fixed plane ; 
and expiess geometrically the variable velocity of translation necessary to 
corniilete the representation of the actual motion (Lamb ) 


21. An infinite mass of fluid is divided into two parts by an infinite rigid 
plane and a sphere is moving in the fluid in a line perpendicular to the plane. 
Explain by general reasoning what will be the effect of making a circular 
opening in the plane with its centre in the line of motion of the sphere, when 
the spliere is moving (1) towards the plane, (2) from the plane (M.T 1882 ) 


22. Explain how the method of images can be used to obtain successive 
apprtiximations for the velocity potential due to a sphere moving in a liquid 
bounded by a plane wall whose distance a from the centre of the sphere is 
large compared with the radius h of the lattei 


If the centre of the sphere be taken as origin, the axis of y perpendicular 
to the wall, and if the sphere be moving with velocity u along the axis of 
shew that, neglecting fifth and higher powers of h\a^ the velocity potential 
near the sphere is given by 




ry 


and find the values of the constants A and B, (Univ, of London, 1910.) 


23. The presence of an infinite liquid increases the apparent inertia of a 
moving sphere by half the mass of the liquid disjilaced Shew that this in- 
<. lease is raised in the ratio l + 3a^/8^3 1 nearly, if the liquid is bounded by 
an infinite pLuic periiendicular to the direction of motion, and at a great 
distance ^ from the centre of the sphere, whose radius is a. 

(Trinity Coll 1895 ) 


24. Two infinite parallel circular cylinders in an infinite fluid are pro- 
jected (i) in opposite directions along a line at right angles to their axes, (ii) in 
the same direction perpendicular to this line Prove that they expei lence in 
the two cases respectively a mutual repulsion and a mutual attraction 

(Trinity Coll 1894) 


25. A sphere of mass J/, displacing a mass M' of fluid, is projected with 
velocity V normally to an infinite rigid plane with which it is in contact ; 
shew that its limiting velocity is 


r 



3jr' «l-]i 


(Trinity Coll 1898 ) 
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26. Find the complete system of images which will rex)reserit the motion 
of a sphere perpendicular to an infinite bounding plane , and shew that, if the 
density of the sphere be the same as that of the fluid, the ratio of the velocity 
of the sphere at impact to its velocity at an infinite distance from the plane is 



(M.T. 1889 ) 


27. Find the nature of the interaction between two s^iheres moving in a 
liquid of infinite extent (i) when the spheres each make small vibrations along 
the line of centres, (ii) when one vibrates and the other is at rest [Take the 
kinetic energy of the system to be 

, r . .A ^ 

where L = m 1 + ~~~ \ , J/= 27rp , 

y^=^m'+inpb* . 

m, m' are the masses, a, h the radii, and v the velocities of the spheres, c the 
distance between their centres, and only the lowest powers of aje and hje aie 
retained.] 

Mention some experimental evidence of the results obtained. 

(MT 1911) 


28. {a) Investigate tlic condition of stability of the motion of an elongated 
solid of revolution with a plane of symmetry at right angles to its axis of 
figure moving iiarallel to its axis of figure and rotating about that axis. 

(b) Prove that, when this condition is satisfied, there are possible two 
states of steady motion in which the velocities of tianslation and rotation arc 
constant and the directions of translation and rotation are m a plane through 
the axis of figure and make constant angles with that axis while the idane in 
question rotates uniformly around the axis 

(c) Prove that the two modes of simiile harmonic oscillatmn about the 

state of steady motion described in (a) are really steady motions of the tyjies 
described in (6), the angles made with the axis of figure by the directions of 
translation and lotatioii being small (M T 1904 ) 
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VORTEX MOTION 


176. So far we have confined our attention almost entirely to 
cases involving irrotational motion only But we saw (Art. 64) 
that the most general displacement of a fluid involves lotation of 
which the component angular velocities at a point (x, y, z) are 






Syr 


where u, v, w are the components of linear velocity at the point. 
We also saw (Arts. 31, 33, 70) that if at any instant the motion of 
a fluid mass is irrotational under the action of conservative forces 
it remains irrotational for all time. In this chapter we shall con- 
sider the theory of rotational or vortex motion. The theory is due 
to Helmholtz whose epoch-making paper was published m 1858*. 
It was afterwards developed by Kelvin f, Kirchhoff and other 
writers. 


177. It is important to realize at the outset that some portions 
of a fluid mass may possess rotation while others are moving 
irrotational ly. 

Lines drawn in the fluid so as at every point to coincide with 
the instantaneous axis of rotation of the corresponding fluid 
element are called vortex lines ( Wirbellinien), 

Portions of the fluid bounded by vortex lines drawn through 
every point of an infinitely small closed curve are called vortex 
filaments {Wirbelfaden), or simply vortices, and the boundary of 
a vortex filament is called a vortex tube. 

* Crelle's Journal^ vol. lv. ‘ Ueber Integrale der hydrodynamisohen Gleichongen 
welche den Wirbelbewegungen entsprechen. * A translation by Tait was published 
in Phil, Mag, 4th series, vol. xxxiii. p. 485. 

t ‘ Vortex Motion,* Trans, R.S.E, xxv. 1869, p. 217, or Math, and Phys. PaperSy 

IV. 33. 



214 


PERMANENCE OF VORTICES 


[chap. IX 


178. The theory will shew that elements of fluid which at 
any time belong to one vortex line, however they may be trans- 
lated, remain on the same vortex line, or that the vortex lines 
move with the fluid Also that the product of the section and 
angular velocity of a vortex filament is constant throughout its 
whole length and constant for all time. Hence vortex filaments 
must either form closed curves or have their ends on the bounding 
suiface of the fluid A voitex in perfect fluid is therefore per- 
manent and mdestiuctible; and the enunciation of these properties 
by Helmholtz suggested to Lord Kelvin the idea that vortex rings 
are the only true atoms, inasmuch as the generation or destruction 
of vortex motion in a perfect fluid can only be an act of creative 
power*. 


179 Kelvin’s Proofs. 


To prove the properties just enunciated . 

(1) The product of the cross secUou and angular velocity at any 
point on a vortex filament is constant all along the vortex filament 
and for all time. 

By Stokes's Theorem (Ait. 66) the circulation round any closed 
curve is equal to 

-h niT) -f n^) dS, 

where |^, 97, f aie the components of spin, and Z, 7 n, n aie direction 
cosines of the noimal to an element dS of a surface bounded by 
the curve. If the curve be a reducible circuit drawn on the surface 
of a vortex tube the circulation will be zero, because at every point 
of such a surface 


l^ + mrj + n^—0. 

Let the circuit he ABCBTJFGHA asm thefiguie, 
where FOHA and EDCB are two cross sections of 
the vortex tube. Then since the circulation round 
ABGDEFGH A is zero and the contiibutions of 
ABy EF are equal and opposite, it follows that 

flow round FGHA = flow round EDCBy 
or, ultimately, 

circulation round AGHA = circulation round BDCB. 



* ‘ On Vortex Atoms,’ Phil. Mag. xxxiv. 1867, p. 15, or Math, and Phys. PapftSy 
IV p 1 
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But, as in Art. 66, if lo denote the angular velocity and a the 
cross section of the vortex tube supposed small, the circulation 
round this section is 2o)«r. Hence this product is constant for all 
sections, and we shall take it as a measure of the strength of the 
vortex. 

Again, from Art. 69, when the forces have a single- valued 
potential and the density is a function of the pressure the circu- 
lation in any closed circuit moving with the fluid is constant for 
all time. And if we apply this to any circuit embracing the voitex 
it follows that the strength of the vortex is constant for all time 

It is clear also that the circulation in any circuit is the sum of 
the stiengths of the vortices that it einbraccs 

(2) The vortex lines move with the fluid. 

It is clear from the formula 2 |^ | ihtj dS for ciicu- 

lation in a closed circuit, that if the circulation is zero in every 
circuit that can be diawn on a certain surface no vortex lines can 
cut thi‘ surface, and any that meet the surface must lie wholly upon 
it, for we must have Zf -h mr] -f /?f = 0 at every point of the surface 
Consider a surface composed of vortex lines at time t The cii- 
culation in any circuit C on this surface is zero. At time t-^ht the 
particles that formed the surface ^ now he on another surface S\ 
and the circuit G moving with the particles now lies on >8' and the 
circulation in it is still zero and this being true for all such circuits 
on S\ the surface S' must be composed of vortex lines Himce any 
sill face composed of vortex lines, as it moves with the fluid, con- 
tinues to be com])osed of vortex lines The intersection of two such 
surfaces must always be a vortex line and so we arrive at the theorem 
that vortex lines move with the fluid 

The foregoing proofs are duo to Lord Kelvin. The proofs given 
by Helmholtz are not so simple but we reproduce them here on 
account of then historical inteiest 

180 Helmholtz’s Proofs. 

Let denote the resultant spin at any point on a vortex line 
and €(o a small element of length of the vortex line. The pro- 
jections of this element on the axes are 

Bx, Sy, Sz — e^, 67}, (!)• 
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The rate at which Sx increases as the fluid moves is the differ- 
ence in the values of u at the ends of that element. Therefore 


or 


DSx du ^ ^ ^ /^du 

DP 

= e^ , from Art. 33 (1), 

^(S^-e|) = 0. 


du 

'dy' 




dz) 


That IS equations (1) continue to be true as time advances, 
or, as the particles composing a vortex line move, their join is still 
the instantaneous axis of rotation, which means that “ each vortex 
line remains composed of the same elements of fluid, and swims 
forwaid with them in the fluid.’’ 


Now, regarding the element of length of a vortex line as the 
join of two definite particles or elements of fluid, we have seen that 
7 ), ^ vary as the projections of this element of length on the 
coordinate axes, hence the resultant angular velocity in a defined 
element varies as the distance between this and its neighbour along 
the axis of rotation. 


Now, regarding the fluid as incompressible, consider a short 
length of a vortex filament Its volume is constant as it moves in 
the fluid because it is always composed of the same elements of fluid, 
but the angular velocity varies directly as its length, therefore the 
product of the angular velocity and the cross section in a portion 
of vortex filament containing the same element of fluid, remains 
constant during the motion of that element 

Again from the expressions for f, 77, in terms of w, v, w we get 


But 


dx dy dz 


jj (IS + mv+ nS) = ///(II + ^ + II) 

= 0 , 

where the surface integi*al extends to any portion of the fluid 


* It has been remarked by Prof. Larmor that this proof is not quite rigorous 
inasmuch as it implies the expansibility of u, v, w in Taylor's Series in powers of t. 
See Lamb’s Hydrodynamics^ pp. 198-9. 
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bounded by a surface 8. Applying this to the surface of a portion 
of a vortex filament cut off by cross sections of area a, cr' ; the 
integral over the curved surface is zero and the result reduces to 

eocr = 

where cw, co' are the angular velocities 

That IS, the product axr is constant throughout the whole 
length of any one vortex filament 


181. Third Proof from Cauchy’s Equations. 

A third pi oof follows very simply from (’auchy’s equations of Art 31, viz. 

For, the initial eqiuitions of a vortex line aie 
da dh dc \ 

^0 S) Po * 

and ijy z being the coordinates at any time of the particle originally at or, hy c, 

ta u) oc 


( ' 'bx ov 


dl> 




therefore 


=— , from above, 
dx __ _ X 

that IS, the moMiig element whose projections on the axes have become 
dy, dz is still ])art of a vortex line ; or the vortex lines move with the fluid. 

Again, if ds be the length of the element and a> the angular velocity and 
ds^y ©J their initial values 

db, dx) X , dSiy da X 


dx) _ _X ds^y_da 


But if <r, (To denote the cross sections of the filament, the mass of the 
clement being constant, 

pads — piso-^ds^y 

therefore ©o- = ©Qrro, or the strength of the vortex filament is constant with 
regard to the time That it is constant along the filament can then be proved 
as before 


182. Rectilinear Vortices. 

Before going further into the general theory of vortex motion 
we shall consider the case of rectilinear vortices in homogeneous 
liquid, which is capable of simple independent treatment. 



218 


RECTILINEAR VORTICES 


[chap. iX 


Suppose a number of straight parallel vortex filaments either 
in an indefinitely extended mass of liquid, or in a mass bounded 
by two planes perpendicular to the filaments. 

Taking the axis of z parallel to the filaments, we have 


so that 


, = 0. and 


= 2 ? .. 


The equation of the lines of motion is 
vdx — udy = 0, 

and it follows from the equation of continuity that vdx — udy is <i 
perfect differential dyjr , hence, as before, 

dylr dyfr 

du:^ ^ dy ^ 

and the lines of motion are given by yjr = const. 

f of course is zero except along a vortex filament , and the form 
of the equation for y/r shews that yfr may be regarded as the potential 
at any point of an infinite medium, the density of which is zero, 
except along the vortex filaments, which may be regarded as 
gravitating straight linos of density — ?/27r. 

Hence the x-, y- differential coefficients of are the components 
of the attractions of these lines parallel to the axes* 

Supposing that only a single vortex filament is m existence at 
the point (a, h) and that dadb is its areal section, we get for the 
velocity components at a point {x, y) at distance r from (a, b) 

_ dyJr ___ 2d(idb /— ^\y — b ^dadb y — b 


dyJr ___ 

2dadb 


r 

dyjr 

2dadb 

1 

dx 

- 1 

r 




TT 7" ' 

}^da db X — a 

TT ' ' 


From this it follows that the resultant velocity q is perpen- 
dicular to r, and that 

^dadb 


* The attraction of an infinitely long thin rod at distance r from itself is 2mlr 
perpendicular to the rod, m being the mass of unit length. 
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or, if tc is the strength of the vortex, 

_ K 

the direction of q being in the sense of the rotation And for a 
single vortex 

( 2 ). 

We might also obtain (2) from the simpler consideration that 
outside a single vortex, ^ being a function of r only, we have 
from (1) 

dr^ r dr * 

so that \jr = C log r , 

and the motion outside the vortex being iiiotational there is a 
velocity potential 

4> = -Ge. 

But the strength k of the vortex is the circulation or increase in 
<f> in making one turn round the vortex, so that 

27r(7 = K 


and 




27r 


log r. 


If there be any number of vortex filaments, the velocity at any 
point will be determined by the superposition of the velocities duc‘ 
to each, and will be expressed by the equations 


u ~ 






X — a 




183 . In the case of any number of filaments, if Vg denote 
the velocity components due to the filament of strength Kg, the 
expressions 

S {iCgUg) and S {K^Vg) 

will both vanish, for they consist of pairs of terms of the forms 


Ki Xy 


Xo 


Hence regarding /c as a mass, the centre of gravity of the 
vortex filaments remains stationary during their motions about 
one another 
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A single rectilinear vortex in an unlimited mass of liquid there- 
fore remains stationaiy, and when such a vortex is in the presence of 
other vortices it has no tendency to move of itself but its motion 
through the liquid is entirely due to the velocities caused by the 
other vortices. 


184 . Consider the case of two vortex filaments of strengths 
K 2 and of small section at distance a apart. Each will produce 
a motion of the other perpendicular to the line joining them. If they 
meet the plane xy in A, By the point 0 that divides AB in the 
ratio K 2 * will remain at rest and, the velocities of A and B being 
K^j^ira and «j/27rtt respectively, the line AB will revolve with 
angular velocity + >r2)/27ra% the vortices describing circles 
round 0 

If the strengths of the vortices are equal but of opposite sign, 
say K and — /c, 0 is at infinity and the vortices move in parallel 
directions with the same velocity Kj^ira, 



If r^y are the distances of a point P from Ay B and 0^, 0^ 
their inclinations to BAy the velocities are /c/27rri, at right 

angles to AP, BP, So the velocity along the tangent to the circle 
APBm 


K 

27rri 


sin 02 — 


K 

27rr2 


sin 0^ 


= 0. 


Hence the stream line through P cuts the circle APB ortho- 
gonally , that is the stream lines are the coaxial circles having A, 
B as limiting points. 

This is also evident from the fact that 


V^ = ^log--. 
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Such a pair of vortices may be called a vortex pair. 

The reader will notice an analogy between a vortex filament and 
an electric current. The straight current of strength i produces a 
magnetic field in which the force at distance r is 2i/r at right angles 
tor and to the current. And two equal and opposite parallel currents 
produce a magnetic field in which the lines of force are coaxial circles 
corresponding to the stream lines in the case just considered. 

To return to the case of the vortices, it is clear that there is no 
flow across a plane bisecting A at right angles so that this might 
be made a rigid boundary; and consequently a single rectilinear 
vortex parallel to a plane boundary and at distance c from it will move 
parallel to the boundary with uniform velocity /t/47rc. 

The velocity half-way between the vortices being due to both of 
them IS y^/TTC, so the vortex moves with one-quartf^r of the velocity 
of the liquid at the boundary 

The image of such a vortex with regard to a parallel plane is an 
equal vortex symmetrically placed, the rotation of the two being in 
opposite senses. 

185. As a further example we may obtain the motion of a vortex 
pair moving directly towards or from a parallel plane boundary or of 



a single vortex in a corner between planes meeting at right angles. 
The figure shews the necessary arrangement of images, and for the 
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velocity of the vortex at A (or, y) due to the other three, we have 
components 

fc K AS _ K a? 

“ lirAB ~ Iff “ ■ y (*“■+ 'f) ’ 

— « K A A' _ ic 

and AB~~ 4Ir' x{€l+ 'y^y 


For the path of the vortex A, we have 
X — u and y — v. 


so that 


dx _ dy 


whence by integration 


1 1 _ 1 
a»’ 


oi in polar coordinates r sin 2^ = 2a , 

which represents a Cotes’s spiral with asymptotes parallel to the axes 


Also since xy — yx — — «/47r, 

the voitices describe the Cotes's spiral in the same way as a particle 
under a central force which can easily be seen to be a repulsion 
directed from the oiigin and varying as the inverse cube of the 
distance 


186. A rectilinear vortex within a circular cylinder of liqiiid will 
remain at rest if it lies along the axis, but not in any parallel position. 
The image is an equal and opposite vortex so situated that the 
vortices cut a cross section of the cylinder in inverse points. 

Thus if Che the centre and A, B a pair of inverse points, we have 


6 


Fig 57. 

seen that the stream lines due to equal and opposite vortices through 
A and B a^’e coaxial circles having A, B as limiting points, so the 
cylinder in question will satisfy the condition for stream lines. 
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The velocities of the vortices are both equal to Kj^irAB so they 
will not remain on the same radial plane through (7, and the motions 
of the liquid inside and outside the cylinder only correspond at the 
instant under consideration. But so far as the motion inside the 
cylinder goes the vortex A describes a circle round C with uniform 
velocity icI^irAB or k . C A 12*17 (c® — CA^), c being the radius of the 
cylinder. 

In the problem of the vortex B in liquid outside the cylinder, we 
notice that the foregoing solution with the image vortex at A implies 
a circulation k round the cylinder due to the vortex A , but we want 
a solution m which the only circulation is due to the vortex B, and 
we can get this by superposing the motion due to another vortex 
— /c at (7. This will make the vortex B describe a circle round the 
cylinder with velocity (counter-clockwise) 

2itAB “ 2^^ * 

To get the solution of the corresponding problem when there is an 
arbitrary circulation tc round the cylinder, we have only to superpose 
a vortex of strength k at (7, adding K'j2irGB to the velocity of the 
vortex -6*. 

187 For any number of parallel rectilinear vortices in an un- 
limited mass of liquid, we have a stream function 

■f = S 2 ^ 1 ogr, or 2 ^ log {(«- a;,)“ + (y-yi)”}, 

where Ki is the strength of the voitex at (a^i, y^). 

The motion of any one vortex depends not on itself but on the 
others, for it would lemain at lest if no others were present Hence 
to get the motion of a paiticular vortex, say /Cj, we subtract from -i/r 
the term that corresponds to this vortex, then if yjr' (w, y) be the 
result, and we find a function y,) such that 

S!h~\ S^."V9*A’ 

these arc the components of the velocity of the vortex, and x 

may be regarded as a stream function giving the motion of the 

vortex. 

* See F A Tarleton, * On a problem in vortex motion,’ Proc, R I A 3rd series, 
II. p. 617. 
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<For example, if there be a vortex of strength k at {psi, y^) and 
the axis of a? be a boundary of the liquid, there is an image — ^ at 
(xi. -yi), and 

Vr = ~ log {(* -a^y+iy- yi )'*} - ~ log {(« - a,-! y + (y + yi )®}. 

Hcnco, in this case, 

K^* - y-^0j+ yiT] 

Therefore = T~ 

dy^ 47r^, d.i\ 

so that the stream function for the motion of the vortex is 
X(«„«/.)=-_^logy„ 
or the path of the vortex is given by 

2 /i = constant, 

as we know from th(' discussion of Art 184 

188. Use of Conformal Transformation. 

The method of Arts 112 — 116 is also applicable when parallel 
rectilinear vortices exist in the liquid; and regarding the problem 
as one of two-dimensional motion, as in Art. 114, if a vortex IT of 
strength k exists in one liquid at a point whose coordinates are 
(f 1 , Tjy ), there will be a vortex P of equal strength at the correspond- 
ing point (^j , yi) of the other liquid , for the strength is — / d<f} taken 
round a small curve surrounding the vortex , and ^ having the same 
value at corresponding points in the two liquids, the integral must 
have the same value when taken round con esponding curves. These 
vortices however do not necessarily continue to move so as to occupy 
corresponding points, but wc may deduce the motion of one when 
we know that of the other Thus, if 77 ) denote the stream 

function of the first motion, the path of the vortex 11 will be given 
by a stream function x (?i> ^ 1 ) deduced, as in the last article, by 
omitting from ^ the term 

£jogU-^d’‘ + {v-v,Y}. 

or the real part of 2 ^ log (t — ^i), 

where ty. 
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Similarly in the transformed motion there will be a stream 
function X yO motion of the vortex P obtained from 

i/r in the same way by the omission of the term 

4^ log {(* - «-i)" + (y - yi)‘}. 

or the real part of ^ log {z — z^). 

Jtt 


Hence it follows that X —X^ X'» where x*' such that 
^^~the real part of ~ log -- “1 
d d 

Noav assume that ^ is expansible in 

powers of ^ , so that 

. , , . fdt\ {z — Zy)^ (dH\ 

t-t,-{z-z,)[j^^+ ; 

therefore we require 

the real part of ^ log {(^|)_ + i + , 

that IS. the real part of (£.)/(£). ’ 


Avnich is 


Hence 


« 0 . dl 

4f7r dyi dz i ’ 

,, #c , dt I 


X'(-oZ/0 = x(f..’;0 + 4"-log (I)*- 


189. Examplks (i) To Jind the path oj a icctilmeai vmtex in the angle 
between two planes to which U is parallel 
Let njn be the angle between the planes 
The transformation suitable to this case is 

a,. 

or, in polar coordinates, p=c*(r/c)” ci)==/^d. 

This transforms the |-dxis (o> = 0, into the straight lines d=iO, B — trin, 

* This theorem was enunciated by Routh — ‘ Some Applications ol Conjugate 
Functions,* Proc. L.iV.Ai. xii. 1881, p, 83. 


R. H. 


15 
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The stream function due to a vortex n at (fj, rfi) in liquid bounded by the 
^-axis i&, as in Art. 1 87, 

^ 47r ^ + ^ 

Therefore the stream function due to a vortex P at (jti, or (i\, Bi) in 
liquid Ixiunded by ^ = 0, B=Trln is 

^ 47r _ 2r”rj** cos { 0 + 6 i) ’ 

Again I i = dpjdt — n {rjcY ~ * , 

so that f(^r the path of P 

x{'^\’>y\) = x (ii » *^ 1 ) + 4^ ^* 1 ” ” ^ 


w here, as in Art 187, ^ log iji . 

Therefore x' (^i y 2/i) ^ ^^1 + ^ ^i” ~ ^ 

log /-j sill 71^1, 

neglecting constant terms 

Hence the path of f* is 7 1 sin — const , 
which IS a Cotes’s spiral. 

This agrees with Art. 185 for the case n=^2. The same problem might be 
solved directly by a series of images provided Ji is an integer, but this restric- 
tion IS not necessary in the method used above* 

( 11 ) Thei'e is a rectdvtear voitex in Ixqivid filling the space between two 
paiallel planet. To find the paths of the particles 


The relation = + 

01 ^ = e^'^ cos py^ Tf — eTP^ sin py, 

transfoirns the ^-a\is rj — 0 into the lines y=0, y = 7r/jo 


Taking a voitex of stiength k at a suitable point (^j, i]{) with the ^-axis as 
boundary, we get a corre^onding vortex at (^ 1 , yi) between the paiallel 
planes yss= 0 , y = Trjp 


As l)efore the stream function of the original motion is 



log 


(£r 


and we get an expression for the stream function between the parallel planes 
by substituting for rj in terms of ;r, y Thus if the distance between the 
planes be c and the vortex be midway between them we have p — irlc^ and 
^1 = c/2, and if we take the ^-axis through the vortex we also have a*i = 0, and 
therefoi e = 0 and i/i = 1 . 


Greenhill, Quait, Journal, xv. p. 15, * Plane Vortex motion.’ 



189, 190] VORTEX WITH CIRCULAR SECTION 227 

Hence we get 

_ — _z s- const, 

^nx/c _J_ (g»ra;/c _J_ 1 yi 

which reduces to cosh 7rr/<’ = ^ amirf/lc and this represents the paths of the 
particles ♦ 

190 Rectilinear Vortex with circular section. 

We shall consider now some cases of vortices with finite cioss 
section Let the section be a circle of radius a, and suppose the 
spin to be uniform and equal to ^ throughout the whole section, 
the vortex being rectilinear 

The equations for the stream function arc 

4- = 2f, inside the vortex , 

dx‘ dy- 

and = 0, outside the vortex 

ooL^ oy^ 

These aic equivalent to 

= 2f, when r < a .... ...(1), 

dr- 7 dr ^ ^ 

and ^ ^ = 0, when r >a (2) 

0^2 ^ 0y. V / 

llic complete' integral of (2) is 

yjr= G log r 4 JJy 

and a particular integral of (1 ) is 


therefore, when / < «, yjr = A log r 4- -S 4- A (3), 

and, when r Xi, C log r + D (4) 


Since i/r IS not to be infinite when r = 0 we must have J. = 0. 
And if the motion is continuous at the surface we have and the 
tangential velocity dy^rjdr continuous so that 

4-|fa«=aiog « + A 

and fa = 0/a 

For other examples of this method and the extension of the method by inver- 
sior, see Routh, P/oc L M S xii p 81 


15—2 



22 & 


VORTEX WITH CIRCULAR SECTION 


[chap. IX 


Hence neglecting an additive constant we have. 


when r < a, sjr = — “* O (^)’ 

and, when r > a, log rfa (6). 


The velocity is wholly transversal both inside and outside the 
vortex, its values being fr and ^a-jr. 

Outside the vortex the motion is irrotatioiial and the velocity 
potential can be found by taking 

^ 4- log {x + ^y)/a 

= (i log rja — 6), 

for this gives the correct value for Hence we have 
^ or — fa® tan~^ y/d?, 

a many-valued function as we should expect, the motion being 
cyclic. If tc denote the cii dilation or the strength of the voitex, 
K = 27ra®f, so that 

^ tan-> y/a; and ^=^^\ogr, 
as for a thin filament. 


To find the pressure. Outside the vortex we have 
or, since the motion is steady, and q = or /c/27rr, 

jt) _ n ^ 

p p 87r®r® ’ 

where H is the value of p when r is infinite. 

Inside the vortex we have the case of a liquid rotating uniformly 
with angular velocity f, so that 


dp _ 


^^rdvy 


or 

where P is the pressure at the centre of the vortex. Since the 
values of jp are equal when 7’= a, therefore 
P = n — K^pj^iT^a^ 

Hence when r <a 


p __ n fc^ 
p p 47r^a- ^ 
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shewing that if 11 < there will be a value of r < a for 

which p becomes negative, implying that a cylindrical hollow must 
exist inside the vortex. 

It js possible to have cyclic irrotational motion surrounding a 
hollow cylindrical space. The necessary condition is p = 0 when 
r = a, that is 

II = /c^p/Stt- aK 

The oscillations of vortices of the forms just considered were 
discussed by Lord Kelvin*. 

191 Rankine^s Combined Vortex consists of a circular 
voitex with axis vertical in a mass of liquid moving irrotationally 
under the action of gravity. The kinematical equations are as 
in the case just considered, and if a is the radius the pressure 
equations are 

n fc^ 

- = const — „ — qz, when r > a, 

p 87r^r^ 

and - = const, -f — qz, when r < a. 

p Sir^a* " 

The flee surface has a depression or dimple over the top of 
the vortex as shewn in fig. 58. The ecjuations of the free surface, 
obtained by making p constant, are 

^ = 8^ ^hcn r > a (1). 

and z — - - (r^ — a^) -f O, when ?' < a (2), 

the constants being arranged to preserve continuity when r = a. 

Taking the origin in the general level of the free surface, in (1) 
we can put -e = 0 when r = oo , 
so that 

(7 = — a^g. 

Then in (2) b}^ putting r = 0 
we get the depth of the central 
depression given by 

“ ‘Vibrations of a columnar Vortex,’ Phil May. x, 1880, p 155, or Math and 
Phys. Papers, iv. p. 162. 



Fig. 68 
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192. Elliptic Section. 

To shew that a rectilinear vortex whose cross section is an 
ellipse and whose spin is constant can maintain its form rotating 
as if it were a solid cylinder in an infinite liquid*. 

We have seen in Art. 106, that if a rigid elliptic cylinder of 
semi-axes a, b rotates with uniform angular velocity to in an infinite 
mass of liquid the stream function for cyclic irrotational motion 
with circulation k is 

ylr — (a + by cos 2?; -f (1). 

In this case k = 2*rrt^ab, where f is the constant spin. 

Inside the vortex we have 


0 ^ ^ ^ 

0a;* 03/* ^ 


•( 2 ), 


With a boundary condition that the velocity of the liquid normal 
to the boundary is ecjual to that of the boundary, that is 


iix . vy X y 




.(3). 


Assume that (4), 

then from (2) and (3) we have 

A +5=1, and Aa^ — — ... (5). 

The further condition of continuity of the tangential velocity 
at the boundary makes the values of dy^rjd^ obtained from (1) and 
(4) the same 

Putting x = c cosh f cos sinh f sin y in (4), this gives at 

the boundary 

— ift) (a + 6)^ cos 2y + ^ab 

= cosh f smh f [A + 5 + (A - 5) cos 2y] 
for all values of y from 0 to 27r 


Equating coefficients of cos 2y we get 

— (a + {A — B) cosh f smh 

but on the boundary a = c cosh h — c smh f, and a-‘b = ce~^, 
therefore 


A 


CO a^^b^ 
2^' ab 


. ( 6 ). 


Kirchhofif, Mechaniky p. 261. 
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From (5) and ( 6 ) wc find 

Aa = Bh= abl(a + 6 ), 

j 2ah ^ 

and Q) = ^ C. 

(a -f by ^ 

This gives the velocity of rotation of the cylinder as a whole m 
terms of the spin and eccentricity of the section. 

To find the paths of the particles If a?, y are coordinates of a 
particle of the vortex referred to the axes of the cross section 


and 


i? — = u = — 

U -i- (OX =^v== 


^ = - = -ya}(a + b)/b, 

= 2^Ax= xa>(a+b)la. 

OX 


Therefore i? = — (oyajh and y = (oxbjay 

which lead on integration to 

X = La cos {(ot + e), y = Lb sin {cot + e), 
so that the paths of the particles of the vortex relative to the 
boundary are similar ellipses, and the period of the relative motion 
IS the same as that of the rotation of the cylinder 


193. If an infinite mass of liquid filling all space be at rest at 
infinity we conclude from Art 83 that the liquid must either be 
at rest everywhere, oi that, if in motion, its motion cannot be 
irrotational at every point 


Wc shall now prove that in such a liquid at rest at infinity the 
motion is determinate when we know the values of the components 
of spin f, 77 , 5' at all points For if possible let there be two sets 
of values aj, h\ and lu, v,., of the velocity components each 
satisfying the equation of continuity and the equations 
dw dv _ dio ^ dv 

dz'^dx'^ 

at all points of space and vanishing at infinity. 

Then the differences u = v — i\ uf — — lu^ also 

satisfy the equation of continuity and 

dy 

at all points of space and vanish at infinity. That is, u, v\ w' are 
velocity components of irrotational motion of a liquid filling all 


dv' 

.g^=0,otc 



232 


MOTION WITH GIVEN SPIN 


[chap. IX 


Space and vanish at infinity. Hence we must have it! = v' = = 0 

everywhere, and therefore there is only one motion satisfying the 
prescribed conditions. 

A similar argument would prove that the motion of a liquid 
contained in a limited simply-connected region is determinate 
when the motion of the boundary and the components of spin are 
known For a multiply-connected region a knowledge of the circu- 
lations in the several independent ciicuits must be included in the 
given conditions 


194 In gerieial there may be several contributory causes tliat 
go to produce motion at a point in a fluid, for example, the presence 
of sources and sinks or the motions of boundaries or immersed 
solids or the presence of one or more vortices in a fluid result in a 
general motion of the fluid The velocities due to the several causes 
may be superposed and it is our purpose now to find expressions 
for the components of velocity w, v, w at any point in a liquid due 
to given vortices, i e in terms of given components of spin 


195. To find u, v, w firom 

^ The liquid being incompressible the flow across any two surfaces 
having the same curve for boundary will be the same, and there- 
fore depends only on the form of the boundary If we assume that 
this flow can be represented by a line integral round the boundary, 
we get an equation 

JJ (lu + mv -h fna) dS = j (Fd.v 4- Gdi/ 4- Hdz), 

where F, G, H are components of a certain vectoi 
But from Art. 66 


J {Fdx -h Gdy Hdz) 

-//HIM?) 


-h m 


(dF 

[dz ■ 


dx) 






dS, 


hence we must have 

_dH _dG 

^ dy dz ^ dz dx 

oi as it may be expressed more briefly 

u,v,w=^ curl (F, Gf H). 


dG dF 

"’-Si-iy <*)■ 
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It is clear that ti, v, w satisfy the equation of continuity, and 
substituting in the values for t], f we get 


2| = 


dw 


dv 

0^ 




dG 

dy 


dz) 


W (2), 


dy dz dx \dx 

and siniilai expressions foi 2i], 2^ 

Hence the assumptions of equations (1) will be justified if we 
can find F, (7, i/ so as to satisfy the four equations 




dF dG dii . 
dx'^ dy"^ dz 

, V~Y^ = - 27?, = - 2f . 


• ( 3 ). 

...(4) 


The last equations can be satisfied by assuming F, G, II to bo 
potential functions due to distributions of gravitating matter of 
volume deiisitu‘s 7?/27r, respectively. We then have 





for the values of Fy Gy H at the point {x, y, z)^ where 
= (.7 - x'y + {y- yy + (^ ~ z')-, 

and f', 7j'y are components of spin of the element dx'dy'dz' at 
(x, y'y z)y and the range of integration may be taken as extending 
throughout the whole liquid, though the integrand is zero at all 
points at which there is no sfun 


To complete the solution we must shew that the expressions 
(5) satisfy (3). 


Wc have 


dF 

dx 


1 

27r 

J. 

27r 


f f s' G) 


and integrating by parts 


dF 


1 ff^r 


1 


10f 
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Therefore 


dF dG dH_ 
dx ^ dy dz 






where (i, ??i, n) are direction cosines of the normal to the element 
dS of the boundary oi the liquid 


Now the vortex filaments are all either closed or end on the 
surface S of the liquid, and in the lattei case we can always con- 
tinue these filaments either on the surface S or outside it until 
they return into themselves so that a gi eater space exists bounded 
by a surface in which exist only re-entrant vortex filaments 
Without loss of generality we may suppose the boundary to be of 
this kind, and then at; eveiy point on it cither f = 77 = f = 0 , or else 

+ niT) -f- 0, 


so that the surface integral in the last equation vanishes And 
since 

dx dy dz 

vanishes identically at all points of the liquid, as can be seen by 
substituting for f, ^ in terms of //, v, w, therefoie the volume 
integral vanishes also Hence 


dF dCr 
dx ^ dy 




Thciefoie the equations ( 1 ) give the coirect values for u, v, w, 
when F, 6 r, H have the values asvsigned by (5). 


It must not be assumed however that there is a possible 
motion corresponding to any arbitrary distiibution of spin com- 
ponents, for unless the components of velocity Uy w and the 
pressure p are continuous they do not in geneial repieseiit a 
possible state of the liquid We shall refer later to one possible 
state of discontinuity under the head of vortex sheets. 


196. Bach element of rotating liquid produces a velocity 
in every other element of the liquid mass. 

In ( 1 ) of the last article let us substitute from (5) so much of 
the values of Fy G, H as arc contributed by the element dx dy dz 
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and call the result] ng components of velocity at (j', y, z) So-, Sv, St(;. 
We have 

cs 1 V' / ,.dxdi/dz'' 

Sw= - {(3! -o/) V - (y ~ »/■) f I ^ 

Hence {x — a;') Sw 4- (?/ — y) ho-{-{z — z') Sw = 0, 
so that the resultant of Bit, Bv, Bw is at right angles to r Also 
^'Bu 4 - 4 - ^'Bw = 0 ; 

and this resultant is therefore also at right angles to the axis of 
spin at {x, y\ z) 

Lastly 

B<i = {{Svy + (S«)^ + (8«.)^}i = sin r . (2), 


where co' is the resultant of f', tj', f' and v is the angle between r 
and the axis of spin at {x, y', z') 

Hence each rotating element A of liquid implies in each other 
element B of the same lupiid mass a velocity whose direction is 
perpendicular to the plane through B and the axis of rotation of 
A, its magnitude being given by the result (2) If the element .it 
A be a length Bs' of a vortex filament of strength k we have 
ay dx'dy'dz' —\k Bs, 
so that we may write the result 

^ K sini^S,?' 


197 . The icadei f.iiniliar with the theory of electromagnetism will again 
recognise the aii.ilogy to which reference was nitide in Ait 184 The vortices 
corres])ond to electiic cm rents and the liquid velocities to magnetic foice due 
to the cuiTcnts The iclations between i), ^ and u, v, w are analogous to 
(electric current) = curl (magnetic force) , 
and the result of the last article corresponds to the foicc on a magnetic pole 
due to an clement of an electiic current 

198 If the fluid be not iiicompiessible we may wiite the 
equation of continuity 

du dv dw _ I Dp 
dx ^ dy"^ dz p Dt' 
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But if V be the volume of a small clement of fluid its mass pv is 
invariable, so that 


Dt 


therefore 


Dt 


Dt 


du dv dw _ \ Dv 
d.v ^ dy^ dz v Dt 


rate of incieaso of volume at (x, y, z) 


== d, say, 

where 6 denotes the ‘ expansion ’ or rate of incre«\se of volume 
at y, z) 

The expansion will cause extra terms in the expressions for the 
velocities , the expansion of an element dx'dy'dz being equivalent 

0 ' 

to a simple source of strength dx dy'dz' at y\ z) 

^TT 


This gives rise to a velocity potential whose value at (a, y, z) is 

dxdy'dz' by Art 45, 

and the complete expressions for the velocity are 

dd> dH dG 
Bj ^ dy dz ' 

__d(f> dF_m 

^ dy ^ dz dx * 

dG__dF 
dz dx dy * 


199. Velocity Potential due to a Vortex in incom- 
pressible fluid. 

Considering a single re-entrant vortex filament of strength /c, 
we may write the expression (1) of Art. 196 

Bu = - ^ {{y - y') dz -{z- z’) dy'], etc 

by putting f', r)\ w {dx jds', dy jds, dz'jds'), 
and ft)' dx' dy' dz' ds'. 

Hence u = - A (J) - dy' A , 

where the integration is taken round the filament. 
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By Stokes’s Theorem this integral is equal to a surface integral 
over any surface bounded by the filament. Thus if we write 


! = j(Xda/ + Ydy' + Zdz'), 


we also have 


„t x-o, X— 4,g), 


therefore 


dZ _dY / 

dy' BY U 


(')• --v(')' 


dz^J r dx^ r ’ 


'bz' dx' dxdy' \ rj ’ dx dy dx'dz \rj 

Hence « = £ff(l + m (i) dS', 


K d 
47r dx 


UK 


+ m - , + n - 
dy oz I r 




and similar expressions for v and w. 


The velocity potential from which w, v, w are derived is therefore 

_ K rC COS 0dS' . . 

~4^jj ^ 

where 0 is the angle between the normal (/, n) to the element 
dS' and the line r joining (.r, y, z) and {x\ y\ z'^ 

This result may clearly be written 

<j> = fcfl/4}7r ( 2 ), 

where fl is the solid angle subtended at the point {x, y, z) by a 
surface having the vortex filament for edge 


This potential function is clearly a cyclic quantity increasing 
bv the cyclic constant a: every time the path of a moving point 
completes a circuit linked with the vortex, for in these circum- 



VORTEX SHEETS 


238 


[chap. IX 


stances the solid angle increases by 47r. 
potential due to an electric current 
in a closed circuit or to a magnetic 
shell. 


It resembles the magnetic 



For a single lectilmear vortex we 
may take 


n-2(7r-^) 



and </> = /c (tt — 0)/27r, 

making the velocity —d<f>jrdO~Kl2Tn\ as before. 


Fig 59. 


a; 


200 From Art 46 and (1) of the Lxst article we sec that the velocity 
potential is what would be produced by a distribution of doublets over the 
surface of strength #f/47r per unit area with their axes all normal to the 
surface and directed to the same side of the siiiface This can easily be 
understood fioin the fact that the stream lines all thread the vortex cutting 
,icroH8 any surface bounded by it, and the motion might conceivably be pro- 
duced by a giving out of liquid noimally on one side of such a surface and the 
absorption of it at the same rate on the othei side, combined with a suitable 
tiow ]mrallel to the surface in older to give the stream lines their actual 
directions at each point of the surface 


201. Vortex Sheets. 

Suppose that a surface exists in a fluid over which the normal 
component of velocity is continuous but the tangential component 
has different values on opposite sides of the surface. 

Consider a small ciicuit consisting of two lines of length ds drawn 
on opposite sides of the surface and having their extremities joined 
by two infinitely shoitei lines dn normal to the surface. Let the 
lines ds be in the dnection of the relative velocity, w^hich is clearly 
tangential to the surface and of magnitude 
{(w — u'y + (v — v'y + {w — 

if u, V, IV and ?/, ?// denote the components on opposite sides of 
the surface 

The circulation in this circuit is 

{(// — n'y H- (v “ v'y + {lu — w'y\^ ds 

This may be legaided as due to a stratum of vortices whose 
axes are at right angles to the direction of the relative velocity. 
If ft) be the spin at the point considered, the circulation is 2mdsdn, 
so that 

2(iodn — {{a - n'y + — v'y + {w — w'y]^, 
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and the components of spin 77 , f aie given by ' 

r)dn, ^dn = J (ta — u'\ l(v — v'\ J (w — w'). 

' Here dn is infinitely small and 77 , ^ are infinitely great but 
such that the products ^drty rfdn, ^dn are finite. 

Thus the surface of discontinuity may be regarded as a surface 
covered with vortex filaments, the spin at any point being given 
by the foregoing expressions and the discontinuity in the tangential 
velocity may be regarded as due to this vortex sheet. 


202. Kinetic Energy of a system of Vortices. 

The kinetic energy of a fluid is Ty where 

IT P jjj dxdydz, 
which by Ait. 198 becomes 


+ w 


dy 

( d4>dG dF\), , , 


Integrating this by parts we get 

+ p U [/ (Hv — Gw) 4- m (Fw — Hu) + n {Gu — Fr)} AV 

+ 2p JJ j' {F^ + 6r77 4 - JTf) dxdydzy 

wheie the surface integrals extend to the whole boundary of the 
liquid and the triple integials are taken thioughout the volume. 

If the Inpiid extends to infinity and the vortices are all infinitely 
distant from the boundary the first integral is zero by Art. 83 , 
the second is zero because V-</) = 0 , and the third is zero because 
at points on the infinitely distant boundaiy F, Gy H are ultimately 
of order 1 /i^-, and iiy Vy w of order I/i?^ Therefore 

r = pj IJ(Fi + Gv + IfO dxdydz. 

Substituting the values of F, G, H from Art. 195 we get 

T 


-£////// 


" t , !?? ^^^ -dxdydzdx'dy'dz\ 
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where each volume integral extends through the whole space occupied 
by the vortices. 

Another form, in which we integrate by filaments, may be ob- 
tained thus. If ds, ds' are elements of length of two filaments, cr, a' 
their cross sections, o), the corresponding angular velociti €3 and e 
the angle between ds and ds\ the elements of volume are ads and 
a'ds', and the integrand is <w«d' cos e/r, so if wc write 2 a )<7 = k and 
2ft)' = K, we get 

47r j j r 

where the integration is along the filaments and the summation 
includes each pair of filaments once. This formula corresponds to 
that obtained by F. Neumann for the energy of electric currents. 


203. Kinetic Energy Constant. 

We can also shew that the kinetic energy is constant when no 
extraneous forces act. 


The equations of motion are 

-■(u V -P- 

p\da-’ dy’ dzJ' 

Multiplying these by u, y, tv and adding we get 

+ + = - («! + «! + «; ^f). 

If now we multiply by da^dydz and integrate over any region 
we get 

dxdydz 

= ll(lu -h mv -h ?i?v) pdS, 


DT 
Dt ’’ 


integrated over the boundary of the region. 

Let the boundary extend to infinity, and enclose all the vortices, 
then since 

therefore at a great distance R from the vortices p will be finite 
(Art 199) and mv 4- nw of order IjR^ while dS is of order R\ 
Hence the expression for DTjDt vanishes and we have 

T = constant. 
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204. Circular Vortex Rings. 

We have already seen (Art. 200) that a vortex ring produces 
the same effect as a sheet of doublets bounded by the ring, so that 
at points whose distance from a circular vortex is great compared 
with ohe radius, we might as a first approximation replace the 
vortex ring by a doublet perpendicular to its plane. For more 
detailed treatment we proceed as follows 

When the vortex lines are circles in planes parallel to the 
ijz plane with centres on the axis of we may use Stokes’s stream 
function and write, in the notation of Art 138, 

1 _ 1 dyjr 

U , V o > 

w O'er 'Bj ox 

the spin CO at the point (x, 'or) being given by 



Fig. 60 


Let us consider the case of a single circular vortex filament. 
We may transform the expressions for F, Cr, JI, namely 

2 ^ /// » 

by taking cr as the cross section and ds the length of an element 
of the filament, and putting f', ^'—Ico^moo, nco where co is the 
spin and (Z, m, n) are the direction cosines of the vortex line, so 
that 

^'dx^dy'dz' = Icoads == ^xlds — \ Kdx\ 

K denoting the strength of the vortex 


R. H. 


16 
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He„» s/t- 

Now let the filament have its centre on the i*?-axis and be 
parallel to the plane yz. 

Let (x\ y\ z) be any point Q on the filament, where 
y = t!r' cos 6\ z' = tsr' sin 0\ 


Let P be the point (pc, y, z) where 

y = cr cos 0, z= 'GT sin 0, 

then r- = (oc — oc'y + isr* + -sr'® — 2 ot'ct' cos (0 — 0'). 

We get 


F^O, = - 

as the values at P. 


/czr' sin 0' 
47r ’ 0 r 


d0\ 


cos 0' 


r 

47rJo 


il0\ 


Hence the vector whose components are P, G, if lies in a plane 
parallel to yz and its component in the direction tst is 


G cos 0 H sin 0 — 


icm l^^sm(0— 0') 
4f7rJo r 


d(9' = 0, 


so that the vector is perpendicular to or as well as to o', 
denote its value by J., we have 


i rr an a (0 — 0) 

^ == // cos ^ — Or sin ^ / - d0 , 

47rjo r 


If we 


Remembering that the line iiitegial of this vector round any 
curve represents the flow across a surface bounded by the curve, 
by taking a ciicle of radius or with centre on Ox, we get 

27 rGr^ = flow through the circle = — 27ryjr (Art 138), 
the flow being from left to right in the figure. 


Therefore 

A kgj'gt' co^(0 — 0')d0' 

j 0 _ fffy ^^ 24 . -or'- — 2oror' COS (0 — 0')]^ 

and since the range of integration is round a circle wt‘ may cleaily 
write € for 0' — 0, so that 




cosec^6 

0 _ x'y -P or'-* + ' 0 r'“ — 2oror' cos e} - 
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4t3’'BEr' 

{x — x')^ H- (®r + Tsr'y ' 
and e = TT — 2<^ the result reduces to 


Putting 


+ - - {@ - <1 - - 1 (1 - «*) ■ t * 

where K, E arc the complete elliptic integrals of the first and 
second order with modulus k. 


206. It is deal from Art. 196 that at a point P in the plane 
of the ring the velocity due to each element of the ring is perpen- 
dicular to the plane, hence there can be no radial velocity at any 
point in the plane of the ring The radius of the ring is therefore 
constant, for it could not vary without causing radial velocity in 
the particles close to it 

To find the motion of the ring, we observe that near the ring 
X = x\ and 'ur — m nearly, so that = 1 nearly, and becomes 
infinitely great. The determination of the velocity depends on the 
form of the section of the ring , an exact expression for the case 
of a circular section was given by Lord Kelvin*, but we can obtain 
approximate results for the velocity in the neighbourhood of the 
ring as follows . 

If A;' denote the complementary modulus 

(if — -f- ('C5‘ + ’ 

then tends to zero as the point {x^ apjiroaches the iing. 

For small values of k\ i e when k is neaily unity, 

K = log 4//t.' and E = 1, appioximatelyf. 


Hence 


K ('CT'Bj'p , 4 

= 


IS the principal part of yjr when k' is small 
And taking this value for yfr we have 

^ 1 dyjr ^ K 4 ^ {' 

m dw 47rcr V-cr/ k' 27r \ 




P 


Phil. Mag 4th senes, xxxiii. p. 511 (1867) , see also Lamb’s Hg.'iodynamu^, 
^13. 

t Cayley’s Elliptic Functions, p. 54 


16—2 
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j3ut 

j — 'Iff' fST + 

d'SF ~ (j; ~ X y + (-eDP — -or')® (x — x'y + ('ey + my ’ 
and, if we take the value for a point on the ring for which at = -cy' 
and x = x' + € say, where € is small, being commensurable with the 
linear dimensions of the section of the ring, we get 


and 


k' — — 


log^' = - 


2m^ 

H- 4-^'® * 


Hence the principal part of the velocity parallel to the axis is 


u = 


fC 

4}7rm' 



For a ring of small section this implies a large velocity and we 
conclude that a thin circular ring will move along its axis with a 
large approximately constant velocity. 

The direction of the velocity is to the side to which the fluid 
flows through the ring 

For a complete investigation reference may be made to Lamb's 
Hydrodynamics (l.c ). 


206. We shall conclude with some observations on the motion 
of two circular vortex rings moving on the same axis, taken from 
Helmholtz's paper on vortex motion. “ We can now see generally 
how two ring-formed vortex-filaments having the same axis would 
mutually alfect each other, since each, in addition to its proper 
motion, has that of its elements of fluid as pioduced by the other. 
If they have the same direction of rotation they travel in the same 
direction , the foremost widens and travels more slowly, the pursuer 
shrinks and travels faster, till finally if their velocities are not too 
different, it overtakes the first and penetrates it Then the same 
game goes on in the opposite order, so that the rings pass through 
each other alternately. 

“If they have equal radii and equal and opposite angular 
velocities, they will approach each other and widen one another , 
so that finally, when they are V^ry near each other, their velocity 
of approacn becomes smaller and smaller, and their rate of widening 
faster and faster. If they are perfectly symmetrical, the velocity 
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of fluid elements midway between them parallel to the axis is zero* 
Here then we might imagine a rigid plane to be inserted, which 
would not disturb the motion, and so obtain the case of a vortex 
ring which encounters a fixed plane. 

“ In addition it may be noticed that it is easy in nature to study 
these motions of circular vortex rings, by drawing rapidly for a 
short space along the surface of a fluid a half-immersed circular 
disk, or the nearly semicircular point of a spoon, and quickly with- 
drawing it There remain in the fluid half vortex rings whose axis 
IS in the free surface. The free surface forms a bounding plane of 
the fluid through the axis, and thus there is no essential change m 
the motion These vortex rings travel on, widen when they come 
to a wall, and are widened or contracted by other vortex rings, 
exactly as we have deduced from theory* ” 


207. Steady motion. 

When the external forces have a potential fl the general equa- 
tions of motion are of the form 

du dll dll dll 9 n 1 dp 

dt ^^dx^^ dy^^ dz dx pdx* 

and similar equations. 

And if we put + 

the foregoing equations may be written 


fdv du 


dw\ 

"dx) 


dil Idp ( du dv 

= — - ^ — I'l/ U-il — 


dx pdx 




or = 

and similar equations 

When the motion is steady we have 

du ^ dv ^ dw ^ 


therefore 


^-=0 
dt ’ dt ’ 


2 (vf-Wlj), = 2 (mj; - ■Mf ). 


' See also a paper by Love, ‘On the motion of paired vortices,’ Pioc. L,M S, 
1804, p. 185. 
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Hence 




and 


OX dy 02 

Therefore x — const, represents a surface the normal to which 
at any point is at right angles to both the vortex line and the 
stream line through the point That is, there exists in the liquid 
a family of surfaces x = const, each covered by a network of vortex 
lines and stream lines. 


In the special case in which the motion is irrotational, however, 
as we have seen in an earlier chapter, x is constant throughout the 
whole liquid. 

If for an instant we take the axis of x normal to the surface 
X = const , we must have it = 0, f = 0 , and if dv is an element of 
the normal to the surface 

= 2 — WT)) = 2qw sm 0 (2), 

where ^ is the angle between the direction of the velocity q and 
the axis of spin cd, i e. the angle between the stream line and the 
vortex line. 


Hence we have as the conditions foi steady motion that it 
must be possible to draw a family of surfaces in the li<|uid each 
covered by a network of stream lines and vortex lines and such 
that at every point of a surface qco sin Odv is constant, where dv is 
the normal distance between the surface and the next consecutive 
surface of the family* 

In two-dimensional liquid motion it is obvious that qdu is con- 
stant along a stream line, therefore the condition for steady motion 
is that the spin f shall be constant along a stream line This will 
be the case if we put 2^ = where is the stream function 

and f an arbitrary constant 


But 


^'^dx dy' 


dx^ dy^ ’ 


therefore for two-dimensional steady motion we have to satisfy 

( 3 ). 


0 ^ ^ 

do!^ dy^ ■’ ' 


* Lamb, ‘On the conditions for Steady Motion of a Fluid,’ Proc. LM.S. ix, 
p. 91, or Hydrodynamics^ p. 236 

f Stokes, ‘ On the Steady Motion of Incompressible Fluids,’ Trans. Camh hhiL 
Soc. VII. p. 439, or Math, and Phys. Papers^ i, p. 1, 
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This IS clearly s*atisfied whenever the stream lines are concentric ciicles 
with the origin as centre. Another case is where the stream lines are a system 
of similar and similarly situated ellipses or hyperbolas , thus 

== J {aa^ + 2hxy + cy^) 

makes V^\l/‘ = a + c, so that equation (3) is satisfied, and the spin is 

uniform 

In like manner a system of equal parabolas having the same axis may be 
seen to satisfy tlie conditions for stream lines in steady motion 


208 Steady motion symmetrical in planes through an 
axis. 


If the motion is symmetrical about the ir-axis and w denotes 
distance from the axis, wo clearly have q . 27rcr0n constant along a 
stream line, for this represents the flow between two consecutive 
stream surfaces of revolution. But we must also have geodn con- 
stant over such a surface from (2) Art. 207, because from symmetry 
the vortex rings must have their centres on the ir-axis and their 
planes perpendicular to it, so that they cut the stream lines at 
right angles. Therefore co/'or must be constant along a stream line 
This IS satisfied by making 2cd = where / is an arbitrary 

function of Stokes’s stream function yjr. Hence from Art. 204 (1) 
we have 




'ey dtsT 




..( 1 ) 


as the necessary condition 

An exam])le in which this condition is satisfied is Hill’s 
' Spherical Vortex* ’ 


EXAMPLES 

1. Assuming that, in an infinite unbounded mass of incompressible fluid, 
the circulation in any closed circuit is independent of the time, shew that the 
angular velocity of any element of the fluid moving rotationally varies as the 
length of the clement measured m the direction of the axis of rotation 

(MT 1880.) 

2, V — , and w — 0. m\ estimate the natiue of the 

motion of the liquid 

* ‘ On a Spherical Vortex,’ Phil, Trans, A. 1894, or see Lamb’s Hydrodyna7nic8y 
p. 237, 
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When an infinite liquid contains two parallel equal and opposite recti- 
linear vortices at a distance 26, prove that the stream lines relative to the 
vortices are given by the equation 


log* 


^4-(y~6)2 . y 




’^'+(y+6)^ 6“ 

the origin being the middle point of the join, which is taken for axis of y. 


4 . In the last example, if the vortices are of the same strength, and the 
spin IS in the same sense in both, shew that the relative stream lines are 
given by 

log + cos 2$) — 7*2/262 = constant, 

6 being measured from the join of the vortices, the oiigin being its middle 
point. 


5. An infinitely long line vortex of strength m, parallel to the axis of -s, is 
situated in infinite licjuid bounded by a rigid wall in the plane y = 0 Prove 
that, if there be no field of force, the surfaces of equal pressure are given by 

{(07 - a)2 + (^ _ 5)2} {(^ - a)2 -f (y 4- 5)2} = ^ [^2 _|_ 52 _ ( ^ _ ^)2j ^ 

\\ here 6) are the coordinates of the vortex, and C is a parametric constant 

(CJniv. of London, 1909 ) 

6. If n rectilinear vortices of the same strength k are symmetrically 
arranged as generators of «i circular cylinder of radius a in an infinite liquid, 
prove that the vortices will move round the cylinder uniformly in tunc 
87r2a2/(7i — 1) #c, and find the velocity at any point of the liquid 

7 . When a pair of equal and opposite rectilinear vortices are situated in 
a long circulai cylinder at equal distances from its axis, shew that the path of 
each vortex is given by the equation 

(r2 sin2 0 — 5 * 2 ) (7*2 — a2)2 =: 40252 ; 2 qjj^2 

6 lieing measured from the line through the centre perpendicular to the join 
of the vortices. (Greenhill ) 

8. Obtain the distribution of the velocity round a straight vertical \ ortex 

core in liquid * and find the form of the dimple where the core meets the free 
surface. (St John’s Coll 1897 ) 

9 . Find the motion of a straight voitex filament in an infinite region 

bounded by an infinite plane wall to which the filament is parallel, and prove 
that the pressure defect at any point of the wall due to the filament is pro- 
portional to cos2 0 cos 2^, where B is the inclination of the plane through the 
filament and the point to the plane through the filament perpendicular to 
the wall. (M T. 1912 ) 

10 . A fixed cylinder of radius a is surrounded by incompressible homo- 
geneous fluid extending to infinity. Symmetrically arranged round it as 
generators on a cylinder of radius c(>a) coaxial with the given one are n 
straight parallel vortex filaments each of strength it. Shew that the filaments 
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will remain on this cylinder throughout the motion and revolve round its a,xis 
with angnlar velocity 

X (a -f- 1 ) + (?^ - 1 ) 

and thrt the velocity of any point P of the fluid is 

cos n6 + - 26"r" cos nd H- 6*”)^ * 

where i is the distance of P from the axis, and $ is the angle between 

a plane containing P and the axis and a xilane containing the axis and the 
instantaneous position of any one of the filaments. (M.T. 1880 ) 

11. If (rj, ^i), (r 2 , 62) •• be polar coordinates at time t of a system of recti- 
linear vortices of strength xi, 1 C 2 , . . prove that 

2xr2= const 

and 2Kr^S= J~'2 kiK 2 (Kirchhoff’.) 

ZTT 

12. The space enclosed between the planes a= 0, ^=a, ys=0 on the posi- 
tive side of ^==0 IS filled with uniform incompressible liquid. A rectilinear 
voitex paiallel to the axis of z has coordinates (a', y'). Determine the velocity 
at any point of the liquid and show that the path of the vortex is given by 

cot^ -f- coth‘^ — = constant (M.T. 1 899.) 

13. An elliptic cylinder is filled with liquid which has molecular rotation 
<0 at every point, and whose particles move in planes perpendicular to the 
axis, pro\e that the stream lines are similar ellipses described in periodic 

time - (M:.T 1876.) 

<a ah 

14. Find the law of velocity in a steady irrotational liquid vortex, circulat- 

ing round a stationary solid core of the form of an elliptic cylinder. Shew that 
the variable part of the pressure on the core, due to the motion, is negative 
and at each point proportional to the squaie of the perpendicular from the 
centre on the tangent to its section (St John’s Coll 1896.) 


15. In an incompressible fluid the vorticity at every point is constant in 
magnitude and direction , shew that the components of velocity w, r, w are 
solutions of Laplace’s equation. (Trinity Coll. 1906.) 


16. Prove that, in the steady motion of an incompressible liquid, under 
the action of conservative forces, we have 


^ dx '^dy ^ dz 

and two more similar equations m v, w 


0 , 
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Hence shew that if ?4, v, w are linear functions of z, then 

and that there are two and only two possible cases : 

(i) an irrotational motion with a velocity potential which is any solid 
harmonic of degree two in x, y, -s, 

(ii) a rotational motion which may, by choice of axes, be reduced to 
the form 

u = ajt + (k- ()y, v = ay, w = 0 

Find the lines of flow in case (n) , and shew that the motion is periodic if 

^2>(a2 + A2). (St John’s Coll. 1902 ) 

17 . Prove that the kinetic energy of a vortex -system of finite dimensions 
in an infinite liquid at rest at infinity can be expressed in the form 

2 /) j j j{n(yC-2rj) + v(z$--xC)-¥'i(’(^rf-y^)}dxdydz. 

18 . Prove that a thin cylindrical vortex of strength <r, running jiarallel to 
a plane boundary at distance a, will travel with velocity (r/47ra and shew that 
a stream of fluid will flow past between the travelling vortex and the boundary 

of total amount ^ |log — ij- per unit length along the vortex, where r 

is the (small) radius of the cioss section of the vortex (M T 1916 ) 

19 . If, with the usual notation, udv4"vdy + wdz—d0 + \dx wheie d, X, ^ 
are functions of x, y, z and t, prove that the vortex lines at any time are the 
lines of intersection of the surfaces X = const and — const 


20 Prove that the necessary and sufficient condition that the vortex lines 
may be at light angles to the stream lines is 

/dd) ceb 

wdiere ft and are functions of x, y, z, t 


21. Prove that in regions remote from a single thin vortex ring the stream 
lines approximate to the curves r cosec^ const., where r denotes the distance 
of a point P from the centre O of the nng, and 6 the angle which the lino OP 
makes with the axis of the ring (M T 1910 ) 


22. Find the motion of the liquid around a closed vortex-filament, shewing 
its equivalence to a douVJe sheet of sources and sinks deduce that the image 
of a circular filament moving in infinite liquid surrounding a iigid sphere is 
another filament; compare the circulations Describe the behaviour of the 
filament as it approaches the sphere (M.T 1911 ) 


23. Shew that if the velocity is stationary at a point on a stream line in 
the steady motion of a liquid, the stream line is a geodesic on a member of the 
family of surfaces that contains the stream lines and vortex lines. 

(Greenhill.) 
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24. A straight cylindrical vortex column of uniform vorticity ( is sur- 
rounded hy an infinite quantity of fluid moving irrotationally which is at rest 
at infinity, prove that the difference between the kinetic energy included be- 
tween two planes at right angles to the axis of the cylinder and separated by 
unit distance when the cross section of the cylinder is an ellipse and when it 
is a circle of equal area A is 


P 

n 




2 sjab^ 


where p is the density of the fluid and a and b the semi -axes of the ellipse. 

(M T. 1887 ) 


25. If the velocities at a point in a liquid in motion under a system of 
external forces having a iioteiitial be expressed by 


jy 




prove that the result of ojierating with -jy^ on the identity 
p 0.r p df/ ^ pdz ^ 

where rj, ( are the rotations, gives, after a reduction. 


^dz) Dt 


(Dublin Univ 1911 ) 


26. If 

where 0^^ = 00 /0a, etc , 

prove that j j j d^vd^dz taken thiough any portion of space 

within which 0, F, Cr, ff and all their differential coefficients are finite and 
continuous, equals 

/// {W + - J') d->'dydz, 

taken tlirough the same space, together with / j ^dS taken ovei the boundary, 

where 0i^= 0j;^ -I- 0y^ + <pg^, with similar values for Fi , (ti , , ./— Fx-^O^-h ffz, 

and X 18 t<^> be found (Dublin Univ^ 1911 ) 


27. A liquid extending to infinity moves under the influence of a finite 
system of vortices . find the force and couple resultants of the system of im- 
pulses which would produce the motion (Dublin Univ. 1907 ) 


28. Shew that every irrotational motion, whether cyclic or acyclic, of a 
liquid occupying a given region, can be produced by a proper distribution of 
voxtex sheets on the boundaries, and shew how to determine this distribution. 

(Dublin Univ. 1907.) 
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29. A liquid, extending to infinity, moves under the influence of a sphere 
composed of circular vortex rings whose planes are perpendicular io the axis 
of a;, whose centres lie on this axis, and in which the molecular angular 
velocity in each ring is proportional to its radius. 


If the components u, v, w of the velocity of the liquid are expressed by the 
equations 

dG 


d.v ‘by dz 


. etc , 


find iTat a point outside the sphere. (Dublin Univ. 1907.) 


30. Shew that the motion of the liquid outside a certain surface surround- 
ing a circular vortex ring the radius of vhose core is small compared with the 
radius of its aperture, is the same as that due to the motion of this surface 
through the liquid with the velocity of translation of the ring. 

Find the equation to this surface and the length of the axis of the ring 
intercepted by it. (M T. 1892 ) 


31. Work out the analogy between a sphere in liquid and a uniformly 
magnetized sphere, pointing out the vortices in the first case, and the electric 
currents in the second, which will produce the same effect. (M T 1881 ) 

32. When the motion of an infinite liquid is due to a single circular vortex 
ring, in which the spin at any point is proportional to the distance from the 
straight axis, and the section is taken to be a circle of radius small compared 
with the radius of the aperture, obtain an expression for the velocity at any 
point of the fluid parallel to the straight axis 

Prove that the fluid carried forward with the ring is or is not ring-shaped 
according as the ratio of the radius of the section to the radius of the aperture 
is less or greater than a certain fraction, and find an approximation to this 
fraction (M T. 1897.) 

33. A uniform incompressible perfect liquid extends to infinity and is at 
rest there Within it is a spherical vortex sheet of radius a with its vortex 
lines arranged in parallel circles, on the axis of which is a fixed point C' at a 
distance c(<a) from the centre; the strength of the sheet at any point P is 
m sin <^, where <f) is the angle between CP and the axis of the circlas. Shew 
that the velocity at a point on the axis at a distance r (>a) from the centre is 

~ (-f- 

' 2 m — \ \2k — 3 2»+l/ j*“ + i ■ 


(M.T. 1900.) 



CHAPTER X 

WAVES 

209. The dynamics of wave motion is of great importance in 
physical investigations, as wave motion constitutes one of the prin- 
cipal modes of transmission of energy. The energy received from 
the sun is transmitted by waves in the ether, the energy of sound 
by air waves, and the theory and practical applications of electrical 
waves afford opportunity for still further developments. In the 
present chapter we shall only consider water waves, which, though 
most familiar, are not the easiest to discuss mathematically. 

210. The oscillatory nature of wave motion. By a wave 
we mean the continuous transference of a particular state or form 
from one part of a medium to another. This does not imply the 
transference of the medium itself from one place to another but 
merely the propagation through it of a particular form, state or 
condition. Thus in water waves, the fact that small bodies floating 
on the water are not borne onwards by the waves is an indication 
that the elevated masses of water are not moving forward bodily, 
and that it is only the unevenness of the surface that is moving 
from place to place As the waves pass a floating body it appears 
to be carried forwards a small distance on the crest of a wave and 
backwards when in the trough of the wave so that on the whole 
each wave leaves the position of the body very little altered. 

The following explanation of how water waves can be main- 
tained by small oscillatory movements of each particle of water is 
due to Airy*. 


Article ‘ Waves and Tides,’ Ency, Metrop 1845. 
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Let ABCDEFG represent the outline at one instant and ahcdefg an instant 
later , we want to shew that the displacement of the contour of the surface 
can be produced by a small oscillatory movement of each particle of water. 

Draw vertical lines to the bottom of the water and suppose the particles 
in each verticiil line to be moving m the direction of the ariows in the figure, 
that IS, all particles below the crest of the wave are moving forwards, all 
below the hollows are moving backwards, and all below the midway points 
C, E, G are for the moment stationary And suppose the velocities of 
the horizontal motion of the particles in the \ertical lines interaiediate to 
those drawn m the figure arc intermediate to the velocities of the particles 
in the lines drawn in the figure This supposition will account for the motion 
of the wave or shape For, take points near to (7o, near to (7, 

etc draw lines from them to the bottom and consider the horizontal motion 
of the iiarticles in those hues /?<, and are both between the principal 
point of backward motion B and iioints at rest therefore the particles 



below Zf,, and those lieloiv will be moving backwards and with nearly the 
same speed, so that the intermediate suiface at B will not be sensibly elevated 
or depressed inasmuch as the vertical boundaries >7o/?(/ and BxB{ of the 
included column of water will after a short, time be at the same distance 
apart as at present Hut the particles in the line are between a point 
of rest C and «i point of backwaid motion B and therefore are moving back- 
wards, those in the line i\('i arc between a point of rest and a point of 
forward motion J) and therefore are moving forwards, consequently the 
vertical boundaries CobV, CiCy of the included column are sepaiating and 
therefore the suifice at C will drop and after a shoit tune will be found 
depressed to c. In like manner it will be found that the particles in 
and Di l){ are moving torw^ards wnth nearly the same velocity so that m the 
intermediate jiart at /> there is no sensible alteiMtion of level But in Ao' 
the particles are moving forwards and m E^Ex backwards resulting in a raising 
of the level from E to e Piusuuig this icasonmg it will be evident that 
the continuous horizontal motion of the wave or shape forwards is entirely 
accounted for by the rising of some ijortioris of the surface and the fallii^g of 
others and that these risings and fallings maj be considered as the effect of 
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small horizontal motions of the water, some forwards and othei*s backwards. 
And as in the progress of the waves, the same particles are alternately in the 
crest and in the hollow of the wave, every particle will be alternately moving 
forwards and backwards and alternately upwards and downwards, that is the 
particles are oscillating while the waves advance continually in the same 
directi-^n. 

211. Mathematical representation of wave motion. 

Graphically the equation 

y=f{ct-x) (1) 

represents a wave motion, in which a curve of the form y = fi^x) 
moves in the positive direction of the a?-axis with velocity c For 
if 111 (1) we increase t by t' and x by ct' we leave the oidinate y 
unaltered 



Fig 62 


A fiiiihple harnwrnc progressive wave is represented by a curve 
of sines moving with definite velocity in the direction of its length. 
Thus the e(piation 

y = a sm {mx — nf 4- e) (2) 

represents a wave moving in the positive direction of the a?-axis 
with velocity ?i/m, called the velocity of propagation, V say. 
The distance between two consecutive crests of the curve is ^Trjia, 
this IS called the wave length and denoted by \. The period 
of the wave is ^irjn or XjV, for the wave at time ^ = 27r/7i presents 
the same appearance relative to the oiigin as at time ^ = 0, each 
cnvst in this interval moving forward a distance A, i e. to the 
position occupied at the beginning of the interval by the next 
consecutive crest. 

The maximum value of y, viz. a, is called the amplitude. 


Equation (2) may also be written 



2tr , 

_y = a.sin-- (a? 
A 

— Vt + e) ... 

(3), 

or 

y =■ a sin 27r 



(4), 


wliere in the bitter case r denotes the period \/F. 
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' The reciprocal of the period is called the frequency; it 
denotes the number of vibrations per second. 

Phase. In equation (2) e represents the phase of the wave 
at the instant from which t is measured. If we compare the 
equations 

y = a sin (nix — nt), 

and y = a sin (mx — e), 

we see that both represent wave motions having the same ampli- 
tude, wave length and period, but that they differ in phase As 
regards position the one is a distance e/m in advance of the other, 
or as regards time the one has a start of ejn from the other. 
Strictly speaking the difference of phase is a number e, representing 
radians, but in such a case as we are considering it is not unusual 
to speak of the phase in terms of either distance or time , thus, if 
€ = 7r/2, one wave is one-quarter of a wave length in front of the 
other , or, in terms of time, one is one-quarter of a period ahead 
of the other, and we may say that the phases differ by a quarter 
of a wave length or by a quarter of a period. 

212. Standing or stationary waves. If two simple har- 
monic progressive waves of the same amplitude, wave length and 
period travel in opposite directions the resulting disturbance of 
the medium is represented by the equation 

y = a sin {mx — nt) -h a sin {mx -f- nt) 

= 2a sin mx cos nt 

Such a wave is called a standing or stationary wave At any 
instant the equation represents a sine curve but the amplitude 
2a cos nt varies continuously The points of intersection of the 
curve with the ^-axis are fixed points called nodes. 

In the same way a progressive wave system can be regarded 
as the combination of two systems of standing waves of the same 
amplitude, wave length and period, the crests and troughs of one 
system coinciding with the nodes of the other and their phases 
differing by a quarter-period. 

For if yi = a sin mx cos nt be one of the standing waves the 
other muot be y ^— cl cos mx sin nt, and by combining the two we 
get y == yi ± 2^2 = sin {mx + nt) representing a progressive wave. 
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213. We propose to consider waves in incompressible liquid 
under the action of gravity. Such waves in water are generally 
produced by disturbing forces such as wind pressure, by the 
relative motion of a body such as a ship on the water, or by such 
causer as irregularities in the bed of a stream, so that, neglecting 
viscosity, the motion is irrotational Koughly speaking the cases 
that wc shall consider fall into two classes: (1) Long waves in 
shallow water, where the depth of the water is small compared to 
the wave length and the disturbance affects the motion of the 
whole of the liquid, (2) Oscillatory or surface waves, where the 
wave length may be small compared to the depth so that the 
effects of the disturbance cease to be appreciable below a certain 
depth. 


214. Long waves. Let us consider the case of waves 
tiavelling along <x stiaight canal of uniform section. Take the 
axis of 0 ? in the direction of the length of the canal and y vertically 
upwards, and let if be the elevation of the free surface above the 
ecpii librium level at the point whose abscissa is w at time t If 
the wave length be laigc in comparison with the mean depth 
the vertical acceleration can be neglected in comparison with the 
horizontal, so that as far as vertical forces arc concerned we may 
regard the liquid as in equilibrium and take for the pressure at 
any point the statical pressure due to the depth below the free 
suiftico 


Therefore the pressure p at a point {x, y) is given by 

p- y) (iX 

where is the ordinate of the undisturbed free surface and 
IS the pressure above the liquid supposed constant. Hence we 

< 2 >, 


dx 


dx 


and as this is independent of y, and the horizontal acceleration 
of an element depends on the difference of pressure at its ends, 

1 e. ^ dx, it follows that the horizontal acceleration of all points 
dx 

]n the same vertical cross section of the caii«il is the same, and 
consequently that points that are once in a vertical plane are 
always in a vertical plane. 


R H 


17 
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tJonsidermg a small horizontal cylinder PP' of liquid of length 

dx' the difference of pressure at its ends is gp~,dx\ And if x 

be the abscissa of the vertical plane of particles through P in its 
equilibrium position and f the horizontal displacement of this 
plane of particles, 

(3) 

and the horizontal acceleration is 

If K be the cross section of the cylinder PP', the mass is Kpdx 
and the equation of motion is 

pfcdx 


dt^ ^ dx' 


( 4 ) 


If now we suppose the motion to be small and neglect the 
squares of small quantities, we get from (3) and (4) 


Wo have now to form the equation of continuity. Let A be 
the area of the cross section of the canal, and h the breadth at 
the surface In the position of equilibrium the volume of liquid 
between the planes x and x-j-dx is Adx. At time t the distance 

between the bounding planes of this liquid is dx + ^ dx, and the 

area of the cross section of the liquid is A therefore 

{A + hq) ^ 4- dc^ = A dx. 

Neglecting the product of the small quantities this becomes 

<«>■ 

and we therefore obtain from (5) 

l^_gAd^ m 

dt’‘ b 

To integrate this equation wo write 
gAjb = c*, 

X •“ ct X ^ , X “f" ct x ^ , 


and 
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SO that 


Aj. A H ?-~A4-A 

dt ^ dx^ ^ dx2 ’ 0a7, dx2 ' 


reducing equation (7) to the form 

JLL^o 

dx^dxQ ^ 

the solution of which is 

S = Ax,)+F(a^,), 
where /*, F are arbitrary functions. 

Hence the solution of (7) is 

f = f(x — ct)-i-F(x + ct) (8), 

representing two waves travelling in opposite directions with 
velocity c = (gAjh)^ . 


If the canal be of rectangular section and depth h the wave 
velocity IS {gh)i , i e. a velocity due to half the depth of the liquid. 

The displacement being given by (8), the elevation tj is given by 
’' = -^ 1 ’ from (6), 

that IS, 7/ = — ^ y ' — ct) — ~F' (.r + ct). 

We should expect the expression for r) to contain two arbitrary 
functions because the elimination of f between (5) and (6) shews 
that 7) satisfies the same equation (7) as f. 

The particle velocity f is given by 

f == — cf' {x — ct) -f cF' (x 4- ct) 

The meaning of the solution that we have obtained is not that the 
hypothesis of the existence of a ‘long wave’ involves a complicated 
motion represented by arbitrary functions, but that all possible 
motions subject to the limitations we have imposed are included in 
the general solution (8), and the forms of the functions /, F to suit 
any special case must be determined from given initial conditions. 
A discussion of the adaptation of the solution to special cases will be 
giv^n in a later chapter At present we will confine our attention 
to the determination of the motion of the individual particles. 

17—2 
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216 . Assuming the canal to be of rectangular section it is clear 
that the particles move in planes parallel to the length of the canal. 
A vertical column bounded by two such planes and two others at 
right angles to them remains a vertical column on a rectangular base, 
but the area of this base changes during the motion and the height 
of any particle in the column changes in such a way that the volume 
of the part of the column below the particle is unaltered; hence the 
vertical displacement of any particle is proportional to its height 
above the base. Therefore when the motion of a particle at the 
surface is known the motion of any particles in the same vertical line 
is found by diminishing the vertical displacement in a given ratio 
without altering the horizontal displacement 

To trace the motion of a surface particle when a progressive wave 
passes over it in either direction, we may take 

Then from (6), putting A = bh, we have 

or i=c| (1) 

The particle is at rest until the wave reaches it, then it moves forward 
as well as upward with a velocity proportional to the elevation of the 
wave above the equilibrium level, when the ciest of the wave 
leaches the particle the upward motion ceases but the horizontal 
v(docity IS a maximum, 77 then decreases and f increases loss lapidly 
and as the wave leaves the particle 77 = 0 so that the particle is at the 

same height from the bottom as before , but ^ = hrfcdt 

and when the wave has passed the particle this expression represents 
the total volume of the elevated water divided by the sectional area 
of the canal Hence the particle is finally deposited in front of its 
initial position by this distance. 

If the wave consists of a single depression instead of an elevation, 
everything is the same as before except that the particle moves 
backwards instead of forwards. 
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216. To recapitulate — the results of the foregoing Articles Lave 
been obtained on the hypothesis that the motions are so small that 
squares and products of f and t) can be neglected, and that the 
vertical acceleration can be neglected in comparison with the hori- 
zontal We may observe that if we consider the passage of a wave 
consisting of a single elevation of length X and maximum elevation 77 
the time taken to pass a particular particle is X/c, where c is the 
velocity, and the vertical velocity will be of order 7 ;c/X, and the 
vertical acceleration of order But from Art. 215 ( 1 ) the 

maximum horizontal velocity is ci;/A, and taking c- = gh, we get that 
the ratio of the maximum vertical and horizontal velocities is of 
ordei A/X, and the vertical acceleration being of order grjhlX^ can be 
neglected if A-/X is a small quantity. This shews that waves of the 
type described are propagated only when h/X is small, and justifies 
the application to them of the term ‘long waves/ 

The foregoing discussion is based on an article by Stokes*. 


217. laong waves — general equation. Reverting to Art. 
214, if we form the equation of motion for the liquid which in 
equilibrium occupies the space between two cross sections at a 
distance dx, on and x -f dx being the abscissae in the undisturbed 

state, and x^-1^ and a; + f 4 * dx the abscissae at time f, of the 

bounding planes, the mass is pAdx and the equation of motion 


pA dx 




dx {A + bnf ]) , 


where as before 


dx dx ’ 


so that the equation of motion is 







The equation of continuity is 


(A + btj) ^dx 4- = Adx, 

(2) 

A 0a; \ dx) 


* ‘ On Waves/ Camb, and Dub. Math. Journal^ iv p. 219, or Math and Phys. 
Papers, ii. p. 222. 
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and the elimination of ri between (1) and (2) gives 


0<» ^ 6 0ar* 



(3)* 


Our former equation is an approximation to this in which the 
squares of small quantities are neglected. Airy’s discussion of this 
equation shews that waves cannot be propagated to infinity without 
change of form 


218. Long waves — another method. In any case in which 
waves are propagated in /me direction only without change of form, 
the problem of finding the velocity of propagation can be simplified 
by imposing on the whole mass of liquid a velocity equal and opposite 
to the velocity of propagation of the waves, the wave form having the 
same relative velocity as before becomes fixed in space, and the 
problem becomes one of steady motion. 

In the case of long waves, neglecting the vertical velocity, let U 
denote the velocity of propagation, and u the small additional 
velocity duo to the wave motion at points where the elevation is 77 . 

The equation of continuity is 

{A ^br)){U AU (1), 

where A is the area of the cross section and h the breadth at the 
surface. 


If hp denote the excess of pressuie due to the wave motion 
we have 

^ + 9V + h{U+uf^\U'- (2), 


therefore - 




= [w- 


{2 Ah + 

■ (A+bnf 


- P’7 (3). 


If 77 be small compared to A/h, this reduces to 

hp={U^hjA-g] pr), , 

and if = gAjh the surface pressure is constant to a first approxi- 
mation, so that a free surface is possible. This value of U gives the 
velocity of propagation of a longwave in still water, or the velocity 
of the stream for a stationary long wave. 


Airy, ‘ Tides and Waves,* Encyc. Metrop, 1845. 
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Assuming that tP = gAjh and substituting in (3) we get 


Bp — — 


'^2A 


as the second approximation, shewing that the pressure is defective 
at all parts of the wave at which 97 is not zero Hence, unless vf 
can he neglected, it is impossible to satisfy the condition of a free 
surface for a stationary long wave; that is, it is impossible for a 
long wave whose height is not small compared to the depth of the 
water to be propagated in still water without change of type. 


From (3) we see that Bp will vanish if 


and since 


tt2 ^ 

2Ab'+b^V ’ 

2g (A + brjy gA _ {SA + 2b7)) 


it follows that if 7) IS positive every wheic the conditions for the 
propagation of the wave are more nearly satisfied by taking a 

value of U greater than {gAjh)^, and if r} is negative everywhere 

a value less than {gAjh)^. Hence an elevation in the surface 
travels rather faster than a depression* 


219 Oscillatory or surface waves. We shall first consider 
waves on an unlimited sheet of water under no force but gravity. 
The motion is supposed to be two-dimensional, the ridges and 
hollows of the waves being all parallel to one another. The axis of 
X IS taken in the undisturbed surface in the direction of propagation 
of the waves and the axis of y vertically upwards. The motion 
being such as could be produced from rest by natural forces is 
iiTotational and the velocity potential <f> has to satisfy the equations 




( 1 ). 

throughout the liquid, and 


'^ = 0 

an 

( 2 ), 

at a fixed boundary. 



* Lord Rayleigh, * On Waves,’ Phil. Mag. i. p. 257, 1876, or Sci. Papers, 1 p. 251. 
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The pressure is given by 
d<f> 


P 


f^-9y-W + F{t) (3) 


The free surface is a surface of equipressure p = const., therefore 
as m Art. 14 

or writing — d(i>ldx for u and — d<f>ldy for v we have 


at the free surface. 


dj> ^d<f> dp dp ^ ^ 
dt dx dx dy dy 


(4), 


If now we suppose the motion so small that the squares of 
small quantities (e.g. velocities) can be neglected we may neglect 
in (3), and if we also regard the arbitrary function F (t) as 
absorbed in d<f>ldt and then substitute the value of p from (3) in 
(4) we get 

d^<f> d^ d^<f> ^d<f> / d^(l> ^ ^ — 0 
dt^ dx dxdt dy \dydt ^ ) ’ 

or, neglecting the second and third terms which are of the same 
order as 

<=) 

This condition holds at the fiee surface. 


If 7} denote the elevation of the free surface at time t above the 
point whose abscissa is x, the equation of the free surface will be 
of the form 


V t) = 0, 


and this being a boundary must satisfy the condition of Art. 14. 
Hence 




But df\dt is 17 , and df\dx or di]ldx is the tangent of the slope of the 
free surface which by hypothesis is small so that the second term 
can be neglected and the equation becomes 


at the free surface. 


rj=sv = — 


d_^ 

dy 


( 6 ). 
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Hence in a wave motion in which the squares of the velocities 
can be neglected, the conditions to be satisfied are — 
equation (1) throughout the liquid, 

(2) at a fixed boundary, and 
(5) and (6) at the fre^ surface. 

220. Let us apply these equations to the case of water of uni- 
form depth h either of unlimited extent or contained in a canal 
with parallel vertical sides at right angles to the ridges and 
hollows 


If simple harmonic waves as defined in Art 211 are propagated 
we may try to satisfy the equations by assuming that <f> is 
proportional to & or taking the real part only let us write 

== f{y) cos (jnx — nt) 

Substituting this value in (1) we obtain 


so that 
and 


^_my=0, 

dy- 

f{y) = Ae”'y-\- 

<}> = (A cos (mx — nt) 


This value of must satisfy (2), i.e d(f>ldy =0 when 
Hence A — say, 

so that <f) — C cosh m{y + h) cos (nix — nt) (7) 

Again if we substitute this value in the surface condition (5) 
and put y = 0, we get 

n^ = gni tanh ink (8) 

Now if U{=nltn) denote the velocity of propagation and 
\ (= ^irlm) denote the wave length it follows that 

U-=~ tanh mh = tanh (9). 

m 27r X 


If we write 2mh = fi, we have 


log CT® _ cosech a, 

Ctfl fJl 


and fji being positive by hypothesis, this expression is negative if 
IJb < sinh jjL or < /a -f yu-V^ ! 4- . . . 

which IS the case. Therefore U decreases as ya or m increases, the 
depth being fixed, that is for water of given depth the velocity 
of propagation increases with the wave length up to the value 
(gh)^. Also it follows that (8) can only be satisfied by one value 
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of ?.i corresponding to a given value of U, and therefore contains 
only one value of m. 

The constant C of (7) can be expressed in terms of the ampli- 
tude of the wave by means of (6). If we assume that the wave 
profile IS represented by 

rf = a sin (mos — nt\ 

we have, by substituting in (6) and putting y = 0, 

^na= — mC sinh 7nh, 

, , , , 7ia cosh m (y + h) . . 

so that q>= , , cos (nix — nt), 

^ m sinh mh 

/o\ j qa cosh m(y -\-h) . .... 

or using (8) = ^cos(m^-u<) (10). 


221. Deep water. 

If the depth h of the water be sufficiently great in comparison 
with \ for to be neglected, we must have = 0 in the last 


article, so that we ha\e 

</) = Ae'^y cos {mx — nt) (7') 

instead of (7), and instead of (8) 

(8'), 

or = (9') 


Also if 7? = a sin (mx — nt) is the free surface we get from (6) 
7ia = mA, so that 


na 


ib = — cos { mx — nt), 

^ m ^ ^ 

or <jf) = ^ cos {mx — 7it) (11^ ) 

We may also deduce from Art. 220 the case of long waves in 
shallow water by taking hjX to be small, when (9) becomes 

U- = gh. 


222. The paths of the particles. 


If X, y be the coordinates of a particle relative to its mean 
position {x, y), neglecting the squares of small quantities we may 
write 




dtf) 

dx 

d<f> 

dy 


= na 




cosh m (y + h) 
sinh mh 
sinh m {y 4- h) 
sinh mh 


sin {mx — nt), 
cos {mx — nt). 
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Whence by integrating, we get 

_ cosh 7n (y -4- 
* ^ sinh mh 


cos {mx — nt)f 


sinh m (y -^h) , 

y = a — , , sininix — ^it): 

sinh mh ' 


so that the particle describes the ellipse 

x^cosh^ m{y-\- h) 4- y Vsinh^m (y + A) = a^sinh-^ mh 
about its mean position. For a given particle 7nx — }it plays the part 
of the eccentric angle in the ellipse , so that the eccentric angle 
increases at a uniform rate, as in an orbit described under a central 
force varying as the distance 


The distance between the foci 2a cosech mh is the same for 
all such ellipses, their major axes are horizontal, and both axes 
decrease as the depth of the particle increases, the minor axis 
vanishing when y = — h When the depth is such that is small 
enough to be neglected, we have 

X = cos {mx ^nt\ y = sin {mx — nt), 
and the path of the particle is a circle 

x2 4 y2 = 

described with uniform angular velocity n, which in this case is 
equal to {g^n)^ or (27ry/X)^. 


223 Standing or stationary waves. 

The velocity potential for a system of stationary waves can be 
deduced from Art 220 by regarding the system as the result of the 
superposition of two such trains of waves as we have just been con- 
sidering moving in opposite directions as explained m Art 212. 
Thus corresponding to a wave profile 


we shall have 


7} — a sm mx cos nt. 


( 1 ) 


, 72a cosh w (v 4 A) . 

d) = — 1 j — sm mx sm Tit. 

^ m sinh mh 


( 2 ), 


or 


«/>= 


ga cosh in {y 4 A ) 
n cosh mh 


sm mx sm nt 


( 3 ). 


for if) clearly satisfies Art. 219 (1) and (2), and y and ^ together 
satisfy (6) of the same article. 
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It IS not necessary to regard standing waves as a case of super- 
position of progressive waves, we might investigate this form for 0 
independently, starting with an assumption 

<f>=f(y) sin mx sin nt, 

and proceeding as m Art 220 we get the same equation for f as 
before, and hence the lesult follows as in that article. 

For Standing waves in deep water, as in Art. 221, equations (2) 
and (3) above take the forms 

na 

(h = — sm mx sin nt, 

m 

and <6 = ^ sin mx sin nt 

^ n 


224 Paths of the particles in stationary waves. 

With the same notation as in Art. 222 we have 



cosh m {y -h K) 
sinh mh 


cos mx sin 


nt, 


and 


0<f) sinh m (y + h) 


dy 


sinh mh 


sm mx sin nt, 


so that, by integration 


cosh miy + h) 

X = a , - ^ cos mx cos nt, 

sinh mh 


and 


sinh m (y -h h) . 

^ n - _ ' fill 


sinh mh 


sm mx cos nt 


Hence y/x = tanh m (y -I- h) tan mx, 

and since this is independent of t the motion of each particle is 
rectilinear, the direction varying from vertical beneath the crests 
and troughs {mx = (/c + J) tt), to horizontal beneath the nodes 
{mx=^ Kir) 


225. We have supposed that the liquid is unlimited in the 
direction of the axis of x, so that there is no restriction on the 
value of m. But if the liquid be confined m a canal with closed 
vertical ends, say at it* = 0 and == ^, then there is a restriction on 
the value of m, for as we shall see only waves of a certain length 
can exist in such a canal. The extra condition is that drfyfdx = 0 
when ir = 0 and x= I, The form for (f> in Art. 223 is unsuitable 
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because x occurs as sin mx^ but a similar form with cos r$ix instead 
of sin mx will clearly satisfy the conditions for a system of standing 
waves (for we have merely altered the position of the origin), and 
it makes d^fyjdx = 0 when ir = 0 , and when x — I we get sin ml = 0, 
or ml = KTT, where tc is any integer Hence possible wave lengths 
aic included in the formula \ = 21! /c 

Standing waves are really the principal or noi-mal modes of free 
oscillation of (usually) a restricted system, and from this point of 
view the periods are fundamental and they determine the jiossible 
wave lengths 


226. Progressive waves reduced to a case of steady 
motion. 

The method of Art 218, of finding the velocity of propagation, 
namely, imposing on the whole mass a velocity eciual and opposite 
to the velocity ol propagation of the waves, may also be applied to 
the case of progressive waves considered in Art 220 The wave 
form having the same relative velocity as before becomes fixed in 
space and the problem becomes one of steady motion. As the 
problem is a two-dimensional one it only remains to determine 
suitable expressions foi th(‘ velocity potential and stream function 
so that the free surface and the bottom of the liquid may satisfy 
the conditions for stream lines 


(Jonsider the relation 

tv Uz P cos mz — iQ sin mz, 
or lyjr = U (a; -f- ly) -f cos vi {x -f ly) — i(J sin m (x -i- ly) 

It gives 

= Ux -f (P cosh niy -f Q smh tny) cos mx | 
and y}r = Uy — (P smh my H- Q cosh 7ny) sin mx 3 * * * ^^3* 

These expressions satisfy Laplace’s ecjuation and give the 
general superposed velocity — U. 

For the bottom to be a stream-line we must have yfr constant 
when y=^ —h, so that — P smh mh -f- Q cosh )7ih = 0 

Hence the expressions (1) may be written 

(f)= Ux-{- A cosh m {y + h) cos mx 
yjr Uy — A smh m (y + h) sm mx 
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If the free surface be a simple sine curve ?; = a sin mx, equations 
(2) will make this the stream-line = 0 provided 

Ua — A sinh mh =0 (3), 

neglecting squares of small quantities. 

Again, the formula for pressure is 

f + {0^(1/}= constant. 

At the free surface this becomes 

- -{-ga sin mx (1 — 2ma Qoth.m1i sin mx] = const , 

P 

neglecting aK 

But p is constant at the free suiface, therefore the coefficient 
of sin 7nx must vanish, that is 

g = m coth mhy 

or Cr-‘=f^tanh (4) 

Ztt a 

Another way of regarding this problem is as follows * 

Imagine a straight horizontal pipe of rectangular section, the 
upper surface of which has small corrugations of the form 
= asm 27r^/X Water filling this pipe can be made to flow along 
it at any speed, but we have found in (4) the particular speed that 
the water must have if the removal of the corrugated upper surface 
of the pipe would leave the water flowing with the coriugations in 
its surface unaltered. 

We observe that the expression for <f> in (2) is the steady 
motion value, and the expression (10) of Art. 220 coriespondmg 
to the progressive waves can be obtained from (2) and (3) by re- 
imposing the velocity U, which amounts to omitting the term Ux 
and writing mx - nt for mx 

227 Waves at the common surfhce of two liquids. 

Suppose a liquid of density p and depth K to be moving with 
velocity F' over another liquid of density p and depth h moving 
in the same direction with velocity F, the liquids being bounded 
above and below by two fixed horizontal planes 

Let U be the velocity of propagation of oscillatory waves at 
the common surface in the direction in which the liquids are 
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moving Taking the axis of x in this direction in the undisturoed 
commor surface and y vertically upwards, as in the last article, 
let us make the motion steady by superposing on the whole mass 
the velocity — U, thereby bringing the wave form to rest in space 

• 

Let <^== — (F— U) x + A cosh m {y -f A) cos mx^ 

and = — (F— U)y — A sinh m (y + h) sin mx) 

relate to the lower liquid, and 

( F' — U)x'\- A' cosh rn {y — A') cos mx\ 

V • • • \^/ 

and — {V' — U)y — A' sinh mi^y-- K) sin mx J 

relate to the upper. These expressions for -i/r and cleaily make 
the boundaries y — — h, y — K stream-lines , and if 97 = a sin mx 
gives the displacement of the common surface and the liquids do 
not separate this must be a stream-line for both surfaces We can 
satisfy this condition by taking the stream-line to be '>|r = = 0 , 

which gives 

— (F— U) a — A sinh mh = 0 | 
and —(F'— Z7)a + -d.'sinhmA'=s 0 j 

neglecting the scpiares of small quantities 
The expressions for the pressure are 

^+sry + i{(gj+(|^)] = const, 
und ^, + 9y + \ {(g)' + = const 

At the common surface, neglecting these become 
^+ga sin mx 4- 4 ( Uy (1 — 2 am coth mh sm mx) = const , 
p' 

4 ga sm mx 4* ^ ( F' — Uy^ (1 + 2 am coth mh' sin mx) = const. , 
and p = 


Hence we must have 


— p') = (F— uy mp coth 7nh 4 ( F' — Uy mp' coth 7nh' , . (4). 

This equation determines U when p, p'. A, A', F, F' atid m are 
given. 
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228. Special cases. 

(i) If the depths of the liquids are so large compared to the 
wave lengths that we may put coth mh = coth mh' = 1, and the 
liquids have the same velocity F) then (4) reduces to 

< 5 )- 


( 11 ) If the liquids are at rest save for the wave motion, the 
wave velocity is given by 


_ P-P 

m p coth mh -H p' coth mh' 


(b). 


(ill) The foiegoing results obtained for incompressible li(j[uids 
will be applicable to the case of waves propagated along the surface 
of water exposed to the air, provided that in considering the effect 
of the air we neglect terms which, in comparison with those retained, 
are of the order of the ratio of the lengths of the waves considered 
to the length of a wave of sound of the same period in air. Thus, 
in (6), making K = oo we have 


tanh mh |l — (1 + tanh mh) ^ j , approx. . . .(7) 


These results were obtained by Stokes*. 


229 It has been shewn by Greenhillf that if the velocities 
F, F' of the currents make angles a, a' with the direction of wave 
propagation, equation (4) of Art 227 only needs modifying by the 
insertion of F cos a, V' cos a' instead of F, F', the components 
F sin a, V' sin ol of the curients perpendicular to the direction of 
propagation of the waves having no effect upon the determination 
of U. 


230 Stability. 

The motion considered in Art. 227 is really a case of small 
oscillations about a state of steady motion. To examine the stability 
of the motion, we have a quadratic equation (4) for the velocity of 
wave propagation U and we require that the roots of this quadratic 
should be real. 

* * On the Theory of Oscillatory Waves,’ Trant, Camh, Ph Soc. viii. p. 441, oi 
Math, and Phy& Papers^ i p. 197 

t ‘ Hydromechanics,’ Encyc. But. 9th edition. 
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The condition for real or imaginary roots in XJ is 

{Vp coth mh + V'p coth mh'y ^ m (p coth mh + p' coth mh') 

{7np coth mh + mp' coth mh' —g{p-- p')], 
or 

^ (/o — p) (p coth mh + p coth mh') 

^ mpp' coth mh coth mh' ( F" — V'y, 

This means that the stream motion is stable or unstable according 
as 

(Y-- V'Y ^ P coth 7 7ih -f p coth m K g jp-p) 

^ ^ pp' coth mh coth mh' * 7n 

We remark that p < p, that is, if the upper liquid is denser 
than the lower, there is instability for all wave lengths. The same 
IS true when p = p , that is when two streams of the same liquid 
are flowing with different velocities and a horizontal common 
surface. 

Ill fact when p — p and the depths are so great that 
coth m/i = coth mh' = 1, 

we get i {{V+ V')±i{ T- V% 

We may consider the case V= F' by first putting F' = F (1 + a) 
and then making a tend to zero. 

The common surface in the steady motion being* given by 
rf a sin ma', for progressive waves the corresponding form is 
7) = a sin (jtioG — nt), when 

n ^ mU = imF" [2 + cc T la]. 

Hence rj = a sin 7n\x — Fit — (1 + ^) Vt], 

and as a tends to zero we may write this 

rj = a sin m (x — Vt) — \ amoL (1 ± ^) Vt cos m (x — Vi), 
or 7) — a sin 7n (x — Fit) — hmVt cos m{x Vt), 

This shews that the corrugations of the surface increase in height 
indefinitely with t. 

This case is of special interest as it explains the flapping of 
sails and flags. The uniform medium can be regarded as divided 
by a thin membrane on both sides of which the medium moves 
with the same velocity, the motion is unstable and a slight disturb- 
ance will result in a larger departure from the steady motion. 

18 
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This and other cases were considered by Lord Rayleigh in a paper 
‘ On the Instability of Jets* ’ 


231 Group Velocity. 

In general when waves are started by a local disturbance such 
as, for example, the dropping of a stone into a pond or the motion 
of a boat thiough water, the successive waves have different lengths 
and are propagated with different velocities. Let us examine the 
phenomena tliat arise from the simultaneous motion in the same 
direction over the same water of two simple harmonic trains of 
waves of the same amplitude and slightly different wave lengths 

AVe may write for the elevation at any point 

^7 = a sin (inx — nt) H- a sm (m'x — nt) 

= 2 a cos {(m — in') x — (n — n) t] sin {(//< + m) x — {n n) t\. 


If in = tn' neaily, {m — in')x varies with x much more slowly 
than does (m + m')x, so it is convenient at any instant to regard 
the equation as representing a sinuous curve obtained by drawing 
the curve 17 = 2 a sm {(i?i + n/) a? — (?? + n') t] and multiplying the 
ordinates by cos {{in — in') x — {n — n') Hence the result re- 
presents a tram of waves whose amplitude 

2a cos {(m — d /) ^ — (w — r/) 

is periodic, varying between 0 and 2a. The profile of this tram 
will be a group of sinuosities of amplitude gradually increasing 
fiorn zeio to 2 a and then decreasing to zero followed by a succession 
of equal groups. The appearance on the water will be that of 
alternate groups of waves separated by intervals of neaily still water 


The velocity of propagation of the groups is given by 




n—n 
in — m' ' 


or 


Z7= 


dn 

dm 




* Proc L M.S, X p. 4, 1879, 01 Sci, Papeis, i. p 361 On the general question 
of. stability and instability of a perfect fluid see a papei by W. Orr, P)oc, 
R I A XXVII. p 9 

t The theory of group velocity is generally attributed to Stokes, who set a question 
on it in the Smith’s Prize Examination m 1876, Math, and Phys. Papers, v p 362, 
but the i^'sult (1) appears to have been obtained first by Hamilton in a paper on 
‘ Researches respecting vibration connected with the Theory of Light,’ Proc, R ^ A. i 
p. 341. For this reference the author is indebted to Professor Sir Joseph Larmor. 
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when the difference of the wave lengths of the original trains is 
small. 


And the velocity of propagation of a single wave is 


therefoie 
or if \ be the wave length ( 27 r//?#), 


U=~OnV)=V+77i^~ .. 

am dm 




dX 


■ ( 2 ); 
( 3 ) 


Thus it ajipears that the group velocity, in general, differs from 
the velocity of ^propagation of the separate weaves This is in ac- 
cordance with the results of observation, fur when the eye views 
a gioup of waves advancing over deep sea water, single waves are 
seen to advance through the gioup, their amplitudes increasing 
and then dying away as they give place to others 

In the case of waves on the surface of water of depth h, we have 
F- _ tanh vih, 

so that L/'ss ^F(l -I- 2mh cosech 2mk), 

Hence the ratio of the group velocity to the wave velocity is 
, vih 
^ ^ sinh 2mh 

this ratio is unity, and as h increases to infinity the ratio decreases 
to ^ , or the group velocity for deep sea waves is half the wave 
velocity 


. When h is small compared with the wave length 


232. The theory of group velocity has been treated in a moi*e general 
mannei by Lord Rayleigh* We assume that a disturbance travelling in one 
dimension can be lesolved by Fourier’s theorem into infinite trains of waves 
of harmonic type and of various amplitudes and wave lengths Thus the only 
case in which we can expect a simple result is that in which a considerable 
number of consecutive waves are sensibly of a given harmonic type, though 
the wave length and amplitude may vaiy within moderate limits at points 
whose distance amounts to a large multiple of X 

Assuming that the complete expression by Fourier’s senes involves only 
wave lengths which differ but little from one another, we may write 
= «! sin {(/}i + r — (a + 5ni) t + cil 

+ a2Sin ((wi-4-§wi2) .r- (7i + §>22) ^ + ^ 2 } + ••• 
=sin (wia — /It) cos -tdni + ei) 

^ 4-cos (7nx - nt) Sorisin — t8ni + € 1 ) 

* ‘ On the Velocity of Light,* Natwe, xxv p 52, or Sci Papers^ i. p. 540 

18—2 
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AIbo by hypothesis 


__ 5 w 2 _ ^dn 
bmi bni 2 * * dm ’ 


and the first term in the expression for i; represents a simple train of type 
sin {mx-^nt) with varying amplitude Saj cos -f fj), and the ampli- 

tude itself is propagated as a wave with velocity dnjdm , and similarly the 
second term Hence we arrive at the idea of groups of waves of a more 
general kind, but the velocity of propagation is given by the same formula as 
in the special case considered in Art. 231. 


233. The Elnergy of Progressive Waves. 

Considering a train of progressive waves at the surface of water 
of depth h, given, as in Art 220, by 

77 = a sin (mx ~ nt) ( 1 ), 

, , gra cosh m (v 4- A) ^ 

^ ccshL (mx-nt) (2), 

if we calculate the energy of the water between two vertical planes 
parallel to the direction of propagation at unit distance apart, we 
have, for a single wave length, the potential energy 

^ = iffP 

= l(/pa^Xy since A = 27r//a. 

The kinetic energy is given by 

and, as in Ait 77, this may be transformed to 


T=-ipf<l> 


d<f>. 


integrated along the profile of a wave length, where dn is measured 
along the normal into the water. To the order of small quantities 
we are using this may be written 


= ^ gpa^ / cos^ {mx — nt) da. 

J n 


= iSfpa^- 

Hence it follows that the total energy per wave length is ^ gpcC^Xy 
and that it is half kinetic and half potential. 



2.^2-235] 


ENERGY OF WAVES 


277 


Also considering any length in the water, in direction of the 
wave propagation, which is either an exact number of wave lengths 
or IS so long that the energy of a fractional part of a wave length 
may be neglected in comparison with the energy of the whole, it 
follows that it is correct to say that the energy of a progressive tram 
of waves is half kinetic and half potential. 


234 The Xlnergy of Stationary Waves may be calculated 
in the same way. Thus if we take 

t; == a sin mx cos nty 


and 


4 > = 


ga cosh m (y + A,) 
n cosh mh 


sin mx sin 


nt, 


as in Art. 223, we find for the potential energy of a wave length 

V = ^gpa^h cos^ nt, 
and for the kinetic energy 

2' = \gpa^\ sin® nt 


Hence the total energy per wave length at any time is \gpa^\ 
and the amounts of kinetic and potential energy change continuously 
with the time. 


235. Transmission of Energy, 

We have just seen how to calculate the energy of a progressive 
and a standing wave. In the case of a progressive wave the wave 
form advances with a definite velocity but it does not follow that 
this IS the rate of tiansmission of energy, for it is the particles of 
water that possess the energy and there is no reason to suppose 
that they hand on the energy at the same rate as the wave form 
advances. This question was discussed by Prof Osborne Reynolds, 
in a paper* from which we bon'ow some illustrations : — If a number 
of small balls are suspended by threads so that the balls all hang 
m a row, the threads being of the same length , and if the balls 
be then set swinging in succession in planes perpendicular to the 
row, as by running the finger along them, the motion will present 
the appearance of a series of waves propagated from one end of the 
row to the other, but in reality each pendulum swings indepen- 
dently of its neighbour and there is no communication of energy. If 

‘ On the Rate of Progression of Groups of Waves and the Rate at which Energy 
IS Transmitted by Waves,’ Nature, xvi. p. 343 (1877). 
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however the balls are connected by an elastic string and any one 
be given a transverse motion, it will communicate its motion to 
the others, so that now there is a transmission of energy and the 
rate at which the first ball gives up energy to the others will clearly 
depend on the tension of the string 

As another illustration — If a rope be laid out on the ground in 
a straight line with one end fixed and an upward jerk be given to 
the other end, a wriggle will travel along the rope to the other 
end leaving the rope straight and at rest on the ground behind it. 
This is a case in which the energy is transmitted at the same rate 
as the wave 

The particular case with which we are concerned, that of surface 
waves on water, is a case intermediate between the two just con- 
sidered ; energy is transmitted but at a rate less than the wave 
velocity. 


236. Rate of Transmission of Energy in simple har- 
monic surface waves. 


The rate of transmission of eneigy is measured by taking a 
vertical section of the liquid at light angles to the diicction of 
propagation and determining the rate at which the pressure on one 
side of this section is doing work on the liquid on the other side 


Considering liquid of depth h, we have, as in Art 220, 

, qa cosh m (v + h) , 

<f) = (niT. — nt) 

^ cosh mh 


And neglecting squares of small quantities the variable part of 
the pressure is given by 

Sp = pd<f>ldt, 

and the horizontal velocity is — d^/da; 

Hence the work done in unit time or the energy carried across 
unit width of the section is 





g'^pa^m — nt) 

n cosh^ mh 

g^pa^m — nt) 

n cosh® mh 


rO 

j cosh® m {y -h h) dy 


/sinh 2mh 
\ 4m 


i)- 



235-23V] CAPILLARY WAVES 279. 

and since = gm tanh mA, this may be written 

Vh 

W = igpci^ - (1 4- 2mh cosech 2mh) sin- {mx — nt)» 

T}lf 

The mean value of this expression over a complete period or 
any number of complete periods, or any interval that is so long 
compared to a period that the part corresponding to the fractional 
part of a period can be neglected in comparison with the whole, is 

71 

Igpcv^ (1 -f- 2mh cosech 2mh)^. 

Referring to Art. 231, since n/nt= V, this expression for the 
energy transmitted in unit time is equal to 
^gpa^ X group velocity. 

And from Art. 233, \gpo^^ is the whole energy per unit length 
at any instant Hence the energy %s transmitted at a rate equal to 
the group velocity 

237. Capillary Waves. When suiface tension is taken into 
account, the surface conditions p — const (Art 210) and p=p 
(Art 227) no longer hold good They must be replaced by the 
condition that, if T denotes the surface tension or energy per unit 
area due to capillary forces, the difference of the pressures on 
opposite sides of the surface is given byf 



wheie p and p are the principal radii of curvature of the surface. 


bpf 


- \ 

— " 7 


Fig 63 


In the case of two-dimensional waves we have p' = oo , and, if 
7) denote the elevation, 1/p = — d’^'qjdx^y neglecting squares of small 
quantities. So if Sp, Sp denote the variable parts of the pressure 
below and above the surface, as in the figure, we have 

yg+jp-sy-o (1) 

as the surface condition. 

* Lord Rayleigh, ‘ On Progiessive Waves,’ Pioc L M S, ix. p 21 (1B77), or Sci , 
Papens^ I p 322, or Theory of Sounds i. Appendix, 
t V. Hydrostaticbf p. 168 
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^238. Capillary waves on a canal of uniform depth. 

Taking the case considered in Arts 219 and 226, let us* use the 
method of Art 226, reducing the problem to one of steady motion 
by superposing a velocity — U on the whole mass, where U is the 
velocity of propagation. As in Art. 226, we have 

^lr= Uy — A Hinh m (y + /<) sm ma\ 
and for the free surface 

= a sin mx, 

provided Ua — A sinh mh = 0. 

And the variable part of the pressure is given by 
hty 

- -\-ga sin mx -h coth nth sin mx) = const. 

But from (1) Art. 287, since in this case we regard the air pressure 
as constant, we have 

hp— — T = Tam^ sin mx. 

Substituting tins value in the last equation and equating to zero 
the coefficient of am mx, we get 

U'^=(S- q- tanh mh 


( 1 ) 


P / 

f g\ . 27rT\ , , 2irh 


■ + ^ tanh - 


^27r ' \p / \ 

When h is huge compaied to X, this becomes 

g\ ^ttT 

27r“^ \p ’* 


( 2 ). 


239 Capillary waves at the common surface of two 
liquids. Proceeding as in Art 227 the investigation is the same 
until we arrive at the equations for the pressures on either side of 
the common surface, which may be written 

4 - sin mx + UY{\ — 2am coth mh sm mx) = const , 

and 

-\-ga sm mx + i{V' — Uy{l - 4 - 2am coth inh sm mx) = const., 
where T ^ + Sp — Sp' = 0 , and 17 = a sin mx. 
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Hence Sp — 8p' = Tam^ sin 

and by ‘eliminating S/i, Sp\ we get 

T/u^ + g (p — p') = (V — Uy mp coth mh + ( F' — Vf mp coth inh' 


. - • 

As a special case, if the liquids are so deep compared to th(' 

wave length that we may put coth = coth ?a//' = 1, and the 
liquids are undisturbed save for the wave motion, then the velocit} 
of propagation ?7(, is given by 

^0—0 ' 


27r p -f p' ^ (P -h p) 


C2) 


Again we get the case of the effect of wind on deep water, 
regarding air as incompressible, if we retain V' but put F = 0, 
(1) reducing to 

Tith + (p — p) g/m = U'^p -f ( F' — Uy p', 

oi u^- ^-p',v'u+-p' 

p+p P+P 


where U(s denot(*s the velocity of propagation when there is no 
wind. 


This gives 


p-pp 



PP'V'^ li 
{p+p)l 


...(3) 


This result was oLtaincd by Lord Kelvin*, who considered s()iue special 
eases as follows — For a given wave length 27r/m, the wave velocity U is 
gieatest when the wind velocity F'= (/o(l +/»7p)^> ^7 having then the same 
value as V' Hence it follows that “ with wind of riny othei speed than that 
of the waves, their speed is less For instance, the wave speed w itli no wind, 
which IS ^7y, IS less by approximately pl2p of 6o (i o about ^ of Ua) than 
the speed when the wind is with the waves and of their speed. The explana- 
tion clearly being that when the air is motionless relatively to tlic wave crests 
and hollows its inertia is not called into play ” 

From (3) we draw the following conclusions* — 

“(1) When l^7F.,= (l + e)^=.28 7(H-i^,B). 

one of the values of is zero, that is to say, static con ugations of wave 
length 27r/?», would be equilibrated by wind of velocity i/,, (1 +plp)- 
But the equilibrium would be unstable 

(2) When r7F„ = (p + p')/(pp')' = 28 7(l+aa 

the two values of U are equal 

* * Letter to Professor Tait, August 16, 1871. Printed in Math, and hhyg. Papers^ 
ly. p. 76, also in Baltimore Lectures^ p. 690. 
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(i) When V'IU^>{p-\-p')l{pp')K 

both values of U are imaginary, and thciefoie the wind would blow infco spin- 
drift waves of length 27r/»i or shorter 


Looking back to (2), we see that it gives a tnimmum value for equal to 


y 


•2.JgT{l-p'fp) 

i+f>7p 


Hence the water with a plane level surface would be unstable, even if air 
were frictionless, when the velocity of the wind exceeds 


y 


p'/p 




240. Ripples. Referring to Art 288, we may write (2) m the 
form 

= (^gXf^Tr - s/2wTj\pf + 2 ^/gT|p, 
shewing that U has a unique minimum value 2 TJp when 
X. = 27r V 'figp Lord Kelvin has defined a ripple as any wave on 
water whose length is less than this value of X Th(‘ corresponding 
value when the air is taken into account is obtained from (2) Art 
239 which gives as the critical value 

\ = 27r y fjg ip - p) 

Ripples may be seen in front of any solid cutting the surface 
of the water and moving horizontally at any speed, fast or slow. 
The npple length is the smaller loot of the quadratic in X, 

g\p-p 2w T 

27rp + p'^\(p-\.p') 

where is the velocity of the solid. “The latter may be a sailing- 
vessel or a row-boat, a pole held vertically and carried horizontally, 
an ivory pencil-case, a pcnknife-blade, either edge or flat side fore- 
most, or (best) a fishing-line kept approximately vertical by a lead 
weight hanging down below water, while carried along at about 
half a mile per hour by a becalmed vessel*.’' 


241 Waves due to a given local disturbance on the 
surfkce of water. We shall consider first a simple case where 
the liquid is limited by vertical planes, distant I apart, parallel to 

* Letter trom Lord Kelvin to Professor Tait, of date August 23, 1871, loc. ^it. 
p. 281 
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the crests of the waves, and suppose that the motion starts from 
rest \Mth a given initial elevation 

The motion is therefore irrotational and if the liquid were unlimited 
in extent there would be no limitation on the lengths of the waves 
but the motion would be the result of the superposition of waves 
of infinite variety of lengths. In this case, as we shall see, there is 
a limitation on the possible wave lengths If h be the depth of the 
liquid, a suitable solution of Laplace's ei^uation for the velocity 
potential is 

<f) = A cosh m {y + h) cos tmv sin nty where = mg tanh 
making zero when ^ = 0, also when = But we also lequire 
that d(f>ldx = 0 when = 0 and when , and this makes 

sin nil 0, or ml = ^7^ where i is an integer. 


Again the pressure e(|uation 


gives initially at the fit 


dt 


=ffv = af(^) 


And the most general expression for <f) is 

<^ =: 2 A, cosh (y + h) cos sin nty 
and, substituting this value in the last equation, we get 


2 nAt cosh , cos —j— = gf{x) 
1=1 ^ ^ 


But by Fourier's Theorem we have 

... 2^ iirx . iTTV , 

= /(v)dv-\--^ l^cos-j- j ^f(v)cos - dVy 

and, by comparing the series, Ave get 

. , iirh 2q .. . lttv , 

nA^ cosh -j- 


so that 


6 , = ] 


cosh ^ (y + h) 


i cosh 


tTrh 


iiTx . 

cos -rjy(^) 


ITTV , . 

cos —J- dv sin nty 


ITTQ , , iTrh 

n2 = -Y^tanh . 


where 



284 LOCAL DISTURBANCE [CHAP. X 

Ii we require the form of the surface at any subsequent time, 
the relation 

2 5 iTTX . irrv , 

gives v — j 2 cos I f{v) cos dv cos nt 

^ 1=1 ^ J 0 I 


242 We may now consider the case in which the liquid is un- 
limited in extent, the initial disturbance being of the same type as 
before, that is, given by 

V =/(-»), 

so that we are still dealing with two-dimensional motion. To 
simplify the expressions we shall suppose the depth of the liquid 
to be infinite, then from Art. 223 we can write down as a typical 
solution for a wave of length 27r/?ii the equations 

sin 

r) = Dix cos nL 
cos 

and ^ rrix sin vt, 

n cos 

where ?i- = gm. 

To obtain general expressions which embrace the superposition 
of all such solutions and give the initial values 

we must make use of Fourier’s double integral theorem 

1 p 

f {x) = — / dm I f (a) cos 77i (x — a) da, 

'^.'0 J -» 

and the required expressions are 

1 r*’ 

V=~ dvi I /(a) cos nt cos yn {x — a) da, 

J 0 j - 00 

</>=-[ dm f /(a) etny ^(x)day 

J 0 J —00 ^ 

for these expressions clearly satisfy all the conditions specified, 
and as an additional verification they make 17 = — ( 9 <^/ 9 y) 2 /=o, m 
virtue of the relation = gni. 

243 . A similar method may be adojited when the surface is 
initially horizontal but subject to initial impulsive pressure. Thus 
we may suppose that initially - 

<f} = F(x) and 9 ; = 0. 
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Then, taking as the typical solution 
* sin 

(h = gWV (JQg 

^ cos 

n sin 

rf^ nixsmnt 

g cos 

where == mg, 

we have for the general solution 

2 Too Too 

<^ = - / dm I jP(a) cos nt e’"*' cos {x - a) rfcr, 

^ 0 J — tx) 

2 roo ^00 

= 1 I ^(a) n sin cos wi (.^* ~ a) dot. 

g'^J 0 / — 00 

For a full discussion of these results see Lamb*s Hydro- 
dynamics, §§ 238 — 240 and Lord Kelvin’s papers on ‘Deep-Water 
Waves*/ 

244. Stationary waves in running^ water. The waves pro- 
duced m a stream by obstacles or by inequalities in its bed have 
been discussed at length by Lord Rayleighf and Lord Kelvin J. 
We shall consider two examples which serve to illustrate different 
methods * — 

(i) A stream flowing with uniform velocity ove/ a cot rugated bed whose 
section yepiesenU a sine curve 

Taking axes as usual, let the bed of the stream be given by 

^ +K sm mi, 

cUid let Fl)e the mean velocity 

The conditions of the problem will be satisfied by the equations 

(f) — — + (d cosh sinh my) cos m v . (1 ), 

and — Vy — {A sinh my -f cosh niy) sin mx (2), 

provided they make the bed a stream line and tlie free suiface a surface of 
constant pressure as well as a stream line 
The condition that the bed 

y = ~ A + K Bill m X 

may be a stieain line is that 

— P ( — A -H K sin mx) — ( — -.1 siiih mh + B cosh mh) sin m v 
may be constant for all values of x 

* Phil. Mag June, Oct. 1904, June 1905, Jan. 1907, or Math, and Phys. Papeis, 
IV. pp 338 — 456 

t ‘ The Form of Standing Waves on the surface of Running Water,’ Proc. L M S. 
XV. p. 69, or Set. Papeis, ii. p. 258 

* X ‘ On Stationaiy Waves in Flowing Water,’ Phil. Mag Oct. 1886, or Math, and 
Phys. Papers, iv. p 270 
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Therefore k F= A sinh mh - B cosh mh (3) 

If we assume for the free surface 

rf^^asmma; .... (4), 

this will be the stream line = provided 

- ya~B=0 ^ 5 ) 

Again the piessure equation in the steady motion is 

^^+gyA‘\q^ — ooi\Ht . ... ( 6 ), 

and at the free surface p is constant, so that by substitution from (1) and (4) 
in ( 6 ), neglecting squares t>f small quantities, we must have 
ga sm VAm sin mo. = constant 

for all \ alucs of i 

Therefore ga^- VAm—0 (7), 

and from (3), (o) and (7) we get >1, B and a, and the free surface is given by 

^ ~ cosh mh - gjm sinh mh • • (®) 

Taking k to be positive, the multiplier of sin m % in the last expression is 
positive or negative according as is greater oi less than {gini) tanh mh 
That is, according as V is greater or less than the velocity in still water of 
depth h of waves of the same length 27r/m as the corrugations In the former 
case the ridges and hollows of the free surface are veitically over the ridges 
and hollows of the bed of the stream, and in the latter case the ridges of the 
free surface are ovei the hollows of the bed 


(ii) Jf watei flows along a rectangular canal which consists of two uniform 
portions of slightly diferent breadths, with a gradual transition, the free surface 
will he lovjer wheie the canal is na? lower, or contrariwise, according as gh, 
where u is the mean velocity, and h the mean depth. \The motion is supposed to 
he steady ] (M T 1912 ) 

Let A, B denote points on the free surface of the tw'o portions, hA-a, 
/i + a' the depths, 64*/3, b + ^ the breadths, and uA-v, iiA-v' the velocities in 
the two portions, b denoting the main breadth 

A 

i B 


''^UA-l 

hA-a\ A n'; 


Fig. 64. 


From continuity we have 

(A + a) (A + i3) {uA‘V)=hhu>={hA-(i)ihArff) (11 + d) 

Therefore d = —u + 7 ) 
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If denote the pressures at A and B 

^ ^ = - (/i -h a - /i — a') ^ ^ {(u + vy — hi + v'y^\ 

P 

But the pressures at A and B on the free surface are equal, therefore 
0 = — (a — a) g--u{v — v') 

and (a - a) (g - ’0 = (^i - /S') 

Hence a — a' and /3 — /3' have the same or opposite signs accoiding as 
1 e the free surface is lower where the canal is n.irrower or central iwise ac- 
cording as ^ gh 


245 Gerstner^s Trochoidal Waves. An pxact solution of 
the equations repiesenting wave motion on the surface of deep 
water was discoveied by Gerstner in 1802 and re-discovered by 
Rankine in 1868*, but the motion represented is rotational and 
cannot therefoio be brought about by natural causes m frictionlcss 
liquid 


Consider the equations 


= a + - sm /f (a + ct) 

1 

y =zh cos KiaA- ct) 

K ] 


(1)> 


where the Lagrangian notation is employed, a and h being 
parameters which specify a partieulai particle whose coordinates 
are or, y at time t 


«■”“ sfeS- 

therefore the equation of continuity of Art. 9 is satisfied The 
equations of motion of Art 80, in this case, become 




Idp dy d^oedx d’^ydy 

pda ^ da dt^ da dt^ da ' 

and 


1 dp dy d^x dx d^y dy 

pdb ^ ^ db dt^ db dt^ db ’ 

or 

d_ 

da 

sin K{a -¥ ct\ 

and 

d 

db 

^— + ^ cos k {a ct) 


« * ‘On the Exact Form of Waves near the Suiface of Deep Watei,’ Fhil Tiatis 

1863, p 127. 
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If we multiply these equations by da, d6, add and integrate we 
get 

- — const. — a •[ 6 — — e'**' cos ic (a + ct) 

p \ 

— cos it (a + ct) + . .(3). 

At the free surface the pressure must be constant, which 
requires that 

(4). 

Now the periodic form of equations (1) shews that they repre- 
sent a wave motion, the waves of length 27r//c being propagated 
with velocity c in the negative direction of the ^-axis; and the 
relation (4) shews that the velocity is what we have previously 
found for deep-water waves. 

If we substitute from (4) in (3) we get 


^ = const. — ^6 -h 


(o). 


This shews that p is constant when b is constant, hence if the 
motion were converted into steady motion by superposing a 
velocity equal and opposite to that of propagation all stream lines 
would be curves of constant pressure. This is a peculiarity of this 
type of wave motion, for in general it is only necessary that the 
particular stream line at the surface shall be one for which p is 
constant*. 


To shew that the motion is lotational, we have 
u ce'^^ cos fc (a ct)) 

and v = ^=ce’^^sin K(a + ct)} 

and the spin is given by 

^ dv dll 
^ dx dy' 

dv _d (v, y) Id (x, y) du _d (x, u) id {x, y) 

^ dx “ 0 (a, b)/ 0 (a, b) dy d (a, 6)/ 0 (a, 6) ’ 

^ O ^ y)_^(v,y) d (x, n ) 

therefore J!ico ^ . , » — .x i\> 

d(a,b) d{a,b) d{a,b) 

and on substituting from (1 ), (2) and (6) we get 

ft) = - c*e®'V(l - 


•( 6 ), 


.(7). 


* See Stokes, * On the Theory of Oscillatory Waves, Appendix A,’ Trans. Can^. 
Phil. Soc. VIII p. 441, or Math and Phys, Papers^ i. p. 219. 
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i^rom (1) it is clear that the path of ^ the particle (a, b) is a circle 
of radins 

The curves of equi-pressure are the paths of the particles when 
the motion is made steady by superposing the velocity — c, that is 
they c-re given by 

AJ = a 4- - sin Kay v = 6 — ^ cos a, 
or, putting Ka = By 

X = K^^O + sin By y=:h — cos B, 

These equations, for any constant value of 6, represent a trochoid 
traced by a point at distance from the centre of a circle of 

radius k~~^ which rolls on the under side of the line y = 6 4 
Any one such trochoid may be taken to represent a possible form 
of the free surface, the extreme case corresponding to = 0 being 
a cycloid with cusps upwards*. 

EXAMPLES 

1 AHauming that the vel<x*ity of propagation of long waves in a canal is 
s/igAlh) where A is the area of the section and h is the breadth at the water 
surface, apply the formula to obtain numerical results for a water-trough, the 
top being of width 20 inches, the b.vsc of width 12 inches, and the depth 
10 inches (St John’s Coll 1911.) 

2. Find the velocity of oce.in rollers, 20 yards long from crest to crest, in 

miles per hour (St John’s Coll 1901 ) 

3. Find the type of waves that would travel on lieep water at 30 knots 
How much IS the velocity of the waves affected by the presence of the atmo- 
sphere above the water, its density being 0013'? 

(St John’s Coll 1897.) 

4. A fixed buoy in deep water is observed to rise and fall twenty times in 

a minute, prove that the velocity of the waves is about ten and a half miles 
per hour (Coll. Exam. 1907.) 

5. Prove that if a wave-system is travelling over water with velocity F, 
the kinematical condition to be satisfied at the free surface is yfrA- T’y = const., 
where yj/ is the stream function, and the motion is supposed two dimensional, 
the waves advancing along the axis of x 

Find the value of V for water-waves on a canal of depth /i, when the wave 
length is X, gravity alone being considered. (St John’s Coll. 1911 ) 


R H 


For a diagram see Lamb’s Ilydrodynamicsy p. 413. 
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6. Shew that when irrotational waves of length X are propagated in water 
of infinite depth, the pressure at any particle of the water is the same as it 
was in the equilihriiini position of the particle when the water was at rest 

(Coll. Exam 1908 ) 

7. A wave consisting of a single elevation and a single depression travels 
along the surface of water contained in a straight uniform canal The slojie 
of the wave is gradual, and its length is great compared with the depth of the 
water Tiace the motion of a particle on the surface. 

Shew that the potential energy of the wave is equal to the kinetic energy 

(St John^s Coll 1901) 

8. From considerations of dimensions alone shew that the period of 
oscillatory waves in a deep cylindrical tank varies as the square loot of the 
diameter and inversely as the square root of the intensity of gravity 

(U T. 1879 ) 

9. Prove that in a uniform heavy lupiid, of depth /q there is not more 
than one wave length corresponding to any given velocity, and that any 
velocity less than ^ gh is the velocity of some wave (Trinity Coll 1902 ) 

10. If a horizontal rectangular canal of great dejith has two vertical 
barrieis at a distance I apart, prove that the periods of oscillation of the water 
are ^ J nil /J sg, where s is a positive integer; and that corresponding to any 
mode, all the particles of fluid oscill.ite in straight lines of length inversely 
proportional to exp (snzll)^ where z is the depth 

({.'oil Exam 1906) 

11. If in the iiiotational motion of homogeneous liquid m two dimensions 
undei gravity theie be a free surface exposed to an atmosphere of constant 
pressure, shew that theie must be a surface of equal pressure at which 

rih f^(t> (?(b d^d) c<h r'^d ) ) 

" if: fTS + 5 i-ySf 

- +('¥y'SU(> 

00,^ ox Oy cx'cy \vyj oy^) 

Work out the case <^ = ftcos 7r^/acosh tt (y + /i)/rt sinjti^ and give it a 
possible physical realisation , h being so small that its square is negligible 

(St John’s Coll 1906 ) 

12. The space between two infinite horizontal pianos is filled with two 

fluids, one of density p and depth h and the othei of density p' and depth h! 

Shew that the velocity of a long wav’^e on the suiface of separation is 
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13. Let a shallow trough be filled with oil and water, and let the d^pth 
of the water be k and its density cr, and the depth of the oil h and its density 
p Then shew that if ^ be gravity, and v the velocity of propagation of long 
waves, 

vVsr=i(k+i;)+i{{h-Jk)^+4Mp/cr]K 

Note that there may be slipping between the two fluids (M.T. 1882 ) 

14. A harmonic tram of surface waves, of wave length X, impinge directly 
upon a breakwatei with a vertical sea front, and are reflected. The maximum 
variation of the surface level about the mean height on the face of the break- 
water is a. Prove that the extra pressure on the breakwater per unit length 
of sea front is 

f, X , 27r/Al 27r Vl 
gpa |A + 2^ tanh ^ c<.« , 

where V is the wave velocity and h the depth of the sea 

(Trinity Coll. 1897 ) 

15. Prove that in a fluid of depth //, limited by two vertical barriers, 
distant I apart, at right angles to the direction of propagation of straight 
crested ii rotational waves, the periods of the waves are found by giving r 
liositiv^e integral values in the formula 

2 coth (Coll Exam 1899.) 

16. Two fluids of densities pi, have a hoiizontal surface of separation 

but aie otherwise unbounded Shew that when waves of small amplitude are 
propagated at their coinmoii surface, the pai tides of the two fluids describe 
circles about then mean positn>iis , and that at any point of the surface of 
separation where the elevation is the particles on either side hav^e a relative 
velocity AnVrjjX (Trinity Coll. 1907.) 

17. If a canal of rectangular section conhxin a depth h of liquid of density 
p on which is siqier posed a depth h’ of liquid of density p', the free surface of 
the latter being exposed to constant atmospheiic pressure, prove that the 
velocities of propagation of waves of length iLirjn} are given by 

where 

p (w coth mh coth 7)ih' - l)=p'(l — 

(Coll Exam. 1907 ) 

18. Two-dimensional waves of length 27r/m aie jiroduced at the surface 
of separation of two liquids which are of densities p, p' (p > p') and depths /#, h' 
confined between two fixed horizontal planes Prove that, if the potential 
energy is reckoned zero in the position of equilibrium, the total energy of the 
lower liquid is to that of the upper in the ratio 

p {(2p — p') coth mh -hp' coth mh'} p {(p — 2p') coth mh' — p cotli mA}. 

(MT 1899) 
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rest and has its surface plane and inclined at a small angle ^ to the length of 
the canal, the altitude 17 of the wave at any time t is given by 




7r?r TTlCt 

Sin - cos — , 
2a 2a 


where c is the velocity of a wave of length Aaji on an infinitely long canal, and 
2 implies summation for all odd integral values of t (M.T. 1893 ) 


31. Find the possible peruids of standing oscillations in a trough of depth 
h and length and shew that, if initially the water be at rest with its free 
surface plane and inclined at a small angle a to the horizontal, the velocity 
potential and the stream function at any time are given by 

Aj., I - _ ? 1 ? C08{(2g+1 ) TT {x-^ty)ll } 

^ ”s=o (2«+l)^ 8inh{(2« + l) rrA/?} ’ 

where is the frequency for the vibration of typo s. 

(Trinity Coll 1908) 


32. The free undisturbed surface of a liquid of great depth is the plane 
^= 0 , and it extends to infinity in both directions of the axis of x lu the 
surface there is a shallow depression, bounded by the planes ± xja = 1 +y/e, due 
to the presence of a floating body Eveiything being at rest, the floating body 
IS suddenly remoA^ed Shew that after the lapse of a time t the equation to 
the f>ee surface is 

«= - « (M T 1902 ) 

^ aTT J i) ^ * 

33. A rectangular trough containing water of giA'en depth is slightly 
tilted at one end, and then let fall again into the horizontal position find 
the penod of the to-and-fro oscillations of the water that are thus set up 

Shew that, if the tilt is removed suddenly in comparison with this period, 
but without jarring, the surface of the water will assume, at the end of each 
swing, the form of an inclined plane, until fiiction and other causes modify 
the motion ; and also that, if the water is shallow, its surface will at any inter- 
mediate time be in part horizontal, and in part a plane of constant slope 

(St John’s Coll. 1896 ) 


34, Prove that the free oscillations of water m a straight tank of uniform 
depth are represented by certain curves of sines which are stationary save for 
the variation of their amplitudes with the time. 

Regai*ding the resolution into such curves of sines of an arbitrary initial 
displacement of the surface as a Fourier series, shew that the latter refers to a 
function supposed known for a range equal to double the length of the tank ; 
what IS there m the physical conditions that enables us to double the range 
over which the function is known ? 

Work out the case in which the liquid starts from rest with its surface 
plane but slightly inclined to the horizon. (St John’s Coll l&Oo ) 
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35. If the bottom of a horizontal canal of depth h be constrained to 
execute a simple harmonic motion such that the vertical displacement at 
distance x from a fixed line across the canal and perpendicular to its length 
at the bottom be given by h being small, show that, when 

the motion is steady, the form of the surface is given by 

y = // 4 - ^2 — m{x-~ vt) [M.T. 1879) 


36. Shew that, if water is flowing with velocity V along a horizontal canal 
of rectangular section and depth A, and the bottom of the canal is agitated so 
that its form is given by a cos m {x^vt\ where a is small, the form of the free 
surfiice is given by 

y = cos m {x — vt\ 

where a « a' / cosh mh — sinh , 

1 ^ m{V —vf } 

T is the surface tension of the water and p its density (M.T 1898.) 


37. The bottom of a straight uniform canal of rectangular section has 
the form y=:asin (Stt^/X) referred to horizontal and vertical axes Oa and Oy 
through a point 0 in itself, and is moving \»nth uniform velocity V m the 
direction Ox^ a being small If the mean depth of the liquid m the canal be 
find the velocity potential of the wave motion generated, and shew that 


the form of the free surface is given by 

, ^2nlf ,27r(iT-;0 27r(^-T7) 

y==A+ a sinh — ^ cosech sin . , 


referred to fixed axes originally coinciding with Or and Oy, H being the depth 
of the liquid corresponding to the free pio})agation under gravity, with velocity 
r, of waves of length X (M T 1900.) 


38. Shew how to take account of a variable pressure acting on the surface 
of a uniform canal , and in particular examine the effect of a travelling distri- 
bution of surface-pressure of the type 

cos k {ct — .^), 

whore v is the longitudinal coordinate, the canal being supposed infinitely 
W (MT 1911) 


39. Find, at any time, the form of the free surface of an infinite canal, of 
uniform breadth, and uniform eqiulibrium depth 4, if the initial conditions 
^are i; = a sin kx and »; ~0 

If the variations of pressure on the surface of such a canal are given by 
6 sm sin where b is small, then the form of the surface at any time 
will be 

n — \ sin kx sin i ro t, 

wLero v is the velocity of propagation of waves of length (iTtjk) 

(Coll Exani. 1906 ) 
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VIBRATIONS OF STRINGS 

246. In the last chapter we considered some cases of small 
oscillations of fluids regarded as incompressible. The theory of the 
oscillations of elastic fluids is also a branch of Hydrodynamics and 
it includes the theory of sound or waves in the atmosphere The 
theory of sound is too extensive a subject to receive adequate treat- 
ment m an elementary text-book on hydrodynamics, but we propose 
in this chapter and the following to give a short account of some 
of the elements of the theory of sound waves together with the 
kindred subject of the vibrations of stretched strings. 

247 Transverse vibrations of a stretched string. By 

transverse vibration we mean a motion in which each point is 
displaced at right angles to the equilibrium position of the string, 
and the slight extension of any element of the string is of the 
second order compaied to the displacement. In fact the string is 
regarded as inextensible ** or rather the elastic modulus of extension 
is indefinitely great The very beginnings of a local disturbance 
of tension will then be equalized along the string with speed prac- 
tically infinite*’', and we may take it that the tension P remains 
constant along the string and throughout the motion Let the string 
be of uniform line density p Take the a;-axis in the equilibrium 
position of the string, and let y be the displacement at the point x 
at time t. If a/t be the inclination to the ^r-axis of the tangent to 
the string we shall suppose that is small. 

The equation of transverse motion of the element hx is 
phx y = — P sill yfr + P sin '»/r -f g (P sin yjr), 
for the forces acting on the element in the direction of motion are 

* See a paper ‘ On the Dynamics of Radiation * by Sir Joseph Larmor, Inter- 
national Congress 1912, Proceedings^ Vol. i , where the motion of a string is used as 
an illustration. 
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the components of the tension at its ends ; viz. P sin at one 

end and P sin -f- S (P sin ylr) at the other, and sin -Jr = ^ ^ 

^ ^ as ex 

approximately, neglecting , therefore 

Pd^y 



Fig. 65. 


If we put P = pc^ we may write the result 

dx^ 


( 1 ). 


This is the same equation as we obtained in the theory of long 
waves in shallow water and as in Art 214 the solution is 

y =f{ct -x)-¥F{ct + x) (2), 

where f and F are arbitrary functions. 


If, for the moment, we take F to be zero, we have 

y^f{ct-x) ( 8 ). 

This represents a wave form travelling with velocity c in the posi- 
tive direction of the ^r-axis. For, if we increase x and ct by the 
same amount, we leave y unaltered, which means that the displace- 
ment w'hich exists at the instant t at the place x will at time ^ + r 
be found at the place x -f cr. 


In the same way the equation 

yz=iF(ct + x) (4) 

represents a wave form tiavelhng with velocity c in the negative 
direction of the ^r-axis. 


Referring again to equation (8) we find by differentiation 


di 



( 5 ), 


which is a relation connecting the velocity at^any point with the 
slope of the string. It is obvious that motion might be begun 
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with arbitrary velocity and arbitrary slope, but unless the two are 
connected by equation (5) the resulting motion cannot be given by 
a relation of the form (8). In the same way a motion represented 
by (4) implies a relation 


dt dx 


( 6 ) 


between velocity and slope 


The general motion of the string may be regarded as the result 
of the superposition of two such wave systems travelling in opposite 
directions, and in this case the initial values of dyjdt and dyjdx 
may be regarded as composed of two parts which separately satisfy 
equations (5) and (6). 


248 Unlimited string with given initial conditions. 


Suppose that, when t = 0, we have 

y = ( 1 ). 

and ysszyjr (x) (2) 

Taking for the general solution 

y = f{ct — + F{ct x) (3), 

we have, when i = 0, 

<f>(a:)=f(^x) + F(x) (4), 

and yir{x)^cf{-x)-\-cF\x) (5). 

By integrating the last equation we get 

^ ^{z)dz^ — cf(— x)’\- cF (x) (6), 

and then from (4) and (6) 


/(-«) = (a;)- ^{z)dz, 

and F{x) = ^<f>(a;) + ^j ^{z)dz; 

SO that 

1 rcB+ce 

!/<=‘^{i>(a!-ct) + <f>(x + ct)\ + ^^j ^}r(z)dz (7). 
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249. A given initial displacement. In the special case in 
which there is no initial velocity but merely an initial displacement, 
the last result reduces to 

(.« + ct')], 

in which the two component waves resemble the initial form of 
the string but are of half the height at corresponding points. 

The form of the stung at any subsequent time may be con- 
structed by drawing a curve in which the ordinate of each point 
is half the initial displacement of the point, imagining that two 
such curves initially occupy the same position and then moving 
them in opposite directions along the oj-axis with velocity c The 
sum of the ordinates of the two curves at any point at any instant 
will give the displacement of the point at that instant. 


250 Energy. The kinetic energy of any portion of the string 
is given by 

T^yjy^dx ( 1 ). 

For the potential energy V it is necessary to calculate the work 
done in the slight extension of the string against the tension P . 


The increase in length in the element Boo 


Therefore 



( 2 ) 


Now P = and in either component wave from Art. 247 (5) 
and (6) 

dy/dt = T cdyidx, 

hence in any single progressive wave the kinetic and potential 
energies are equal. 


261. String of limited length. Suppose that the origin is 
a fixed point on the string. In this case we must have y = 0 when 
iz? =*= 0, for all values of t Hence, in the equation 
y ~ — ir) + F{ct -H x), 

we have 0 + P(c<), 


or 
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The general solution in this case is therefore 
3/ ~ -/(c^ 4* oc). 

As applied to the string on the left of the origin this means the 
superposition of an incident wave, represented by the first term, 
travelling towards the origin, and a reflected wave, represeniied by 
the second term, and travelling away from the origin. The waves 
are similar in profile, their amplitudes being equal in magnitude 
and opposite in sign. 



Let us consider the case of a disturbance represented by 

y=f{ct-x) (1) 

advancing towards the origin, the disturbance being confined to 
a length I of the string, and suppose the string to be fixed at the 
origin 0. Until the head of the disturbance reaches 0 the motion 
is represented completely by (1), but when this instant arrives we 
must take as the equation that represents the motion 

y=fict-x)-f(ct + a}) 
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The terms of this equation do not both apply to the same raiige 
of the string continuously. Thus if ^ = 0 when the head of the 
disturbance reaches 0, then when 0 < ^ < Z/c the first term applies 
between ic = 0 and a? = — Z 4- and the second term between ^ = 0 
and — When t = Ijc the first term ceases to apply and the 
subsequent motion is represented by 

y=-f(ct+x) (3) 

alone, or the reflexion of the wave is complete. 

When the initial form of the disturbance is given the form of 
the string at any time can be constructed graphically. Thus in 
the accompanying diagram the figures on the left represent the 
components of the displacement at intervals I /Sc before and after the 
head of the disturbance reaches 0. They are obtained by drawing 
the curve that represents the disturbance with its head at 0 and 
drawing a similar curve so that the two are anti-symmetrical with 
regard to 0, and then displacing these curves to the right and left 
respectively with velocity c The resultant form of the string, as 
shewn on the right, is obtained by taking the sum of the ordinates 
of the component waves on the left. 

Latei this will be seen to represent also the reflexion of a sound 
wave at the closed end of a straight pipe 

252 If however the end of the string at the origin is capable 
of free transverse motion — it might, for example, be attached to a 
ring of negligible m^ss free to slide on a smooth wire along the 
i/-axis — the condition is dyjdx—O, when ^ = 0, for all values of t 
This follows from the equation of motion of the massless ring along 
the wire, which shews that there can be no component of tension 
along the y-axis. 

Taking y =f(ct x) 

for the incident wave, and 

y = f(ct — x) + F{ct + x) 
for the complete disturbance, we have 

0^^f{ct) + F'{ct) 

for all values of t 

Therefore F' {z) = {z), 

or F{z)==^f{z), 

so that y = f{ct — x)+ f{ct -f x). 
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The reflected wave is therefore exactly the same in form as the 
incident wave, the amplitude being unchanged in sign. 

This case corresponds to the reflexion of a sound wave at the 
open end of a straight pipe. 

253. String fixed at both ends. Let the fixed points be at 
a? = 0 and x^L Then we have 

y — a;) + 4- x), 

and the condition that y—0 when a? = 0, for all values of t, makes 

— /, as before. 

Hence y — f(ct — x) —f(ct + x). 

Also y = 0 when x — I, for all values of t, so that 

or, putting jz for ct-- I, 

Therefore f{z) is a periodic function with a period 21 in z. 
Hence the motion of the string is periodic with respect to the 
period being 2Z/c, or twice the time taken by a wave to travel the 
length L 

It is otherwise evident that if a disturbance starts fiom any 
point A of the string, and moves with velocity c m either direction, 
it will after successive refiexioiis at the two ends pass the point 
A again in the same diiection with its original amplitude and sign 
in time 2Z/c. 

254 Plucked string. When the string starts from rest with 
a given displacement, as for example when the string is drawn aside 
at one or more points and then set free, we have initially 
y = ^ (x), say, and y = 0. 

And by substituting in the geneial solution 
y =f{ct — x) + F{ct + x\ 
we get <l> (x) = /(— x) + F (x), 

and 0 = cf' (— x) •+• cF' (x). 

Therefore, by integrating the last equation, 

0 = -f(-x)-\-F(x); 
f{-x) = F{x) = ^4,{x) 


whence 
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Hence y — i<f> (^’ — cO 4* + ct), 

as might have been written down from Art. 249. 

Again y vanishes when a; = 0 and when x^l for all values of t, 
so that 

0 = </>(— c^) 4- (cO, 

and 0 <f} (I ^ ct) -h (l> (I 4- ct) 


Therefore <f) (— z) = — <f> (jz) , 

and, putting ct^ z + we have also 

<f>(z + 2l) — — <l>{—z)=^(f> (z). 


: ! ; I y 

' 1 

UO 1 '''-'J-/ 1 1 

) 1 

1 1 

1 ^ 1 

1 


1 1 

1 i 

i 1 

I 1 

2l> 1 

1 T 1 1 ^ ' 

1 T'* 1 --r'' 

1 1 1 

1 1 1 1 

1 w \ 1 

t=l/3C\ 1 \J 1 

1 1 

\ 

— 

j ^ 

1 1 

i 

i -.'•■-fN-- 

i'll 

1 1 1 1 

1 1 "I"'' * ^ 

‘ 1 \ 

1 j 

1 1 

1 1 

' 1 

\ 1 1 


,-»c 

1 

1" 1 1 

1 1 

1 t 

\ 1 

■■ — 4: — 

1 1 1 \ 

U-''' 1 1 1 v- 

1 1 t 1 

1 1 < 1 

till 

1 1 1 

1 ''l 

1 1 

I 1 

1 1 

t 1 

1 { 



» 1 1 

1 1 

‘',4"'" 1 

1 1 

1 ? 

1 1 

''J ( 

1111 

till 

till 

1 » ' 



! |\ 1 

' ' ’ 

1 1 ' • 


Fig 67. 


Hence we get the following method for coiistiucting the succes- 
sive forms of the string — draw the curve = between ^ = 0 
and x = l and continue it in both directions subject to the foregoing 
conditions, i e. draw a similar cuive in the third quadrant between 
a? = 0 and — l and then repeat the whole figure in every suc- 
cessive space of length 21. Imagine curves of this type to travel 
in both directions with velocity c and take the arithm^'tic mean 
of their ordinates at any instant The resulting curve represents 
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the form at that instant of an unlimited string moving in such a 
manner that the points = 0, ± ± 2Z, etc. are at rest, and there- 

fore the portion between = 0 and x—l satisfies all the required 
conditions See fig. 67. 

In the case of a string plucked at one point and then s:5t free 
the string at any instant consists of either two or three straight 
portions, generally three ; and the two outer portions are always 
in the directions of the two portions in the initial position, while 
the gradient of the intermediate portion is a mean between the 
gradients of the other two having due regard to sign. Thus fig. 67 
shews the form of a string of length I plucked at one point after 
three intervals of time Z/3o. 

255. Normal modes of vibration. The position of a system 
which possesses m degrees of freedom and vibrates about a position 
of stable equilibrium can be defined by the values of di parameters 
or coordinates The kinetic energy T is given by 

2T = "h •+•... “4“ 5^2 "h • • • 5 

and the potential energy is given by 

2 sss Cji qi "b c^q2 + . . 4* ^c^qi 92 + • • • > 
where the a’s are generally functions of the f/s, but in small vibra- 
tions they may be regarded as constants. 

In the case of free vibrations, Lagrange’s equations give 

+ . . . + + <^U^1 + (^12^2 -f . .. -f = 6 

and m — 1 similar equations. 

If, to solve these equations, we substitute 
qi — A I cos {)it 4- e), 
q^== A 2 cos {fit 4* e), 
etc, 

we get m equations of the form 

(Cii — n^dji') Aj (Ci2 — n^dist) -^2 4' ... + ~ 6* 

These w equations give the ratios of the amplitudes A^y A 2 , ... 
in terms of the a’s, the c’s and n. 

If we eliminate Ai, Aq, ... fxom the m equations we get a 
determinantal equation for n* of the mth degree. Taking any one 
of these values of n, there is a corresponding set of values of the 
coordinates q^y q^y ... qm involving only two arbitrary constants, 
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VIZ the absolute value of one of the amplitudes, say and the 
initial phase e. In the corresponding motion the system vibrates 
so that the coordinates qi, •• qm bear constant ratios to one 
another This is called a normal mode of vibration The physical 
charajtenstic of a normal mode is that it is periodic with regard 
to the time, and m general the different normal modes have 
different periods. In general there are m such normal modes all 
distinct from one another. These various m normal modes of 
motion each with its arbitrary absolute amplitude and phase may 
be superposed , and the complete solution is given by m equations 
of the form 

cos {njt -h €j) 4* cos + €2)+ ... + B^„ cos (ny^t 4- 

and contains 2m arbitrary constants, namely Bi, B2, . . B^n Rnd 
€2, . €yn- These are all the arbitrary constants because the 
quantities corresponding to the B'a in the expressions for the other 
m — 1 coordinates are all constant multiples of the -6 s 

It IS shewn in books on Dynamics* that it is possible to choose 
the coordinates of a system so that the expressions for kinetic and 
potential energy only contain squares and not products of the qs 
and the q's When the coordinates are so chosen they are called 
the normal coordinates or principal cooi dinates of the system and 
each normal mode of vibration affects one and only one coordinate 
For we have 

2 T auqx^ + a^qi -Jt 

and 2 F = q^^ + c^^q^^ 4- . . . , 

so that by Lagrange’s equation we get m equations 
0^315^1 + = 0, a^^q^-k- c^q2 = 0 y etc., 

and the complete solution is 

q^ — A j cos (n{t 4* 63), q^ = A^ cos (njt 4- 60), etc , 
where = etc., 

containing as before 2m arbitrary constants A^y An, ... and 

• • * ^m- 


256. Normal modes of v^.bration of a finite stringy. Since 
a string has an infinite number of degrees of freedom it has an in- 
finite number of normal modes of vibration. To find thes^e normal 


K H 


" Whittaker, Analytical Dynamics, § 77. 
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modes let us assume that the displacement of every point of the 
string IS proportional to cos (nt + e). 

The differential equation to be satisfied is 


dt^ a**” ■ 


.( 1 ); 


and if y X cos (nt + e), we have y n^y, therefore 

d^y ^ 

The complete solution of this equation, including the time factor, is 

I A noo -ri / . \ /r»\ 

2 / = I ^ cos ~ + B sin ~ j cos (nt + e) (2) 


If the ends of the string are fixed at the points a^ = 0 and oc 
we must have A=0 and sin nljc = 0. 

TTC ^irc Sttc 

T’ Y ’ r 


Hence 


etc 


(3) 


This gives the infinitely many values of n that correspond to the 
different normal modes, and the solution corresponding to the sth 
normal mode may be written 

y — Bi, siri y cos 


sirct 


+ 6* 


.. (4) 


The gravest or fundamental note of the string is that for which 
s = l Its frequency is 

?i __ c _ 1 /jP 
27r^ p • 

The facts embodied in this formula, namely that the frequency 
vanes inversely as the length and the squaie root of the density and 
directly as the square root of the tension, are known as Mer senne s 
Latus They are capable of experimental verification by fixing 
one end of a string and then passing the string over two edges or 
‘ bridges,’ whose distance apart can be varied and measured, and 
suspending a weight from the other end of the string 

In the next normal mode to the fundamental s = 2 and the 
middle point of the string remains at rest throughout the 

motion. In the sth normal mode of which the frequency is 5c/2Z, 
the (s—1) points 

21 (s-l)l 

s’ ••• ' ■ s 

are at rest throughout the motion. These points are called nodes ; 
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the points midway between them are the points of maximum ampli- 
tude and are called loops. Each segment into which the 5—1 nodes 
divide the string vibrates like the fundamental mode of a string of 
length I Is. 

A general vibration of the string is obtained by the super- 
position of the several normal modes with amplitudes and phase 
constants chosen to suit whatever may be the given initial con- 
ditions. The equation that represents this motion is therefore 

„ STTX fSTTCt \ 

y = sin — cos I -y- + ^ J , 

where Bf, and eg are chosen to suit the initial conditions and the 
summation extends to all integral values of s 


257 Two special cases. 

(1 ) If the string starts fiom rest at time ^ = 0, then y=0 when 
^ = 0 foi all values of x, so that all the e's are zero, and 


STTX sirct 
y = sin -j- cos -j- . 


(2) It the string starts from the equilibrium position at time 
^ = 0, then y = 0 when < = 0 foi all values ot x, so that all the e s are 
odd multiples ot Jtt, and 


y 




S'TTX 

Sin —j- sm 


sirct 

T 


258 Plucked String. Let the string be drawn aside through 
a small distance ^ at a distance b trom the end x=0 and then 
released 



Fig 68 


We have to determine the coefficients Bg m the solution 

STTX 


^ o H tAJ S'll ct 

y = zB^ sin -y cos ^ 


( 1 ) 


The initial values of y are 

y—Bxjb, (0<x<b), and y = /3 (I — x)!{l -- b), (b<x<l). 
Multiply both sides of equation (1) by sin^^^ and integrate be- 
tween the values 0 and I of x, giving y its proper values in terms 

20—2 
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of X lor each part of the range, and taking ^ = 0. Then, since, 
when 

sirx T'lrx , - 

sin —j- sin — ax = 0, 


therefore 
rf^px 
b 


p 


I 


which gives 
so that y “ 


J , [^13 (I-- X) STTX J ^ o « .>,/ , 

sin ~-r- dx+ J — J siH dx = J Bg sin-* -j- dx , 


,S7rx 

T 


2^P sirb 

s^TT^b (J, — b) I ’ 


201^ ^ 1 STrb . STTX STTCt 

b) ^ r "T “r" • 


259 Energy of a string with fixed ends. If the string 
be vibrating m its 5th normal mode we have from Art 256 

STTX 


)• 




• O fi M/ / STrct 

y = Bg sin cos ( — ^ — I- 

The kinetic energy T is given by 

^=ipj 

<■>■ 

And the potential energy, as in Art. 250, by 

(2). 

in the same way 

Also since P = c**p, Art. 247, therefore 


^ yj. S^TT^C^p ^ 


(■i) 


gives the whole energy of the vibration m the 5th mode 
Again if the motion be of the general type 

STTX /STTCt . \ 

y = zBg sin -y cos ( -b e J , 

we have 


I n • STTX 

■l5i>« Sin ~j- sin ( — ^ — h 6^ 


/57rcf 


dx. 
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Now 

and 



STTX 

~T 


sin-^-d/r = 0, 



STTX _ I 

“T"" 2’ 


Therefort- T = sm'* + e.) 

Similarly we get 


.(4). 

(5); 


and T+V= ^ 2s‘'‘J5.‘ .(6). 

In these results it appears that the whole kinetic energy, con- 
taining square terms but no product terms, is the sum of the kinetic 
energy due to each separate normal mode of vibration, and similarly 
in regard to the potential energy, which is of course in accordance 
with the general theory of normal modes as explained in Art 255 


260 Normal functions and coordinates*. When a vi- 
brating system has a finite number (m) of degrees of freedom, 
we saw (Art. 255) that its position could be specified in terms of 
m normal coordinates each corresponding to a normal mode of vi- 
bration, and that the kinetic and potential energies contained only 
squares and not products of these normal coordinates A vibrating 
string has however an infinite number of degrees of freedom and 
therefore infinitely many normal coordinates, and when we express 
the form by the equation 

2/ = sin -j- cos ( ' + ••• •••(!)> 

the coefficients of sin for all integral values of s are the normal 
coordinates and the typical one may be denoted by <f>s, so that 

y = 2<^.sin^ (2). 

Taking the <^’s as the coordinates that determine the position and 

* This use of normal coordinates is due to Lord Rayleigh, see Theoi v of Sound, 
I § 128 . 
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motion of the string we may use Lagrange’s equations. As in the 
last article we have 


and (3). 

And if IS the force tending to cause a displacement Scfys (using 
the word force in a generalized sense) we have 

dt\d<t>s) d<l>s^'d(l>s 

That is (4). 


If we write this equation 

+ n^<f>s = 

for a particular integral, using D for d/dt, we have 
2 1^ 


•(5X 


<(>.= 


plB^+n^ ‘ 

^ 1 ^ 

inpl \D — in D + in) * 

= J e-*»* ^,dt - e-«« <E>»dt| 

tnplJo 

2 

= — j I sin n(t~- 1') ^gdt\ 
npL J 0 

and adding the complementary function, the complete solution is 

f 8inn(t . (6), 

npllo 


<l>8 == (0fi)o cos nt + + 


n npl 

where the zero suffixes denote values when < = 0. 

If the impressed force is a single force Y at the point xssb, 
then 

YBy, 

STrb 


= y(^) = 

\d4>.Lt 


Fsin ■ 


I 


so that 


(7). 
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261. Examples of use of normal coordinates. Plucl^ed 
string. Taking the case considered in Art. 258, <I>« is zero except 

when it = 0, and then its value is Y sin , where Y is the force 

by which the string is held. Since the string starts from lest 
(<i>s)o = 0 and (5) gives 

And at time t we have from (6) 

j /j \ ^ 2F STrb 

<Ps = (9«)o cos nt = sin -y- cos nt, 
pin- I 


Therefore 


, sirx 
sin-j- 

2 F ^ sirb STTX cos nt 

= -y Z sin -y- sin — 

pi I I 

2ZF ^ 1 sirb . sirx sirct 

Z - sin sin — y— cos -y- , 

I I I * 


pir^c^ 


which agrees with the result of Art. 258, if we note that F is equal 
to the resolved part of the tensions perpendicular to the ir-axis ; 
that IS 

F = P , to the first order of ^ 

__ c^pW 
b(l’-b) 


262. String set in motion by an impulse. Let an impulse 
I be applied at the point x — b. We may regard this as the limit 

of f I'dt\ where I' is a force that begins to act when the string is 
Jo 

at rest and ceases to act after a short time x. Then using (6) of 
Art. 260, (</>s)o « 0 and (^fi)o = 0 so that 
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neglecting the term sinn^' for the range = 0 to ^' = t since r is 
small. But from Art 260 (7) 


therefore 

Hence 

and 


= I' sin 


sirb 




^sdt' = sin 


f' Jo 


/sin 


STrb 


, 21 sirh STTCt 

A — 81X1 —j sin — , - , 


STTCp 


I 


2/^1 . sirh STTX . sirct 

y = S - sin —1— sin sin — y— . 

TTCp I s I I i 


263. Forced vibrations of a string. There are two cases 
to be considered , the first, when a given point x = h is given an 
arbitrary transverse periodic motion, the second when a given 
periodic force acts at a; = 6. 


by 


In the first case let the given motion at be represented 
yzssy cos {pt + «). 


We have to satisfy the equation 


d'^y 

dt^ 






and if we assume that y varies as cos {pt + a), this e(|uation be- 
comes 


dy 




the solution of which, including the time factor, is 
y = cos + B sin-^^ cos {pt + a). 


We have now to determine A and B so as to satisfy the con- 
ditions belonging to each portion into which the string is divided. 
For the one portion 

3/ = 0 when = 0, and cos {pt + a) when x = 6, 


so that 

and we may write 


A = 0 and B = 7/sin , 


sin px c / ^ \ r. 1 

£l^COS {pt + «), 0<X<b 

^ * sin pole 


,( 1 ). 
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For the other portion y = 0 when oc = ly and y — y cos {pt }-«) 
when so that 


A ^ B y 

sin pile — cos plfc ~ smp (Z — b)/c ’ 
and for this portion we may write 

smp(l — w)lc / . V 7 , 



In the second case, let there be a force Fcos(pZ + a) at the 
point x—h. We may deduce the solution for this case from the 
last by the consideration that the resultant of the tensions at the 
point must balance the impressed force. 

That IS, if P denotes the tension 

Fcos (pt + a) = P — P , at a:* = b. 


Therefore, by differentiating (1) and (2) 
p_Pyp sinpZ/c 

c sin pbje smp (I — b)lc^ 

whence we get 


F sin p (Z — b)/c sin pxjc 

y^=F -—p 7 ^piir - - 


cos (pt + a), 0< x<b . . (3), 


and 


2/a 


_ F sin pbfc sin jo (Z — x)/c 
P p/csinpZ/c 


cos (pt a), b < X < I . (4) 


This IS an example of a reciprocal theorem that the motion at x 
when the force acts at b is the same as would be the motion at b 
if the force acted at x 


264 Vibrations of a string can^ring a load. Let a particle 
of mass M be attached at the point x = L 

If we assume that the motion of the particle M is given by 

2 / = fy cos (pZ + a) (1), 

then the motions of the two parts into which it divides the string 
are given by (1) and (2) of the last article. And the frequency 
PI^tt is to be found from the equation of motion of M , namely 

at x = b, P denoting the tension of the string. 
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Substituting from (1) and (2) of the last article and from (1> 
above, we get 

-p^M = - cot^ . 

c c c c 


Therefore 


pM= 


P Bmpljc 
c ^mphlc mnp{l — 6)/c 


.( 2 ). 


This equation must be satisfied by jp, and the form of the string 
at time t is then given by (1) and (2) of the last article, 7 and a 
being arbitrary constants depending on initial conditions. Since 
those normal modes of motion which have a node at x—h could 
exist without causing the motion of this point, it is clear that the 
presence of M will not affect these normal modes. Thus if M be 
at the middle point of the string, the normal modes of even order 
are unchanged, and we can shew that the frequencies of the odd 
components are diminished. For, in this case 

so that (2) becomes 

^ 2 P pi 


or 


2 c 2 c~ (^‘M~ M‘ 


The frequencies of the normal modes concerned are therefore given 

by 

pll2c = x^, X 2 , . , 

where x^, x^,,, are the successive roots of the equation 


X tan X = 


p1 

M' 


By drawing the curves 3/ = tan a? and y = pllMx it is easily seen 
that the roots he between zero and Jtt, tt and |7r, 2 ir and \ir and 
so on. 


But the natural frequencies of the unloaded string are given by 
pll 2 c = ^ 7 r, TT, fTT, 27r, Itt... (Art. 256). 

Hence it follows that frequencies of the normal modes of odd 
order are decreased. 


265. Finite string with ends not rigidly fastened. We 

will consider two cases, namely when one end of the string is 
attached to a mass M capable of moving transversely, either 
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(i) as a bead on a smooth wire, or (ii) under the control of a spidng 
of strength ya, the other end of the string being fixed. 


As solution of 


'dff‘ 


( 7%0C 

A cos £ sin cos {nt + 6) (1) , 


the terminal conditions being 


Therefore 


whence 


My = P^yjdx when = 0, 
y = 0 when a? = Z. 

— — PB njcy 

A cos nljc + B sin wZ/c = 0 , 

nl nl _ PI ^ pi 
c~ c^M'~ M 


( 2 ). 


which is the same equation for the frequencies as if the particle 
were at the middle point of a string of length 2Z , as is otherwise 
obvious. 

(ii) The terminal conditions in this case are 
My 4- /At/ = Pdyjdx when x = 0, 
and 3/ = 0 when x = L 

Therefore (/x — n^M) A = PB njcy 

and A cos nljc -h B sin nljc = 0 , 

nl Pn pen 

whence tan — = . (3). 

c c{n^M — fi) n^M—pu ^ ' 

In either case equation (1) takes the form 


whence 


...(3). 


y = C sin — — cos -h e) (4) , 

c 


and equations (2) and (3) both have an infinite number of solutions 
so that the motion in general will be given by equating y to the 
sum of an infinite number of terms like (4). 


266. Damped oscillations. If the motion of the string be 
retarded by a force acting on each element of mass and propor- 
tional to its velocity, the equation of motion of Art. 247 becomes 


^ 
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If we put y ^ze this reduces to 


0 «» * 0 «» 


( 2 ), 


and we may obtain solutions of this equation to suit particular 
cases Thus to find the frequency p/27r of waves of length 27 r/?a, 
if we assume that 

z ac e*”*® 

02 ^ 

we get = 

where p- = ohn- — 

And the solution is 

y = ^ + a}, 

or, rejecting the imaginary part, 

y —Ae ~ cos cos [{c^m? — ^ 4- a} (3) 

This represents a vibration whose amplitude diminishes con- 
tinuously because of the factor e ” The time 21 tc in which the 
amplitude is reduced to e~^ of its former value is called the 
modulus of decay. 


267 If the resistance is so small that may be neglected, 
(2) becomes 

dy __ , dy 
da.^’ 

the solution of which, as in Art 247, is 

z — f{ct — .v) + F {ct 4- x)y 

and therefore 

y — e~ — x) -he" F(ct 4- x) . (4) 

Since the functions are arbitrary we may write 

( c)f{ct — x) instead of f{ct — x), 

and e ^ F{ct + x) instead of F (ct 4- x) , 

so that y = e~''^^l^y(ct ~ x) 4- F(ct-\-x) . . . (5) 

IS also a solution 


For example, suppose that the soring is of infinite length and 
IS subject to a forced motion E cos^pt at a particular point, which 
we may take to be the origin, the motion will be represented by 
y = cos p(t~~xlc) (6) 
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on the positive side of the origin ; and by ’ 

y = cos p{t + xjc) . ... .(7) 

on the negative side , these equations representing a progressive 
wave whose amplitude decreases in the ratio 1 : e as the distance 
from the origin increases by 2c jK, i e at intervals of time 2/yc, since 
c IS the wave velocity. 


268 . laong^itudinal vibrations. 

Suppose the string to be elastic and stretched and to obey 
Hooke’s Law. If P, Q are two points whose coordinates are 
x -h 8a; in the equilibrium position and these are displaced to P', Q' 
where the coordinate of P' is a; + then that of Q' ib 

afc 

X + hx ^ 8a? 

ox 

If T be the tension at P' and E the modulus of tdasticity 

PoQo ’ 

where 2\Qo(= Bxq) is the unstretched length of PQ 
Therefore T E (Bx + Sx - Sx,'j / Sx„ 

— F -I- P 

^ SXq dx BXfy 


Now Sj /Sxq is the ratio of the equilibrium stretched length to 
the natural length for the whole string, so we may write E' for 
ESxjSxQ, where E' is a definite constant , and then 

T=E'l^ + T„, 

nx 


where is the equilibrium tension. 


Let p be the line density and X the external impressed force 
per unit mass at P' acting on the string, then the equation of 
motion of the element PQ is 




dt^ p dx^ 


(!)• 


or 
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If there be no impressed force, and we write E' 
takes the form 




= pc“ the equation 
( 2 ). 


This IS the same differential equation as for transverse vibritions 
and its solutions may be interpreted in a similar manner when 
applied to the propagation of longitudinal vibrations, but it is im- 
portant to observe a difference in the form of terminal conditions. 
Thus, at a fixed end we have f = 0, and d^/dt = 0, for all values of 
t , while at a free end T = 0 and therefore d^/dw — 0. 


The arguments of this article also apply to the langitiAdinal 
vibrations o f bars. 


269. Effect of an obstacle or of a sudden change of density. Reflec- 
tion and transmission of waves. When a tram of wave.s advancing along 
a string encounters an ine<iuality such as a massive particle or a change of 
density the waves aie partly reflected and paitly transmitted The method of 
treating such a case will be evident fiom the solution of the following 
problem — A um foi m elastic string of very great length is stretched on a smooth 
Ihonzontal plane and has attacJied to it at one point a paiticle whose mass is 
equal to that of a length k of the stretched string Shew that a train of longi- 
tudinal waves of length ^ tiavelling along the stung , will undergo partial 
reflection at the particle and that the transmitted waves have their amplitude 
diminished in the ratio 1/^1 + and their phase altered hy tan~^ (ttk A). 

{Math Tripoli^ 1002 ) 


Since the density of the string is the same throughout, the eipiation 

( 1 ) 


must be satisfied b} all the waves , where, if E denotes a certain constant 
and p the line density, (^ = Elp We may represent the incident tram by 

^ = A cos (mv — nt)y 

but for facility in tvorking it is better to take it to be the real pctrt of 
^gt(mr-n<) jf assumc Similar exiiressions and 

for the retlected and transmitted vvave.s, continuity requires that the period 
shall be the same for all, so that ni — n'==n , and as the velocity of propagation 
c has the s«une nuineiical value foi all three waves therefore m'~—m and 
mi — m ; or, the wave length X is not altered by reflection or transmission 


Hence taking the origin at the particle, we may write 
^=:Ae* q. A 'e - * + »*<) 
for the one portion of the string, and 

= 


( 2 ) 


for the other portion 


. . . (3) 
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For the motion of the particle we have 
where the denote the tensions on opposite sides of it. That is, 


when v—0 




-ku^ (A -hA') = tc^m (Ai^A+A') 


therefore iKm (A-hA')^Ai — A-hA' 

Again, when a" = 0, we have i — ii, so that 

A-hA'=Ai 

From (4) and (5) we get 


therefore 


— — Ad 


where tan €=] Km = rrKj\ 

Therefoie the amplitude of the transmitted w'avc is reduced in the ratio 
2/VIT Qi- 1/^1 and the phase is altered by the amount 
tan”^ {ttk/'K) 


270. Transverse vibrations of a stretched membrane. 

We shall suppose the membrane to be perfectly flexible and of 
uniform material and thickness and so stretched that the tension 
at eveiy point is the same in eveiy direction and constant through- 
out the motion If 7\ denote this tension, then, as in Hydro- 
statics, Art 145, there is a normal force on an element of area dS 
surrounding a point P equal to 

V 

where p, p are the principal radii of curvatuie of the surface at P. 
If x, y, z aie the coordinates of this point in the displaced position, 
the 'xy plane coinciding with the cquilibiium position, and the 
displacement is such that scpiares of dzjdx, and dzjdy can be neg- 
lected, we have 

1 

p ^ 
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Heiice if m is the mass of unit area 




/d^z d^z' 


... . ( 1 ), 


where c- = Ti/m 

When the membrane is circular it is convenient to change x, y 
for polar coordinates and the equation becomes 


V 


(2X 


which IS the form suitable for a drum head 

The hypothesis z oo reduces the equations to the form 

g+3’*+t%.0 . (3),' 

ox^ oy^ & 

, "b^z Idz ... 

and ^-7 + "^H — ^z = 0 (4). 

r dr 

If the membrane be rectangular and bounded by the axes and 
y = b a particular integral is clearly 
rnirx rnry 

z = sin - - sin - , ^ cos pt. 
a h ^ 

where ^ ^ ® FV ’ 

and m and n are integeis; and the general solution is 

* ^ 7?i7r.r niry . . ^ , d x\ 

^ == 2 z sin sin — y-^ n cos pt 4- n P^h 

Wi=l n=l ^ 

The solution of (4) involves the use of Bessel’s Functions 


EXAMPLES 

Shew that, if a stimg is of infinite length and the disturbance at time 
^=0 IS given by 

V=x(^) and t}^0{v), 

1 fx+tt 

then + j J{z)dz, 

Prove further, that if the initial disturbance is confined to a finite portion 
between the points x—±a and be such thrt i; = 0 and r) = B {x\ then, for any 
time t greater than afa, there will be a portion of length 2c^ - 2a which will 

1 /■“ 

be straight and parallel to the axis of x and at a distance — / B{z) dz 
from it (Coll Exam 1908.) 
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2 A stretched string is drawn aside a,t n—J points and let go from rest. 
Shew that generally the string consists of 2n- 1 straight portions; and in 
the case where the two points of trisection are drawn aside equal distances in 
the same direction, draw the shape of the string after three intervals each 
one-twelfth of a complete oscillation (M.T 1896.) 

3. If in an infinitely long string of line density p stretched to tension P 
the initial transverse displacement and velocity of any point are and \x 
respectively, shew that at any subsequent time t the displacement is 

KV^+Xxt + Kt^PIp, (Coll Exam) 

4 A uniform stretched string of length line density p and tension a^p 
IS initially at rest and the displacement of any point at a distance v from one 
end IS — where e is small, so that the curvature is constant and equal 

to € Prove that at any subsequent time t less than 1 12a it consists of an arc 
of constant curvature § and length I — 2at and two straight pieces, which are 
tangents at the endfe of the arc (Coll Exam ) 


5 A uniform string whose length is 21 and mass 2l7n is stretched at 
tension T between two fixed points, the middle point of the string being dis- 
placed a small distance h perpendicular to the string and then released, shew 
that the subsequent motion of the string, referred to axes through its middle 
point, along and perpendicular to the string, is given by the equation 




Sh 




(2l -h 1 ) TTV 

~2r~ 


cos 


(2r-M) rrat 
21 


where a is given liy the equation T 


(MT 1900) 


6 A string of length l-\-V is stretched with tension P between two fixed 
points The length I has mass m per unit of length, the length V has mass wi' 
lier unit of length Pr(»ve that the iiossible periods t of transverse vibration 
are given by the equation 


^ {2'Trl / 

j-T V /») / 

, {ini’ /m'\ V i 
(“TV 75; 


(Coll Exam 1898 ) 


7. If a slightly elastic string is stretched lietween two fixed points and 
motion IS started by drawing aside through a distance b a point on the string 
distant one-fifth of the length I of the string from one end, the displacement 
at any instant will be given by the equation 


2J^ 

27r2^t= 


.(i 


7 i 7 r nirx nirct\ 
sin —sin -j- cos 


Find the energy of the vibrating string 


(Coll Exam 1895 ) 


8 A stretched string of length I has one end fixed and the other attached 
to a massless ring free to slide on a smooth rod If the ring is displaced a 
smah distance b from the position of equilibrium and the system start from 

21 


R. H. 
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rest, shew that the displacement at time t of any point of the string at 
distance x from the fixed end is 


1 Bni COS 

7r2o(2«+l)'* 21 * 


where a is the velocity oPtransverse vibrations 


Shew that, \i at <ly the shape of the string is given by 
y — hxjl from ^ 7=0 to a^, 

y^hil — at)\l beyond. (Trinity Coll 1905 ) 


9 One end of a string of length I is fixed at A and the other end is 
fastened to the end j5 of a rod BC of length h which can turn freely about C 
Shew that the period of a principal transverse oscillation is 27r/c|, where 
f is a root of the equation 

/) being the density of the string and Jf the mass of the rod. (M T 1899 ) 


10 If a stretched string be acted on at two points equidistant from the 
two ends by equal transverse forces prove that the modes of vibration of 
even ordei are not excited and the modes of odd order are excited in the 
same way as if a single force 2 Y had acted at one of the points 

(MT 1895) 


11 A stiing IS stretched between two given points and a given point of 
the stung is ( 1 ) drawn aside and then let go, ( 2 ) struck by a sharp point , 
shew that the relative intensity of any upper partial tone to the fundamental 
tone IS greater in the second case than in the fiist (M T 1897 ) 


12 A stretched cord is held displaced from the natural straight position 
at a number of points, so that it assumes the form of a series of straight 
lines shew that when it is let go, the form assumed at each instant in the 
ensuing transverse vibration will be a senes of straight lines 

In the particular case when the two jioints of trisection of the cord are 
held displaced transversely by equal amounts, compute the ratios in w^hich 
the harmonics of the fundamental enter into the tone of the note emitted by 
the cord when released (St John’s Coll. 1896 ) 


13 A uniform sphere of mass M and radius a is capable of moving about 
its centre, which is fixed Three uniform inextensible strings are attached at 
the extremities of three mutually perpendicular radii and drawn tight, and 
have their other ends fixed so that the directions of the strings pass through 
the centre of the sphere Prove that the periods /\, P, of the small 
oscillations of the sphere are given by equations of the form 




7rW_ 7rm2 7rp2 irpi 


P1P2 Pi ^ PiPi Pi ap 2 ^ ap-i^ 
where lu ^ 2 * h arc the lengths and wj, Wg, m 3 the masses of the strings, and 
Pij P 2 >P 3 are the fundamental periods of their natural vibrations when they 
are fixed at both ends. (M.T i904.) 
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14. A uniformly stretched string, of which the extremities are hxed, 

starts fi om rest in the form y = A sin , where m is an integer and I 

the distance between the fixed extremities Prove that, if the resistance of 
the air be taken into account and be assumed to be 2^ times the momentum 
per unit length, the displacement after any time t is 

A ^ ^ ninirX 

y—Ae ** (cos m ^ + ~/ sin mt \ sin — y— , 

TT^ (J^ 

where and a is the velocity of waves of transverse vibration 

(Coll Exam ) 


15 A uniform string of length 2(^+r) and line density p is stretched 
between two fixed points . a length 2i' in the middle is uniformly wrapped 
with wire so that its line density becomes p Prove that, if the tension 
T—a^p = a'^p\ the periods of the notes which can be sounded are where 
p satisfies either of the equations 

a tan {pVla')-\-a tan (p^/a) = 0 and tan {pi' /a') tan {plla) — a'la. 

(Coll Exam 1901 ) 


16 If a stretched string be held at its middle point, drawn aside at a 
point of quadrisection, and released fiom rest, prove that in the ensuing 
vibiation the energy in the harmonic of order r is proportional to 

r “ 2 sin^ {rir/4:) sin^ (rrrIS) (St Jolm*s Coll 1908 ) 


17 Find the periods of the normal modes of vibration of a tense string 
fixed at the ends Prove that the period of the gravest mode is almost exactly 
nine-tenths of that of a simple pendulum whose length is equal to the sag in 
the middle (due to gravity) if the string be horizontal 

If the string consist of two portions ot lengths ai, and different 
densities pj, p 2 , prove that the periods {27r jp) are determined by the equation 

ki cot Xi -1-^2 a^—Oj 

provided 

7^ being the tension 

Examine the case of p 2 = 0, and explain how the resulting period -equation 
may be solved graphically (M T 1911 ) 

18 A uniform inextensible string is stretched, at tension T, between two 

ixiints A and B, distance I apart , and the wave velocity for small transverse 
vibrations is a At the middle point a particle of mass ?n is attached The 
ends ..1 and B are given small inexorable transverse vibnitions, the displace- 
me-it of each at any time being Ksmmat, Find the corresponding forced 
motion of the particle (Trinity Coll 1898 ) 

21—2 
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19. The ends of a stretched uniform string, of length are attached to 
small rings without mass which can slide on two parallel rods at right angles 
to the string The middle i>oint of the string is acted on by the transverse 
force F sin pt Prove that the forced vibration at a distance f from either end 
IS given by 

aF pi pi 
V = - cosec ^ cos — sin pL 
^ 2pT 2a a ^ ’ 

where a is the wave velocity and T is the tension (Trinity Coll 1902 ) 

20. Two uniform strings are attached together and stretched in a straight 

line between two fixed points with tension T and carry a particle of mass M 
attached at the point of junction. Their line-densities are p and p' and their 
lengths I and 1' Shew that, if p^a'^^ p\ the periods 27r/w of transverse 

vibration are given by 

Mn = ap cot — + a' p cot ( Coll Exam 1 905 ) 

^ a a 

21 A piessuie p sin nt acts for a time rrln at a point distant i from one 
end of a stretched string whose length is I ; find the displacement at any point 
at any subsequent time prcjvided a7r/w, l> i+an/fi (M.T 1898.) 


22 A trans^crse force y sin pt acts at the point of junction of two strings 
of different mass per unit length which are joined at this point and stretched 
between two points at distance I apart, the lengths of the strings being h and 
? — 6 Prove that, if ai and be the velocities of transverse waves in the 
two strings, the displacement of the point of junction of the strings at the 
time t IS 

- — I . 

^ / I «1 «1 «2 J 

where Tis the tension (Trinity Coll 1896 ) 


23 A string is stretched between two fixed points on it and a point at a 
distance b from one end is compelled to move so that for it ^^ = 7 sin nt , shew 
that, for any point at a distance a, cb from that end, 
i/ = Tf sin {nxjc) cosec (nbjc) sm nt, 
and find y for a point at a distance a’> 5 from that end 

Explain the case when nhlirc is an integer and find the amjilitude of the 
\ ibration 111 this case when the equation of motion is 


dt^^ dt d.i? 


(Coll Excam 1897 ) 


24 If the density of a stretched string be mjx^ where x is measured from 
a point in the line of prolongation of the string, the ends of the string being 
. 37 =^ 1 , shew that the frequency equation is 

4p2/a2 = i-p{2n,r/(log^2/^i)F, 

where a^^TIrn and T is the tension in eqnilibnum, the vibrations being 
transversal (M T 1905.) 
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25 If a string of length I and tension % stretched between two dxed 
points be not uniform but of line density pQld+Kxf where je is the distance 
from one end, shew that the transverse vibrations are of period 27r/a when 

-K^a^ log(l + Kl) = 2iaK‘7r 

when and ^ is a positive integer Examine the case of ^ = 0 

(Coll. Exam 1898 ) 


26 A tight string of length I hangs in the catenary y = c cosh under 
the action of gravity, fiom two points, distant I apart, in the same horizontal 
line If gravity be supposed suddenly to cease to act, prove that after a time 
t the form of the string will be given by the equation 


* 1 sin^irTT 
^ n \2cJ 1 r 

c being very large compared with I 


rnt J eg , I 

cos f—^ +c cosh ~ , 

t JiG 

(Coll Elxam 1898 ) 


27 A particle of mass M is suspended by a string whose mass is m. 
Shew that if the particle be slightly displaced in a vertical direction the 

periods of the vibration are the values of ^ ~ , where z is given by the 

equation 2 t«in 2 ;=j^; I being the natural length and X the modulus of 
elasticity of the string (M T 1899 ) 


28 Two long strings of the same material and thickness are united to a 

mass M and stretched in a straight line with tension T Harmonic waves of 
transverse vibrations of period 27r/?i are pro]iagatcd along the first string, 
prove that the phases of the reflected and transmitted waves will be dift’erent, 
and that the ratio of their araplitude.s will be Man 2 7^ where a is the wave 
velocity (Coll Exam 1900 ) 

29 A veiy long uniform flexible string is sti etched m a straight line, the 
tension being 1\ and the line-density m A portion of the string of length 
fai from the ends, leceives a small transverse displacement, and is leleased 
from rest Describe the ensuing motion, and find an expression for the dis- 
placement at any point of the stung at any subsequent time, the given 
displacement being denoted by /( r), where 0 < v < / Shew that the ratio of 
the kinetic energy to the potential energy of the string changes in time 

^ {mlT)^ from 0 to 1, and afterwards remains equal to 1 

A bead of mass M is fastened to the string at a point ^=0, and a tram of 

27r 

waves in wdiich the disi>lacement is A sin {x - at) advances towards the 

A 

bea^ Shew that after passing the bead the energy per unit length of the 
w’aves IS diminished in the ratio 

1 . l + (iJ/7r/Xw)2 ^ 

and find the change of phase on passing the bead 


(M.T. 1910 ) 
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ifO. A uniform string of great length and of line density has one end 
fixed, carries a mass Jlf at a distance a from the fixed end, and is stretched 
with tension T, A tram of transverse waves of period %tt\p is coming along 
the string and is being reflected; prove that the change of phase that 
accompanies the reflexion at M is 

2 cot ~ ^ |cot^ — (St John’s Coll 1905 ) 

31 A uniform stung is of indefinite length, stretching from 07= - oo to 
^•=0, and IS at tension T\ at its end (o7=0) it is tied to two strings of similar 
make to the first, each at tension which stretch from 07*=0 to .f= + oo 
nearly parallel to each other A harmonic train of waves of transverse 
vibrations perpendicular to the plane of the string, is continually advancing 
on the first string along the axis of x towards the junction , its amplitude is 
1c Piove that the amplitude of the transmitted trains and that of the reflected 
tram are 2 (*^2 — 1) X* and (V2 — l)^/* respectively, where the mass of the knot 
is neglected (Trinity Coll. 1908 ) 

32* If a stretched elastic string is of great length and its end A is 
fastened to one end of an elastic string of different material, whose other end 
B IS fixed, shew that if a tram of longitudinal waves of period 27r/jo advances 
upon A, the reflected tram is of equal amplitude Shew also that each poition 
of the string foi ms stationary waves, the amplitudes of the waves in A B and 

fil 

in the rest of the string being in the ratio sin a sin ^ , where m', a' are the 

line- mass and wave velocity for the portion AB^ m, a are the corresponding 
quantities for the rest of the string, I is the length AB and 

tano = ^,tan^f (M.T. J908.) 

ma a 


33 Longitudinal waves come fiom infinity along the string (0), are 
transmitted through a string of length I and proceed to infinity along the 
string (1), shew that the amplitude is lessened m the ratio 



where w/27r is the frequency. (St John’s Coll 1895 ) 


34 A stretched string, infinite in both directions, is of density p, when 
undisturbed, and has attached to it a single particle of mass m. The velocity 
of waves of longitudinal displacement m the string is a. An infinite harmonic 
tram of such waves, such that the penod of the displacement of each point of 
the string is 2jr//?, impinges on the particle. Prove that the tram is partly 
transmitted and partly reflected: that the energies per wave length of the 
incident, the reflected, and transmitted trams are as to to 


4p2a2 . and that the change of phase of the transmitted tram is tan 


2pa* 


(Trinity Coll. 1897.) 
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35. A stretched string is in equilibrium with its ends fixed , shew^that, 
on being slightly disturbed from its position of equilibrium, the potential 
energy of deformation per unit length of stretched string is 

where m is the equilibrium line-mass, and h the longitudinal and transverse 
wave velocities Deduce the equations of vibration (M.T. 1905 ) 


36 A uniform extensible string is stretched with its ends fixed and 
simultaneously executes in a plane free longitudinal motions, which are not 
necessarily small, and transverse vibrations which are small. The coordinates 
of any point in the string when undisturbed are (|, 0) and at the time 
^ y)^ prove that 


o^y \ ^ 



1 + 


))• 


where Tj, pi are the undisturbed tension and line density, X is the coefficient 


of elasticity and y, ^ are assumed to be always small 


(Trinity Coll 1903) 


37 A uniform rod of mass Jtfis freely pivoted at its mid-point, and its 
ends are fastened to the mid-points of two stretched strings, one elastic, the 
other inextensible There is equilibrium when the rod is vertical, and the 
strings are straight, horizontal, and perpendicular to one another. Shew that 
the period "IttIp of a small oscillation of the system satisfies the equation 

lMp=- I + 

a a p p 

where T, 21, 2lTla\ aie the tension, length, and mass of the inextensible 
string, and E, the modulus, equilibrium length and mass of the 

other. (St John’s Coll. 1903 ) 

38 A uniform extensible string has its two ends fixed, and is sti etched 
when in equilibrium to a length + ^t a distance I fiom one end a ring 
of mass m is attached, which can slide on a smooth fixed rod making an angle 
a with the undisturbed string which is straight. Prove that the periods 2tT\p 
of small oscillations of the system are given by 

mp^ph cos^a {cotplilb + Go^ phlb)+p<^ sin^a i<iotplila-\-cotpl2lcL) , 

where p is the density per unit length and a and b are respectively the wave 
velocities of transverse and longitudinal disturbances of the string as thus 
stretched. (Trinity Coll. 1899 ) 
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39 If a membrane be a rectangle of edgea a and b shew that 


. . , . miTX nifu 

z^A sin pt siu — “ sin 


is a possible form of stationary vibrations, where 



the origin being at a corner, and c being the velocity of propagation of a recti- 
linear disturbance across the membrane If h^ajsl^ shew that there are two 
such modes of vibration of period t/V11, t being the period of vibration. 

(Univ of London, 1911.) 


40. If a stretched membrane be of the shape of a sector of a circle of 
angle 72°, shew how t(^ calculate its natural tones 

(Univ of London, 1907 ) 
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SOUND WAVES 

271 A FEW Simple appeals to experience shew that sound is 
transmitted by waves in the atmosphere. If a bell is rung under 
the receiver of an air pump from which the air is gradually ex- 
hausted the sound becomes fainter and soon ceases to affect the 
organs of the ear, shewing that atmospheric communication is 
necessary between the ear and the disturbance that causes the 
sound We infei that sound is accompanied by the motion of the 
intervening medium from the fact that a musical note sounded 
on any instrument may produce a vibiation, in unison with it, 
in another body not in contact with it That the motions of the 
medium are small is evident from the fact that sound will travel 
through a dust-laden atmosphere without perceptible motion of 
the dust 

In this chapter we shall consider the propagation of waves in 
an elastic fluid, confining our attention for the most part to plane 
waves 

272 G-eneral equations. 

In considering the propagation of sound waves we shall regard 
the velocities of the elements of fluid as so small that their squares 
may be neglected. In the kinetic theory of gases, a mass of gas 
IS regarded as composed of a large number of separate molecules 
moving in different directions with velocities which undergo fre- 
quent changes owing to the collisions of the molecules ; but the 
hypothesis that we now make about the magnitude of the velocity 
of a fluid element in wave propagation does not contravene this 
conception of a gas, because what we take to be the velocity of a 
fluid element in* a given direction is the average velocity in that 
direction of the molecules composing the element; and there is 
nothing in the molecular hypothesis to prevent this average 
velocity from being small, since molecules may move in opposite 
directions. 
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Neglecting friction, the motion being due to natural causes 
must be irrotational, so that the pressure equation is 

/f- It -i*"- *')■ 

If Pq denotes the equilibrium density of a mass of fluid which 
IS compressed until its density becomes 

p = po (1 + 8\ 

s is called the condensation. 


When the condensation s and the velocities u, v, w are small, 
the equation of continuity 

4 . 4 . 4 _ _ 0 

dt dx dy dz ~ 


becomes 


ds du ^ _ A 

di dx dy dz ’ 


or 



,( 2 ). . 


Again, if JO = Po 4- Sp denotes the pressure when the density is 
p, po being the equilibrium pressure, and if we neglect and all 
impressed forces, (1) may be written 


po dt 


.(3) 


If c® = dpjdpy so that Sp = c^poS, the last equation becomes 

*-w <*>■ 


and by eliminating a between (2) and (4) we get 

at* 


' = c*V*<^ 


(5). 


273 . The simplest case is that in which the wave fronts are 
planes. If we take the x axis perpendicular to the wave fronts the 
last equation reduces to 


at* ~ da? 


( 6 ). 


the solution of which is 


</> = /(^ -ct)-^ F{x-^-ct) (7), 

representing the propagation of independent waves in the positive 
and negative directions with the same velocity c. 
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274. The velocity of sound. The quantity c of the^last 
article which represents the velocity of propagation of sound waves, 
within the limits of the approximations which led to (5), is clearly 
independent of the form of the waves It was defined in Art 272 
by th 3 relation c^ = dpldp , and it is possible to calculate a numerical 
value when the relation connecting p and p is known. Newton 
adopted Boyle s Law p = xp as the basis of his investigation. This 
makes c = = VCpo/po) ~ 279*945 metres per second at C'Cent, 

falling short of the result of observation by about one-sixth part*. 
The discrepancy is due to the fact that Boyle’s Law requires the 
compressions and rarefactions to take place isothermally, whereas 
it IS a matter of observation that the compression of a gas is always 
accompanied by a rise in temperature The hypothesis that the 
vibrations are so rapid that there is no time for a gam or loss 
of quantity of heat, i e that the relation between p and p is the 
adiabatic one p=:xpyf, leads to a result more in accordance with 
observation. This makes 

= dp /dp ~ ypo/poy 

and if we take 7= 1*41, we get c = 332 metres per second at O'" Cent , 
which agrees with the result of experiment. 


276. Intensity of sound. The rate at which energy is 
transmitted across unit area of a plane parallel to the front of a 
progressive wave may be taken as a measure of the intensity of 
the radiation 

Considering a simple harmonic wave, let 


<f) — A cos ^ (x — ct) 

A 

(1). 

Then if f denote the displacement of a particle at or, 

. 27r . . 27r , . 

, the velocity 

.. . (2), 

so that f = — cos ^ (a; - cO 

C A 

• • (3) 

The pressure is p =po + Sp, where 


27r 27r 

= PQ^<l>ldt = - pocA sin — (x — ct) 

\ A 

. . ..(4). 


* Bayleigh, Theoty of Sounds ii p 19 
+ Hydrostatics f Art 119 
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Hepce if W denote the work transmitted across unit area of the 
plane at x perpendicular to the x axis in time t 

= (Po + I == hpoc + periodic terms . . .(5). 

This expression is the required measure of intensity. By integra- 
tion we get the work transmitted in any given time, and if the 
interval be an exact number of periods, or be so great that the con- 
tribution arising from the fraction of a period is negligible compared 
to the whole, the periodic terms may be neglected and we may 
take as the measure of intensity 



po/27r 


'f)A, 


or 



where T=\lc is the period, and is the maximum displacement. 
Hence in a given medium, the intensity varies directly as the 
square of the amplitude and inversely as the square of the periodic 
time 


276. Energy. In a plane progiessive wave the energy is half 
kinetic and half potential. 

The kinetic energy is 

iPo I jju’‘dv (1), 

where dv is an element of volume and u is the velocity. 

The potential energy oi an clement is the work stored up in its 
compression, or the work that can be done by its expansion from 
its actual to its equilibiium volume, the expansion being opposed 
by the equilibrium pressure po- If p, dv and py, be coi responding 
values of the density and volume, the latter being the equilibrium 
values and the former the actual values, we have 

podvo = pdv = po(l -f s) dv, 
so that dvo = (1 + 6*) dv. 

If at an intermediate state the condensation is s' the effective part 
of the pressure is 

Sp = poC^s (Art. 272), 

and a small increment in volume is dvds, so that the work done 
in this small expansion is 

Spdvds' = p^c^dv . s' ds'. 



EXACT EQUATION 


333 


2V5-277] 


The potential energy of the element is therefore the integral of 
tHis as the volume expands from dv to (1+5) dv, that is 

p(fi^dv I s'ds' = ^poC^s^dv 
J 0 

Hence the potential energy of the whole mass ot gas is 

iPoJjJcVdv (2) 

Noav we may represent any plane progressive Avave by 
4>=f{a -ct), 

so that ^ 

OX ot 

or by Art 272 2 i — cs = 0. 

Whence it follows that the expressions (1) and (2) for the kinetic 
and potential energies are equal 


277. Exact equation in terms of displacement. So far 

we have based our investigation on the velocity potential and the 
general equations of motion. We may also express the motion 
of a plane wave iii terms of the displacement f of the layer of 
particles whose abscissa is x Thus the layer which in equilibrium 
lies between x and x + dx becomes at time t a layer between x-\~ ^ 
dP 

and 01 ) ^ + dx + ^ dx. 

The equation of motion of unit area is 
Podx^ = - dp, 

» i-i—fi m- 


But 

therefore 

and 


podx = p {dx + d^/dx . dx), and p-po (p/po)^, 
P=Po{^-^o^/doo)-y , 

^ p,da^\^dxj 


( 2 ). 


This equation is an exact equation giving f in terms of a; and t 
If the motion be assumed to be small, wo may neglect d^jax and 
(2) takes the form 


dt^ dod‘ 


( 3 ), 
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witlx a general solution 

^ {x — ct) + F {x ct) (4). 

The connecting link between these last two equations and (6) 
and (7) of Art 273, lies in the fact that j = and if we 


differentiate (7) with regard to x and then integrate with regard 
to t we get for f the sum of two arbitrary functions oi x — ct and 
x-\‘ cty SO that (4) follows from (7). 


278 . We may obtain the differential equation which gives 
the actual position of a layer at time t in terms of t and the 
equilibrium position x, by writing 3/ = ic + when (2) takes the 
form 


dt^ da? \dx) 


( 5 ). 


To solve this equation let 


therefore 


dt •' ’ 

dt^ ^ KdxJ dxdt \dx/ 


da?’ 


and by comparing this equation with (5) we get 


so that 


dt •'W“ 7 -iw 


.( 6 ) 


Again for a progressive wave with no translation of the medium 
as a whole dyjdt = 0 when pa, that is when dyjdx = 1 , therefore 
A = + 2 c /(7 — 1), and 


03/ _ _ 2c 
dt ^7 — 1 



,(7). 


The complete integral of this differential equation is of the form 


3/ = 4- + (7, 


provided the constants a, /9 are chosen so as to satisfy (7), that is 
provided 


^ 2c 




4 ( 1 - 7 ) 


}• 
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Hence the complete integral is 

y [\ ^ 0 ^^^ G . . . (8), 

7-1 

and the general integral is the result of eliminating a between 

ys=saa?T {1 — f + <^(a) 

and 0 = iP + + </>'(a) 

where <f> is an arbitrary function 

Taking the upper sign, if u denote the velocity y, we have 

M = - 

7-1 

and, eliminating x from ( 9 ), 

y =- - - {y + 1 ) -1')} + ^(a)-a^'(«). 

so that y {c + ^ (7 + 1) ?/} ^ = <^ (a) — 0L<f> (a). 

Hence t/— (c4- J (7 + 1 )^^] ^ is an arbitrary function of a and 
therefore of w, and conversely u is an arbitrary function of 
2/ — {c + ^ (7 + 1) and we may write 

w=/[ 3 /-{c+i (7 + l)**}0 (10), 

where f is an arbitrary function. 

This equation was given by Poisson for the special case 7=1* 
The equation shews that a progressive wave in air cannot be 
propagated without change of type. A relation u = f{y — ct) 
would represent the propagation of u with uniform velocity c, 
and relation (10) shews that if we draw a curve whose ordinate 
lepresents the value of u corresponding to the abscissa y at any 
instant, then the form of the curve at time t later is got b}^ 
moving each point of the original curve a distance (c + ^ (7 + 1) w} f 
in the direction of propagation, and as this is a different quantity 
for the different points of the curve it follows that the curve is 
continually changing shape and a discontinuity will occur as soon 
as the velocity curve has a vertical tangent, after which we cannot 
infer that the integral has a real application. 

279. Condition for permanence of t 3 rpe. To find the 
condition that a train of plane waves may be propagated un- 

* Journal de VKcole Poly technique^ t. vii p. 319 
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changed m type, we impose on the whole mass of air a velocity 
equal and opposite to that of propagation so that if the wave 
form IS permanent it becomes stationary in space and the motion 
becomes steady. 

If ^ 0 , Pq, po denote the velocity, pressure and density in the 
undisturbed state of the fluid and u, p, p are the corresponding 
quantities at a point in the wave, the equation of continuity is 


pu = Potto (1), 

and the pressure equation is 

r = ( 2 ) 

J Po P 

If wo oliniinate }i we get 

( 3 ). 

Po P 

so that . • (4), 

or p = const —Uopo-jp . ....(5) 


This relation must exist between pressure and density m ordei 
that the wave may maintain itself As this i elation between the 
pressuie and density of the atmosphere is an impossibility a tiam 
of waves cannot maintain itself unchanged in form If however 
the variations in density are small the condition is approximately 
satisfied by taking Uo == s/{dpldp), and this hypothesis is the basis 
of our theory to the order of approximation to which it is earned. 

280 In developing the theory of plane waves it is open to 
us to make our investigation in terms of the velocity potential 

or the displacement f In the former case we use the equations 
of Arts 272 — 3, and in the lattei case the equations of Art. 277 
and we observe also that since, as in that article, 

281 Vibrations in tubes. Using f to denote displacement 
the general s<jlution for a plane wave is, as in Art. 277 (4), 

^==f{ct-x) + F{ct-\>x) (■* ) 
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If there be a fixed harrier at the origin parallel to the wave fronts 
then f = 0 when x = 0 for all values of t \ therefore 

0 = fict) + F{ct), 

01 so that 

f =f(ct - x) -/(ct + x) (2> 

The first term may be regarded as a wave system approaching the 
origin from the left and the second term as the reflected system. 
The two have equal amplitudes, the velocity f is reversed in the 
leflectcd system, but the condensation s (= — d^jdx) has its sign 
unchanged 

Another type of boundary condition is the hypothesis of a 
surface of constant pressure, le = 0, but hp = c^poS (Art. 272), 
therefore s = 0, oi d^ldx = 0 If this condition holds at the origin 
for all values of t we have 

— f' (ct) + F' {^ct) — 0 

Hence / and F differ only by a constant which we may omit as 
it would merely imply a displacement of the whole mass , therefore 
in this case 

f=/(ce-^;)+/(c^ + ^) (3), 

and as before the first term may be taken to represent an incident 
train on the left of the origin and the second term the reflected 
train The velocity f is now reflected unchanged but the con- 
densation s{^ — d^ldx) has its sign reversed 

The condition 5 = 0 is lealized approximately at the open end 
of a tube whose diameter is negligible compared to the wave length. 


282 Normal modes fgr a uniform straight tube. 

ecpiation to be solved is 


dt^ 


The 

0 ) 


and, as in Ait 256, to find the normal modes we assume that 
f X cos {nt + e), so that f and the equation becomes 


dx^ 


c^ ^ 


■ ■ .( 2 ), 


and the complete solution incFuding the time factor is 

f = (A cos nxjc + B sin nxfc) cos {nt + e) (3), 

representing stationary waves, the corresponding progressive waves 
m fre^ air being of length \ = 2'7rc/a 
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(1) Tvbe closed at both ends = 0 and x=^L We have f = 0 
when x = 0 and x=^L Therefore 

-4=0 and sin nljc = 0. 

Hence nljc = mir, where m is an integer, gives the frequencies of 

the normal modes, and 

^ 5 T> • rnirx (mirct \ 

Z^-B^sin- ^ -cos^^ + 

The frequency of the gravest tone is n/27r or c/2Z, that is, the 
period 2//c is twice the time taken for a pulse to travel the length 
of the tube. In any particular normal mode, say the Tnth, there is 
a series of nodes, or points for which f =0, at intervals Ijm along 
the tube, and a series of loops or points of zero condensation 
(d^jdx = 0) half-way between the nodes. 


(2) Tube open at both ends. We have — d^jdx = 5 = 0 when 
a? = 0 and x = l. Therefore 

B = 0 and sin nl/c = 0, 

so that the frequencies of the normal modes are the same as in 
the last case, and 

«- ? ^ ?W7ra? /niTTCt \ 

f A,a cos -y— cos +€mj. 

The nodes and loops are distributed at the same distances as in 
the closed tube, but in the open tube the ends of the tube are 
loops. 


(3) Tube open at x = I and closed at x = 0. Now we have 
f = 0 when x = 0, and — d^jdx = 0 when x^l. Therefore 
^ = 0 and cos nljc = 0. 

Hence nljc = where m is an odd integer, gives the frequencies 

of the normal modes, and 




p = 0 


'2.P+1 


(2p -f l)7ra? 
sin - 21 ' 


f(2p^l)wct \ 

[ 21 ^■^7 * 


The frequency of the gravest mode is now r?/27r or c/4Z, so that 
the period 4Z/c is in this case four times the time taken by a pulse 
to travel the length of the tube. In the pth normal mode the 
nodes will be at distances 2ll(2p — 1; apart and there is of course 
a node at one end of the tube and a loop at the other. 

The period of the gravest mode in each of the foregoing cases 
may also be obtained from the considerations of the last article 
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by considering a pulse of condensation to start from a point P in 
the tube and travel towards the end A, if ^ is a closed end in the 
reflected wave the sign of s is unaltered and that of f is reversed, 
and the same happens when the reflected wave reaches and 
aftei time 2Z/c the wave is passing P again under the same con- 
ditions as at first. A similar argument holds for a tube open at 
both ends. 

For a * stopped tube,' i.e. a tube open at one end A and closed 
at the other B, under similar circumstances, at the reflections at 
A the sign of s is changed and that of f is unchanged and at the 
reflections at B the sign of s is unchanged and that of f reversed, 
so that it is not until after four reflections or an interval 4Z/c that 
the pulse passes through P again under exactly the same con- 
ditions as initially. 

B f P 1 a 

Fig. 69. 

Hence in every case the frequency of the gravest mode varies 
inversely as the length of the tube and for a stopped tube the 
gravest mode has half the frequency or is an octave lower than for 
an open or closed tube of the same length. 

283. Since the velocity potential (f> satisfies (1) of the last 
article its value is also given by 

<^ = (A cos nxjc + B sin nxjc) cos + e) 
with the conditions d<j>ldx = 0 at a closed end of the tube and 
d<f>ldt = 0 at an open end, since c^s = d<f>/dt. This method of course 
leads to the same results as are obtained in the last article 

284. Forced vibrations in a tube. Let a vibration of given 
frequency w/ 27 r be maintained at one end of a straight tube. The 
motion may be due for example to the inexorable motion of a 
piston at the origin, so that f = (7 cos {nt + e) when x = 0. Taking 
the solution 

^ = (A cos nxic + B sin waj/c) cos {nt + e) 
we must have A = C, and if fhe tube be closed at a? = Z, 

0 = 0 cos B sin wZ/c, 

\ ^ sin n (Z — a?)/c , ^ x /-.x 

80 * that f = O — (”* + «) 


22—2 
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But if the tube be open at a? = Z so that d^jdx = 0 at this end, then 

0 = — (7 sin nljc + B cos nZ/c, 

j cos n (I — x)lc / , V 

and cos (nt-^e) (2) 

^ cos nl/c ^ 


In the first case the amplitude of the displacements is a 
minimum if smnl/c= + 1, le. if I is an odd multiple of ircj^n or 
and as, in this case, = Z is a closed end this makes it*== 0 a 
loop. If I 18 an even multiple of :J\, the amplitude appears to be 
infinite, but the origin would have to be a node which is precluded 
by the conditions of the forced motion at the oiigin. 

In the second case, in like manner, if I is an odd multiple of 
ircj^n or the amplitude according to (2) is infinite, but if a; = Z 
were really a loop the origin in this case would have to be a node 
and 80 the solution again fails. 

In cases in which sin nljc or cos nljc is small the amplitude 
will be large, and if the tube contains a little fine sand, or lyc(>- 
podium powder the positions of the nodes will be rendered visible 
This method was used by Kundt* m experiments for comparing 
the velocity of sound in different gases 

285 Piston controlled by a spring. As anothei example 
let us find the velocity potential and frequency equation when the 
end X = I of the tube is closed and, at the end x = 0, there is a 
piston of mass M controlled by a spring of strength ya 
Let = (A cos Tixjc + B sin nxjc) 

When X = Z, we have d(\>ldx = 0, therefore 

0 = — A sin wZ/c + cos wZ/c (1). 

For the motion of the piston, supposed to be of unit area, 

+ yaf = — Sp = — pd<f>ldt, at a; = 0 
= — ipnAe^^^\ 

p being the equilibrium density of the gas in the tube. 

Therefoio f = 

^ Mn^ - ya 

But at it* = 0 we have — d^jdx = f, so that 

nB _ - pyA 

c '' 

** Pogg, Ann. t. cxxxv. p. 337 1868. See also Rayleigh’s Theory oj Sotnid, i 

Art. 260. 
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and from (1) and (2) we get the frequency equation 
tan nljc = — „ 

' fjL — Mn^ 


(^) 


The velocity potential is of the form 

^ = S(7n cos - ^ 65’”^ (4), 

where the summation extends to the values ot n yiveii by equa- 
tion (.3). 


286. Sound waves in a branching pipe. 



Fig. 70. 

« 

A solution may be obtained by assuming expiessions of the 
form 

(E cos nx/c -f J^sin nx/c) 

for the velocity potential in each branch A, B, C and determining 
the constants so as to satisfy the conditions at the junction 0, viz. 

(i) the pressure at 0 must be the same in each branch, i e d(l>/dt 
has the same value at 0 for each branch ; 

(ii) velocity X cross section m A == sum of velocity x cross section 
in B and C 

These conditions together with the conditions obtained from 
data as to whether the ends of the pipe are open or closed will 
suffice to give the ratios of the constants and an equation for the 
frequency 


287. Reflection and Refraction of plane waves. When 
a tram of plane waves reaches the surface of separation of two 
distinct media, there is a reflected and a transmitted tram of 
waves. Let the plane yz separate the two media and let the wave 
fronts be oblique to this plane, the z-Sixm being taken parallel to 
the line of intersection of the wave fronts with the plane 

Let the ir-axis be drawn into the first medium and suppose 
c. c, to be the velocities of sound in the two media 
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*<rhe foregoing solution holds for any given angle of incidence 
provided c >o,, but if Cj > c then, since sin^i = (Ci/c) sin 0i will 
be imaginary if sin""^c/ci. In this case there is total reflection 
and no wave is transmitted into the second medium 

288. Energy. The energy transmitted in any time across 
any area of the incident wave must be equal to the energy trans- 
mitted in the same time across the corresponding areas of the 
reflected and refracted waves. These three corresponding areas 
aie in the ratio 

cos^ cos^ cos^i, 

and taking the expression for energy transmitted from Art 275, 
the frequency being the same for all the waves, we have 
cos 6 . pA^/c = cos 6 . pA'^jc -f cos 0i . p^A^^jci , 
or, using c/sin 6 = Ci/sin 6i , 

p {A^ — A'^) cot 6 = piAi^ cot 01 . 

This IS the energy condition and it agrees with the result of multi- 
plying together equations (14) of the last article. 

289. Impact of plane waves on a flexible membrane. 

Lot the mombr<iiie of surface density <r and uniform tension T separate 
media of densities p, pi Take the yz plane to coincide with the undisturbed 
membrane and the ^^-axis parallel to the intersection of the wave fionts with 
the membrane, and diaw the a:-axis into the first medium 

If, following the line of argument of Art. 287, we assume as the velocity 
potentials of the incident, reflected and refracted waves the expressions 


^ = . .. . ( 1 ), 

= + ( 2 ), 

and + % + (3), 

we may take for the displacement of the membrane at time t 

^ = ... . (4), 


where a, <o are connected with the velocities of sound in the two media 

as in Art 287. 

From the continuity of normal velocity, we get 

-k — -- + = when J7=0, 

CX ^ ' cx ^ ’ 


or — o)i5=a (A — A')==aiAi (5) 

The equation of motion of the membrane is 

tr$ = To^^jdy^ + 5pi — hp, when .r = 0 (6), 


8pi= pjd<l)Jdt and 5p=po 


where 
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Substituting from (1), (2), (3), (4) we get 

3 ( 77/^ — 0-0)2) = ^o) {p^Ai — p (A 
and eliminating B by means of (5), and writing n for bja 

ip{AA-A') — Ai{ai(Tn^ — a-)-\‘ipi}^0 (7). 

From (5) and (7) we find 

^ „ -^1 / g \ 

(ipi + a^p- taai{Tn^ — a-) api — aip-iaai{Tn^-‘<r) 2ap ^ ' 
w'hioli may also be written 

A A' _ ^ 

i(api-\-Uip)^-\-a^ai^ aipy + a^ay{T?i^-‘a)'^}^et*' 2a p 

(9;, 

where tan f = — aai ( Tn^ — (r)l{api + «i p), 

and tan c' = — aui ( Tn^ — o-)/(api - or, p) 

The amplitudes of the incident, reflected and transmitted waves are there- 
fore in the ratio 

{(api 4- «i p)^ 4- a^ ay ( TVi^ - ar)2}i {(ap, — py 4- - a-y}^ 2ap ; 

while the phases of the reflected <ind incident waves differ by e' — € and those 
of the transmitted and incident waves differ by e Fiom (5) it follows that 
the vibrations of the membrane are in the same phase as the transmitted 
wave, as is otherwise obvious 


290 Spherical Waves. When there is symmetry about 
a point, the general equation 


takes the form 


or 




dt^ 


= c- 


dt^ \ 9 »* rdrj’ 

d‘(r<f))_ ^d^(r<f>) 
dt‘ ^ dr^' 


( 1 ) 


which has a general solution 

r<f> =f(ct — r) + F(ct 4- r) (2) , 

the two terms representing two wave systems one diverging from 
the origin and the other converging on the origin with velocity c 


The velocity and condensation are given by 

u = —d<l>ldr, and s==c^d<f>ldt (3). 

If the origin be not a source at which fluid is produced the 
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^293. For further information on the subject of the last two 
chapters, reference should be made to Donkin's Acoustics y Lord 
Rayleigh's Theory of Sound and Professor H Lamb's Dynamical 
Theory of Sound 


EXAMPLES 


1. Prove that the velocity potential of the one-dimeiiHional motion of a 
gas, for which = satisfies the equation 

dt (dt \(Ja:J j 0^ t d.v 3 \0^/ j ' 
where d/dt denotes difterentiation at a fixed point (Trinity Coll 1897 ) 

2 Prove that in a fluid medium in which the pressure (p) and the 
density (p) are connected by an equation (p), where </>' (p) is positive and 
inci*eases when p increases, a plane wave of finite amplitude cannot be 
propagated indefinitely without the occurrence of discontinuity 

(MT 1897 ) 

3 In an organ pipe of length I, closed at one end, the pressure at the 

other end is made to vary according to the law 5/?=/>Q8mw^ Find the 
velocity potential of the motion of the air inside (Trinity Coll 1897 ) 


4 Taking y as 141 and the height of the homogeneous atmospheie as 
8000 metres, calculate the velocity of sound in air in metres per second Find 
also the length of an organ pipe which with one end open and the other 
stopped will sound the middle C (frequency 256) 

(Umv of London, 1911 ) 


5 Assuming the atmosphere to be in convective equilibiium (i e m 
equilibrium accoidmg to the law of piessure p — icp’y) under the action of 
gravity, piove that the equation of piopagation of sound veitically upwaids is 




where yX (y— l)/y is the ratio of the pressure to the density at the surface of 
the eaith and ^ is the displacement at a height v (Coll Exam 1899 ) 


6 A tube containing air has one end rigidly closed, and the other end 
stopped by a plug of mass if, which can move without friction in the tube 
If the length of tube filled with air be t, prove that the periodicity of the free 
vibrations is given by 

M' 




where a is the velocity of sound in the enclosed air, and if' the mass of the 
air (Coll. Exam. 1906 ) 


7. In a uniform straight tube of length 2l and section A, closed at one 
end, a quantity of air at atmospheric pre.ssure is imprisoned by a thin movable 
piston of mass if which works in the tube without friction If the piston. 
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when 111 equilibrium, ib at the middle of the tube, prove thfit the periods 
of its small oscillations are given by ~ 2 Aap cot (2pl/a) wheie p is the 

density of the atmosphere and a the velocity of propagation of sound 

(Coll Exam 1907 ) 


8. A tube open at both ends is divided into two parts of lengths I, V by a 
thin piston of mass M attached to a spiing such that 2nlni is its natural 
period of vibration When the an waves are taken into account piove that 
the period of vibration is 2rrln where 

M — n^) = pan [tan nlja + tan w//a] 

(Coll Exam 1907 ) 

9 A piston of mass M is supported by a spring of stiength and 

separates two gases of densities p, p m a long tube, the area of the section is 
S and a, a' arc the velocities of sound in the two gases. Sliew th<it the free 
oscillations of the piston are given by 

(St John’s (Joll 1910) 


10 Air is coiitmed in a straight tube of unit section between two pistons, 
one of which is made to sibrate with \clocity a coh iKty and the other is of 
m.iss Jfand is constiained by a spring of strength p Slnnv that the velocity 
potential fui the air vibrations is 


itpK^ 

where tan tu — , .. 

p - 

ilensity in equilibrium 


a tos n (I - + €) 

r- cos 71 k ( , 

n sm n {C + «) 

, I being the distance between the 


pistons and p the 
(.M T 1903 ) 


11 A straight pipe of length I is closed at one end and open at the other 
Prove that, if the air extend t>nly from the open end to the middle point, the 
other lialf being occupied by a gas of density pi, then tlie frequencies of the 
natural modes of the pipe aie the values of p Sritisfying the equation 


tan tan — pi cei/pa, 
a fli ^ i/r > 


where p is the density of the air, and a, «i arc respectively the velocities of 
sound in air and m the gas (M T. 1895 ) 


12 In a cylindrical pipe, open at one end, closed at the other, it is found 
experimentally that, when the fundamental note is being sounded,* the pressure 
at the closed end varies on either side of its mean value by one nth. of that 
value Prove that at the open end the amplitude of vnbration of the particles 
of ^ir IS 2^/?A7ry, where I is the length of the pqie and y the ratio of the siiecitic 
heats of air at constant pressure and constant volume. (Coll. Exam 1911 ) 
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13 111 a uniform tube of indefinite length is placed a disc which fills it 
and makes n complete vibrations in a second, their amplitude being c ; another 
disc of mass M is placed at a distance I from the first, and is supported by a 
spring, whose elasticity is such that the disc, if vibrating freely, would make 
m vibrations in a second shew that after a sufficient time has elapsed for the 
excursions of the air m the tube beyond the second disc to become uniform 
their amplitude will be 

c'=ccos^(l — 2sin /Ssin y + sin2)3)“i, 

where t&n ^ — (^ — l\ and y=/3-l-47r 

pv \n^ J ' V 

p being the density of air, and v the velocity of sound 

Find the values of I for which & is a maximum or a minimum, and shew 
that the maxima are greater and the minima smaller the greater the value of 
tan/a (MT 1867 ) 

14 In a uniform straight tube of length 2^ and sectional area <», closed 
at one end, a quantity of gas is imprisoned by a thin movable piston of mass 
M Under the pressure of the external atmosphere of density p the equi- 
librium position of the piston is at the middle of the tube, and the density 
of the enclosed gas is then o-. Prove that the periodic times 2n‘lp of the 
oscillations of the piston about its position of equilibrium are given by the 
equation 

Mp/m = aar cot (plja) — a'p tan 

a and a being the velocities of propagation of sound in the enclosed gas and 
in the atmosphere respectively (St John’s Coll 1900 ) 

15 A long straight speaking-tube is obstructed in the middle by a uniform 

rigid plug with plane ends, of length z and density equal to N times that of 
the air. The idug fits the tube accurately, but is free to move in it without 
friction Prove that, if sound of wave length X is advancing along the tube, 
the intensity of the sound transmitted beyond the plug will be less in the 
ratio 1 1 -H»r 2 iV^ 3 : 2 /X 2 , and its phase retarded by 

{tan- 1 - 27r^/X} (M T. 1901.) 


16 A closed pipe of length 21 contains air whose density is slightly 
greater than that of the outside air, in the ratio 1-hc 1. Everything being 
at rest, the discs closing the ends of the pipe are suddenly drawn aside. Shew 
that after a time t the velocity potential is 


0 = 




-1)- 


(2s-|-l)7ra: (2s-\-\)iTat 

cos sin , 


the origin being taken at the middle of the pipe, and a denoting the velocity 
of sound (St John’s Coll 1903.) 


17. A straight pipe of length I is open at one end and the disc closing the 
other end executes small inexorable oscillations, its displacement at any time 
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< being A am pi Prove that at any time the kinetic energy of the air m the 
pipe IS 

J MA^ sec2 ^ 4. ^ coa'^pi, 

where a is the velocity of sound in air and M is the mass of air contained in 
the pipe Investigate also the potential energy of the air in the pipe. 

(Trinity Coll. 1900.) 

18 Plane waves of sound lepresented by A coa m { 0 ^+ at) impinge 
perjiendicularly on a rigid screen and are continuously leflected by it Prove 
that the increment of the pressure per unit area on the screen lies between 

where po IS the density of the air (Coll Exam) 

19 Plane waves of sound of wave length X imi>inge perjiendiculaily on a 
fixed flat elastic surface, which is such that a positive or negative increment 
of pressure dp produces a normal displacement dp/fi Prove that the amplitudes 
of the incident and reflected waves are equal, but their phases differ by 

2 tan (SttPov/pX), 

where po is the atmospheric pressure and y the ratio of the spociflc heats. 

(Coll Exam 1901.) 

20 If a straight tube of indefinite length be occupied by two different 
gases with the section ^=0 for surface of contact; shew that the displace- 
ments in an incident wave together with those of the corresi^onding reflected 
and refracted waves may be represented by 

f(t-xjai), Afit+xjui), 

where A B 1 pi«i — P 2<*2 • 2piflri piai + p^a^y 

and determine the distribution of the primitive energy between the reflected 

and refracted systems (St John’s Coll 1906 ) 

21 A wave of sound tiavels up a long vertical pipe of which the lower 

pait is filled with air, and the upper part with hydrogen Assuming that the 
transition from the one gas to the other takes pl.ice in a length small compared 
with the length of a wave, find what proportion of the intensity of the wave 
is reflected down again at the transition . the density of hydrogen is to that of 
air as 1 to 14^ (St John’s Coll 1896.) 

22. An endless tube of uniform cross section and of negligible curvature 
is separated by two discs of masses J/i, M 2 per unit surface into two portions 
of lengths liyl^ which are filled wuth gases of densities pi, p 2 , m which the 
velocities of sound are T’l, r 2 shew that the periods of \ibration are 2n/p 
when 

(M,p~*a)(M2p-a)^0^y 

and a s Pi Fi cot {pli/ V ^) + pa Fg cot (pL^I Fg), 

Pi Fi cosec {pli/ Fi) -i-pg Fg cosec (pl.^/ Fig) 

(Trinity Coll. 1895.) 
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2? An endless tube of uniform cross section contains two pistons , the 
intervening portions of the tube, of lengths lx , respectively, containing air at 
atmospheric pressure. If one of the pistons be found to vibrate so that its 
displacement at time t is X cos shew that the displacement of the other is 

a {cosec {plila) + coi\e fi y , 

a {cot {plxja) + cot — '^p ^ 

where in is the ratio of the mass of the piston to that of the air contained in 
unit length of the tube and <x is the velocity of sound in air 

(Trinity Coll 1898.) 


24. The period of the fundamental note of a flue pipe, open at one end 
and closed at the other, would be if the closed end were rigid Hut the 
barrier at the closed end is replaced by a piston of mass J/, controlled by a 
strong spring of strength n Prove that the period of the fundamental note is. 
approximately 




16m 1 


where m is the mass of the air in the pipe and - 47r^.l/) is assumed 

to be small (Trinity (V)ll 1902 ) 


25 A straight tube, containing air, is closed at botli ends The tube is. 
held horizontally and coiiLiins an air- tight piston, of mass mA^ where A is. 
the cross section Prove that the period {T) of a jninoipal (or iiorinal) 
oscillation of the piston and air is any root of the equation 


27rm , 

rp — Pi ^Ot 


27rti 2'rrX2 

-^ + cot 


where pi and p 2 the densities of the air on either side of the equilibrium 
position of the piston, aj and the corresponding velocities of sound, .Vi and 
the distances of this position from the ends of the tube 

(Trinity CVill 1901 ) 


26. A tram of waves of an, velocity potential = .d cos m 

A 

advancing m a stiaight pipe infinite in both directions, and at imjiingea 
on a movable piston of mass M which separates the air of the pipe into two- 
portions Prove that the velocity potential of the tram of waves transmitted 
to the air beyond the piston is 


A cos 


27rf 27r (a^ — 

^ r 


where m is the mass of the air in a wave length of the pipe, and 


cos -^ = m (Tiimty Coll 1903) 

A 


27. One end of a vertical straight pipe (length 1) is closed , at the other 
end a piston is placed, the densities of the air inside and out being eaual 
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The piston sinks to its position of equilibrium and executes small vibrations 
about it Prove that the period (7^ of a normal vibration must satisfy 

27ra _h’\-k , h ^nkl 

gyf “ ~'k~ "^""^aTlh + k) “ k af Qi+k) ’ 

where^ is the velocity of sound in air, y the ratio of the specific heats, gcrh 
the pressure of the atmosphere, ak x (cross section) is the mass of the piston 

(Trinity Coll 1904 ) 


28 A long straight tube, of cross section o>, is obstructed in the middle 
by a piston of mass J/, whose ends are plane, fitting the tube accurately but 
free to move in it To the right of the piston is gas of density p, to the left 
gas of density p', and the velocities of propagation of sound in the gases are a 
and a\ Sound of wave length X is advancing through the tube fiom the light, 
and undergoes partial reflection at tlie iiiston Shew that the intensities of 
the reflected and incident waves are in the ratio 


f/p' (i\^ f2TrMa\^\ {fp . CL\^ f hr MaY\ 

(St John’s C^oll 1901 ) 


29 All mtinite long straight tube of unit section contains gases of 
densities p and p', at the s<ime pressure p, sepaiated by a piston of mass M 
which can vibiate under the action of a spring of strength p. Sound waves 
of harmonic type and amplitude A travelling in medium p aie incident on the 
piston. Show that if Ai and A' are the amplitudes of the reflected and 
transmitted waves 

A2 Ai^ A'^^{p^)i^M)^ + y^p^{m-\-m')^ {p- Ay^p^m\ 

where 27 r/m, ^nlm’ are the wave lengths in the media p and p' and nim is the 
velocity of the waves in medium p (M.T. 1898.) 

30 Plane waves in an, density p, impinge directly on the plane boundary 

of a layer of gas, density pi and thickness A The tram of w.ives is partly 
reflected and partly refracted through the layer into the air beyond its second 
sui-face Find the ratio of the amplitudes of the transmitted and the incident 
trains (Trinity Coll 1897 ) 

31. Plane waves of sound are travelling normally from a gas of density 
Pi into one of density ps Shew that the mean transmission of energy into 
the latter gas is increased by interposing between the gases a layer of a 
different gas of density p^, provided that p^ is intermediate in value between 
Di and o,, the ratio of the specific heats having the same value in each gas. 

^ (MT. 1911.) 


32. Two media of different deflsities have a plane surface of separation, 
one medium extends to infinity and the other is bounded by a rigid plane at 
a distance I from their common plane of separation. Plane waves of sound 
tra#relling m the first medium are refracted into the second medium and, after 
reflection at the rigid boundary and another refraction, emerge into the first 

23 


R. H. 
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medium again; prove that the amplitudes of the incident and emergent 
waves are equal, and that there is a loss of phase of amount 


^ , fsin 2a' . oos a'X'l 

-j}’ 

where a and a are the angles of incidence and refraction at the urface 
separating the two media and X' is the wave length in the second mevlium 

(MT 1906) 


33 Simple harmonic plane sound waves of small amplitude are incident 
on a i^laiie interface between two media in which the velocities of sound are 
T’^and F', and the second medium is bounded by two parallel planes distant 
I a})art , beyond the second bounding surface there is a medium of the same 
charactei as the first Prove that, if is the ratio of the amplitudes of the 
reflected and incident waves when the second medium extends indefinitely 
from the interface, and if 6' is the angle of refraction, then for the problem in 
hand the ratio of amplitudes is 

2/3 sin y/V(l - 2/3^ cos 2x), 

where x = 27 r TVeos ff j F'X, X being the wave length m the first medium 

(St John’s Coll 1897 ) 


34 A 
potential 


tiMin of plane waves of sound of a typo given by a velocity 

<I> — A sin - at) 

X 


IS incident at an «ingle a on an inlinite plane rigid surface Find the velocity 
potential of the reflected system of waves, and shew that the pressure on a 
square area in this plane, whose side is 2c, exceeds its equilibrium value by 
the quantity 


SAapi^c 



sin a 


27 r(’ sin a 
- — cos 
A 


0 , 


wheie 6 is the phase at the centre of the squaie, po being the mean density 
of the fluid, and the sides of the squaie being parallel and perpendicular to 
the intersections of the wa^e fronts and the rigid surface (M T 1900 ) 


35 A plane wa\ e of sound of wave length X travelling with velocity V in 
an infinite medium of density p is transmitted through a plane plate of thick- 
ness I and density pi in which the velocity of sound is Fi into another infinite 
medium of density which the velocity of sound is F 2 . Shew that the 
phase of the transmitted disturbance is the same as that of the original 
disturbance if 

tan A 2 P 2 

tan -^jpi E\ * 

^ 2rrl cos 6 

A',=2n-?( l'Vr,2-sir)“tf)i/Xp„ E2=M(r^lVi^-siT>!‘e)^l\pi, 


where 
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B IS the ^ngle of incidence at the first surface of the plate and it is supposed 
that ^7 ^7>sin d. What would be the physical nature of the disturb- 
ance within and beyond the plate if B> Vj (M T 1896.) 

36 In the case of refraction of plane waves of sound at a plane surface of 
separafion of two media of densities p, p^ , the ratio of the energy transmitted 
per unit time into the second medium through a given area of the boundary 
to the energy of the tiain incident per unit time on that area is 

(4ppi cot o cot rti)/(pi cot a -hp cot ai)**, 

a, ai being the angles of incidence and refraction (M T 1894 ) 


37 An infinite plane membrane of unifoim siuface density o- and uniform 
tension coinciding with the plane tOz, separates two g.ises of densities p 
and p in which the velocities of piopagation of sound are V and F' The 
infinitesimal motion of the rnembr.ine being gi\ en by if — A cos m'v sin pt^ show 
that the velocity potentials in the gases are 

<^= — Apn e sin w t cos pf and eji' — A/)ii*~^ sin mr cos pt 

where 

- 71^ — p^l I 'tn^ — pij y 2 ^^nd Tat-jp^ = <r -f p/?i -|- p'/7i\ 

all the quantities coiicei nod being supposed leal ((.Vill Exam 1898) 


38. A gas extends everywhere to a distance r from a plane rigid wall and 
is separated from a second gas by a light perfectly flexible inenibianc from 
which the second gas extends to a great distance Shew that, if ^ 1 , aj bo the 
velocities of sound in the two media, the displacements perjicndicular to the 


w^all for plane waves of period 


2rr 

P 


are respectively of the form 


$i — A cos (pt 4- a) sin cosec 


= A cos (p^ + a) cos ~ 


and determine the necessary value of e 


(Coll Exam 19(M) 


39 A tube of small uniform section aS and length I has one end closed 
while the other end branches into two tubes of small unifoim sections S', S" 
and lengths I', I” respectively with their ends closed Shew that the periods 
of the notes which the air in the tidies can sound aie the values of T 
satisfying the equation 

^ 27rl 27rV 27r/" 

S tan 4 - S tan ^ 4 - o tan - 777 = 0 , 
aJ' aT at 

where a is the velocity of sound in air. (M T. 1899 ) 


40 Determine the periods of the fundamental tone and overtones ( 1 ) of a 
conical pipe open at both ends, ( 11 ) of an open wedge-shaped pipe whose walls 
ar 3 formed of two planes inclined to each other and two other planes perpen- 
dicular to both of them (St John’s Coll 1899 ) 
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^1. Explain the characters of the sources of sound which give at a distance 
velocity potentials of the forms 

d sin K{t- rjc) ^ (P sin < - rjc) 

Tx 1' rfr2 

respectively. Which of them would most suitably represent the actior of an 
ordinary tuning fork? 

Explain the alternations of sound and silence that occur when a vibrating 
fork is rotated on its axis near the ear (St John’s Coll 1897 ) 
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Acceleration, 3 

Analogy from electromagnetism, 221,235 
Beats, 347 

Bernoulli’s theorem, 19 
Borda’s mouthpiece, 58, 135 
Boundary conditions, 12 , for the motion 
of a cylinder, 93 , for the general 
motion of a solid, 186 

Capillary waves, 279 
Cauchy’s integrals of Lagiange’s equa- 
tions, 22 ; pi oof of the permanence of 
irrotational motion, 23 
Christoffel’s theorem, 128 
Circuits, reducible and ii reducible, 71 , 
reconcilcablc and irioconcileable, 74 
Circular disc, motion of, 17l 
Circulation, 69, constancy of, 71; about 
a circular cylmdei, 99 
Clepsydra, 56 

Coaxial cylinders, initial motion of, 96 
Concentric spheres, initial motion of, 156 
Condensation, 330 
Confocal conicoids, 173 
Conformal representation, 120 , applica- 
tions ot, 122-125, 127-146 , to vortex 
motion, 224-227 

Con gate functions, dehnod, 42 , api>li- 
cations of, 44, 52-55, 102-107 
Contracted vein, 57, 132 
Coordinates, normal, 305, 309 , ortho- 
gonal curvilineai ,172 
Current function, 40 ; Stokes’s, 157 
Cyclic constants, 75 

Cylinder, circulai, motion of m a liquid, 
94,97, circulation about, 99 , elliptic, 
102-107, 108, 109, 111-113, parabolic, 
107 , general motion of, 196 

Damped oscillations, 315 
Dead watei, 126 
Decay, modulus of, 316 
Disc, motion of, 171 
Discontinuous motion, 126 
Doublets, 45 , in two dimensions, 47, 
124, 125 ; iriotational motion regarded 
as due to a distribution of, 89 

Efflux of liquid, 56 ; of gases, 58 
Electromagnetism, analogy from, 221, 
235 

Ellipsoid, motion of, 166-169 ; of vary- 
ing foim, 175 


Ellipsoidal shell, motion inside a rota- 
ting. 164 

Elliptic cylinder, 102, 105, 111 , general 
motion of, 196 

Energy of irrotationally moving liquid, 
85, 87 , of a plane wave of sound, 
332 ; of progressive waves, 276 ; of a 
solid moving in an infinite mass of 
liquid, 187, 191 , of stationary waves, 
277 , of a system of vortices, 239 , of 
a vibrating string, 299 , with fixed 
ends, 308 ; transmission of, 277 
Equation of continuity, 5-7 , in the 
Lagrangian method, 8 , particulai 
cases of, 9-11 ; in curvilinear coordi- 
nates, 173 

Equations of motion, 17 , integrated, 18 , 
formed by the flux method, 21 , for a 
solid in infinite liquid, 186, 189 ; for 
sound waves, 330 
Eulerian method, 2 
Eulei’s dynamical equations, 17 
Exact equation for a plane wave of 
sound, 333 
Expansion, 236 

Flapping of sails and flags, 273 
Flexible membrane, transverse vibra- 
tions of a, 319 , impact of plane air 
waves on a, 344 
Flow, 69 

Forced vibrations, of a string, 312 ; of 
air in a tube, 339 
Fourier’s theorem, use of, 283-285 
Free stream lines, 127 et seq, 

Gerstner’s trochoidal waves, 287 
Gieen’s theorem, 76 ; deductions from, 
78, 79 ; Kelvin’s modification of, for 
cyclic space, 86 
Group velocity, 274, 279 

Helicoidal solid moving in infinite 
liquid, 198 

Hydrokinetic symmetry, 191 

Images, 48 , examples of, 48-52 
Impact of a stream on a plane, 136- 
146 ; of plane air waves on a flexible 
membiane, 344 

Impulse, 182 ; in terms of velocities, 
188 ; rate of change of, 184 , string 
set in motion by an, 311 
Impulsive action, equations for, 27 
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Initial motion of coaxial cylinders, 96 , 
of eccentric spheres, 156 
IntensViy of sound, 331, 347 
Irreducible circuit, 71 
IT^otational motion, defined, 13 , per- 
manence of, 23, 26, 72 ; impossible 
in *a liquid whose boundaries are all 
at rest, 79, 83 , m multiply-connected 
space, 85 

Isotropic helicoid, motion of, 198 


Pitch of a note, 346 
Plucked string, 302, 307, 311 
Pressure equation, m iriotational mo- 
tion, 19 

Progiessive waves, 265, m deep water, 
266 , the energy ot, 276 , reduced to 
a state of steady motion, 269 
Pure strain, 68 

Quadiantal pendulum, 193-196 


Jet of liquid, through Borda’s mouth- 
piece, 135 ; through a slit in a plane, 
132 


Kelvin’s theorem of minimum energy, 
84 

Kinetic energy, of cyclic iriotational 
motion, 87 , of an infinite mass of 
liquid moving irrotationally, 85 , of 
a solid moving in an infinite mass 
of liquid, 187, 191 ; of a system of 
vortices, 239 

Lagrange’s hydrodynamical equations, 
22 

Lagiangian method, 2 
Lamina, impact of a stream on a, 13b- 
146 

Lines of motion, 13 
Loaded string, 813 

Longitudinal vibrations of a stung, 317 
Loops, 307, 338 

Love’s method for problems on free 
sticam lines, 128 

Mean potential over a splieiical sur- 
face, 80 

Mersenne’s laws, 306 
Minimum kinetic energy, 81 
Modulus of decay, 316 
Moving axes, motion of a solid referred 
to, 185 

Multiply-connected space, 73 
Musical sounds, 346 

Nodes, 306, 338 
Normal cooidmates, 305, 309 
Normal modes of vibration, 269, 304 ; 
of a finite string, 305 , of air in a 
uniform tube, 337 

Orthogonal curvilinear coordinates, 172 

Parallel sections, 59 
Periphractic regions, 80 
Permanence of irrotational motion, 23, 
26, 72 

Permanent translation, 190 
Permanent type, waves of, on water, 
263 ; in air, 336 


Reducible ciicuit, 71 
Reflection and transmission of waves, 
along a stung, 318, of sound, 341 
Ripples, 282 

Rotation of a fluid element, 67 
Rotational motion, 213 

Schwai/.’s theorem, 128 
Simifly-coiinected legion, 73 
Sinks, 45 

Solid of levolution, motion of, 161, 192, 
193 , stability of, 196 , stability in- 
creased by lotatiou, 197, steady 
motion of, 198 

Solids, motion of, in liquid, 182 
Sound, geneial equations, 330, velocity 
of, 331 , intensity of, 331 , eneigy 
ot a plane wave, 332 , exact equation 
for plane waves, 333 , condition for 
permanence of type of wave, 335 , 
leflection and lefraction ot, 341 , 
waves in a blanching pipe, 341 
Souices, 45, in two dimensions, 46, 
121-124 , irrotational motion re- 
garded as due to a distiibution of, 89 
Sphere, motion of, 151-155, 191, under 
gravity, 156 ; in the presence of a 
doublet, 1G3 , a plane boundaiy, 206 
Spheres, concentric, initial motion of, 
156, motion of two, 199 
Spheiical, vortex, 247 , air waves, 345 
Spheroids, motion of, 169 
Spin, 25 , velocity deduced fiom, 232 
Stability of wave motion, 272; of solid 
of levolution, 196 

Standing waves, 256, 267; eneigy of, 
277 

Steady motion, 55, of solid of levolu- 
tion, 198, of isotiopio helicoid, 198, 
gemnal conditions of, 215 
Stokes’s cuiient function, 157 ; appli- 
cations of, 101-164 
Stokes’s theoiem, (»9 
Stieam function, 40 , for the motion of 
a rectilinear \ortex, 224, Stokes’s, 
157 

Stream lines, defined, 13 
String, transverse vibrations of, 296 
plucked, 302, 307, 311 , set in motioi 
by an impulse, 311 , forced vibratioa 
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of, 312 ; carrying a load, 313 , witli 
end not rigidly fastened, 314 ; damped 
oscillations of, 315 ; longitudinal vi- 
brations of, 317 

Surface waves, 263 , due to a given 
local disturbance, 282 
Symmetry, hydrokinetio, 191 

Timbre of a note, 347 
Torricelli ^8 theorem, 56 
Transverse vibrations of a stretched 
string, 296 , membrane, 319 
Trochoidal waves, 287 
Tubes, vibration in, 336 

Uniqueness of solution of the general 
problem, 79, 84, 88, 232 

Vein, contracted, 57, 132 
Velocity of sound, 331 
Velocity potential, 14, physical mean- 
ing of, 28, persistence of, 23, 26, 72; 
mean value over a spherical surface, 
80; jiue to a vortex, 236 
Vibration, normal modes of, 304 
Vibrations, of a stretched string, trans- 
verse, 296 , longitudinal, 317 , of a 


stretched membrane, 319 , of air in 
tubes, 336 

Vortex, filaments, 213; lines, 213 et 
seq ; motion of a, 223 ; pair, 221 ; 
Bankme’s combined, 229 ; rings, 24il 
et seq ; sheets, 238, spheiical, 247; 
strength of a, 215 ; tube, 213 , vc 'ocity 
due to element of, 234 , velocity 
potential due to, 236 

Vortices, kinetic energy of a system of, 
239, rectilinear, 217 et seq ; with 
circular section, 227 , with elliptic 
section, 230 

Wave motion, 253 et seq , stability of, 
272 

Waves on water, simple harmonic, 255 , 
stationary, 256, 267 , long, 257 ; 
general equation for, 261 , oscillatory 
or suiface, 263 , in deep water, 266 , 
progressive, reduced to a case of steady 
motion, 269 ; at the common surface 
of two liquids, 270 ; capillary, 279 , 
due to a given local disturbance, 282 , 
stationary, in running water, 285 , 
Geistner’s tiochoidal, 287 

Wind on watei, 281 
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